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On a Singular Perturbation Problem for Rotating Magnetic Fluids

K. BEYER and M. GUNTHER

As a singular counterpart to the Newton and Plateau equilibrium figures of rotating stars or
drops, respectively, we investigate magnetic drops rotating in weakly nonhomogeneous fields.
Existence and uniqueness of a family of equilibrium figures near to the sphere is established.
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1 Indroduction

A spherical and magnetizable drop rotating in a homogeneous magnetic field becomes
an (instable) equilibfium figure if its angular velocity meets a certain value wp. In the
present paper we shall discuss existence and uniqueness of another nontrivial family of
equilibrium shapes near to the sphere subject to magnetic fields varying in a neighbour-
hood of a homogeneous field and rotation rates near to wo. While less important from the
viewpoint of physics because also leading to instable solutions, the problem considered
here constitutes an interesting singular counterpart to two classical problems in nonlinear
analysis and in applied mathematics that deal with rotating fluids. We have in mind in
this connection the Newton equilibrium figures of rotating stars held together by grav-
itational forces (see e.g. {12]) and the Plateau rotating drop under surface tension [14].
In both cases the second variation of energy computed at a sphere leads to an elliptic
operator of order zero or two, respectively. In contrast, the second energy variation of
a rotating ball magnetized by a homogeneous field turns out to be degenerated elliptic
only and of first order. Our approch in this case rests on a detailed study of its special
structure and on an implicit function theorem argument well suited to that linearization.

In our treatment we neglect any coupling between rotation and magnetization (c.f.
also [15] for equilibrium shapes of rotating drops under various forces). The physical
interesting case of a magnetic field caused by surface distributed currents treated in (7]
will be examined in a forthcoming paper. Concerning equilibrium shapes of nonrotating
magnetic fluids with surface tension see [5]. Viscous drops in exterior fields are discussed
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in [4]. Further we mention [9] (and the references given therein) where free boundary
problems arising in electromagnetic shaping of a liquid metal are studied.

The following discussion is completely local. Due to the degeneracy of our problem
calculus of variations as used by Auchmuty [2], (3], Friedman [8] and Albano, Gonzales
1] to reconstruct the Newton and Plateau figures and their generalizations seems to be

less promising to get solutions here.

2 The mathematical setting

Consider a drop Q) of an incompressible, magnetizable fluid under the influence of some
exterior magnetic field
H,=Vh, Ah=0 in RS

Let the pressure outside 2 be constant. We suppose the free boundary £ = 89 to be a
graph over the unit sphere S2:

L=3(u)={yeR®:y =z(1 +u(z)), z € $?}, |u(z)| < 1.

If we assume the linear law .
47

between the magnetization M inside the drop and the induced field H with a permeability

M=xH, x=t

constant g # 1, then
1

E=E(uh)=—= H,M dz (2.1)
(u)
gives the magnetic energy of any virtual drop configuration Q = Q(u) (see [6], [11]). Here
the exterior domain C2 is assumed to be magnetic neutral, i.e. 4 =1 in CQ.

Let the drop rotate around the z3-axis with constant angular velocity w, then
w?
G =G(u,w) = ——/ (=} +zd)dz (2.2)
2 Jag)

is the corresponding rotational energy. According to the principle of virtual work an
equilibrium shape of the drop is characterized by the variational equations

£\ =0, : (2.3)

where

- € = E(u,w, h) = E(u, h) + Gu,w). (2.4)

In (2.3) the Lagrangian multiplier A counts for incompressibility which implies constant
volume §(u). Here and in the following  denotes both the domain and its volume; a
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prime is always denoting variation with respect to u. Hence we have to solve (2.3) for

(u,w, A) subject to a volume constraint, which we normalize to be
Qu) = 47 /3. (2.5)

Solutions of (2.3) must satisfy the Euler-Lagrange equations

2

(05— of)nin; — %(zf +x§) =) along XZ(u),
i
the magnetic stress tensor o;; = p(H;H; — -;-Hka&-,-) /4 from the inside or the outside,

respectively. Particularly, the total body force must vanish. In order to guarantee this

where n = (ny,n3,n3) is the outer normal to £ and o az- denote the limit values of

in advance we assume the exterior field both rotational symmetric with respect to the

z3-axis and symmetric with respect to the (1, z;)~plane, i.e.
h = h(r,z3) = —h(r,—z3) (2.6)

when referred to cylindrical coordinates (8,r,z3). At the same time we are looking for

axisymmetric solutions with z3 = 0 as a symmetry plane:
u= u(a:a) = u(—-:z:;;). (27)

In the following H*(S?) denote the Sobolev spaces of real measurable functions on §?
with derivatives up to the order s in L*($?) normed by ||ull} = |[ullfs(ss) + IA*ull}2(s2)s
where A = (—A;)!/? denotes the square root of the Laplacian A, on $2. Finally, let Z be
the Banach space of bounded and harmonic functions in Q = {z € R®: |z| < 2} and let
|kllz = sup¢q |(z)| be the norm of a function & € Z.

We are now in position to state our main result.

Theorem: Lets$3 and
9 /1-p\? 9 1-p
h = 2 _ 2 (__°C A = — ——— .
oz) =z3, wp y (2+#) Il =y AT

Then for suitable constants C,e > 0 and any harmonic function h in R® satisfying (2.6)
and ||k = hollz < €, there ezists a unique solution (u,w,)) € H*(S?) x R? of (2.9),(2.5)
which satisfies (2.7) and |jull,, |w ~ wo|, |A — Ao| £ C||h — hol|z.

Remark: As ¢ may depends on s one should note that the Theorem dpes' not imply
immediately u € C*. This would require further study.
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3 Analyticity of &

Let W denote the completion of C§°(IR®) with respect to the norm || - ||%,, [lllZ =
Jre |Vel? dz. 1t is well known that W imbeds into L8(IR®) continuously. As usual H*(B*)
denotes the Sobolev spaces of real measurable functions on B~ = {z € R?: |z] <.l}
or B* = R*\ B~ with derivatives up to order s in L2. Further, 0; = 9/8z; is used for
partial differentiations and a capital D = 4;8;, a; € C°(IR®) always refers to a differential
operator, which acts tangentially along S2. Particularly, in the following D; denotes an
arbitrary operator of this type with Dg;ls2 = 03 — z37;0;.

To compute the energy functional (2.1) we need the magnetic field A which is induced
by H,. Using the ansatz H = V(h + %), ¥ € W, according to the laws of magnefosta.tics

we have to determine 1 as a solution of the transmission problem
AYy=0 in R®\Z(u),

oY~ Gyt oh
Y™ -yt =0, u—%—%:(l—p)% on X(u).

Here upper signs denote inner or outer limits as already introduced above. Obviously ¥
can equivalently be characterized as a solution of

}nin{F(u:,h;go):cpéW}, o - (3.1)

where

1
F(u,h;¢)=5/1‘3,,|v‘p|2dzr+(rp-1:) MO (3.2)

Positive definiteness of (3.2) implies existence and uniqueness of its extremal ¥ € W.
Remembering (2.1) we get

B(u,h) = ~ (R, h) + Fi(u, b),

where

R(wh=t21 /ﬁ( VB dz, By k)= b g(mh). (3

In the following let U* C H*(S?) be a neighbourhood of zero, which we assume
sufficiently small, if necessary. 4

Lemma 3.1: F € C¥(U* x Z,R), F| € C*(U* x Z, H?*(S?)), provided that s > 1.

Remark: Here and in the following F' € C“ means existence of I € C* such that
F'u, h){v} = [g, F'(u, h)(z) v(z) dS*(z).
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Proof of Lemma 3.1: Expand h € Z and its derivatives 9;k into power series

hz) =) aaz®, Oih(z) =) aa;z, (3-4)

a

then

D leal ™, Y faal ™ < C(r)liAllz (3.5)

for any r € (0,2) with C depending on r only. F} may be written as

p—1 14ulz) 2,2 2
F(u,h) = —2—/32/0 |Vh(rz)|*r* drdS*(z).

Now, insert (3.4) into this expression. If we recall that the spaces H*(S?) form Banach
"algebras provided that s > 1 we obtain analyticity of F; as asserted. Similarly, the second

assertion follows from

Fl(u, h){v} = f‘-—;—l /s= |VA(z(1 + u(z))|* (1 + u(z))’ v(z) dS?(z). O

In order to prove analyticity of Fy, we proceed by transforming (3.1) into a variational
problem on a fixed domain. For this purpose we extend u € H*(S?) to functions T*u €

H*+'/2( B) by solving the boundary value problems
(A-1)T*u=0 in B*, T*u=u on S%.
Elliptic regularity theory implies
T* € L(H*(S?), HF'*(BY)) if s2>1/2,

see [13]. This extends immediately to any commutator [D,T*] = DT* — T*D which
belongs to a tangential derivative D = a;0;:

[D,T*) € L(H*(S%), H*+'/*(B*))
because of
[D,T*jlu=0 on S?,
(A =1)[D,T*|u = ((Aa:)d; + 2(8;0:)8:0;)T*u in B*.
Finally, choose ¢ € C°(IR?), such that ¢ = 1 on S? and define

(T-u)(z) if z€ B~

) =) = {e(z)(wu)(x) if e B,

then
T,[D,T) € L(H*(S?), H***(B- U B*)) if s>1/2 (3.6)
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-For u € U?, s > 2 the extension i leads to one-to—one mappings

z - 0(z) =z (1 + @(z)) (3.7)
from B~ or B* onto Q(u) or R®\ Q(u), respectively. In the following we use the notation
9i = 0:0:0;0;, g =det(gi;), (¢)=(g:)7".

Let f = pin B~ and i =1 in B,

Lemma 3.2: Let s > 2,u € U® and f € L%*(R®), f; € L*(R®), then there is a unique
weak solution ¢ = o(u, f, f;) € W of

0(i/997050) = f + 8ifi in R
If, in addition, f € H"s/é(B' UB?), fi € HY*(B~ U B*), then the first derivatives
Owp € H*Y*(B-UB*), i=1,2,3 (3.8)
depend on u, f, f; analytically.

Proof: In virtue of

| o] < Ul tlie < xS,
3 1/2 )
‘L’ fi0p dz| <||¢llw (Z "f-'”iz) .
=1

and

[ vasowdsdz > el |
with some positive constants ¢;, c, one obtains existence as well as ﬁniqueness of . The
relation (3.8) is easily seen in its simplest case u = 0, i.e. g;; = 6;j. Now, the spaces
H*~Y*(B- U Bt) form Banach algebras if s > 2, hence

Vag¥ - &; € C*(U*, H*Y*(B~ U BY)). (3.9)

Having in mind the supports of \/gg" — &;; to be equibounded one gets (3.8) just as the

analytical dependence of 0;p by a perturbation argument via implicit function theorem.O

In a next step put H(u,h)(z) = h(z(1 + ii(z))), z € B~ with h € Z and u € U°.
Then (3.4), (3.5) imply

HeCY(U* x 2, H*¥(B7)) if s>1. (3.10)
According to (3.7) the variational integral (3.2) transforms
1 y .
Flukig)= | ivig"didseds + (1) | VigiaHopds

If we maintain the earlier notation 1 = ¥ (u, k) for the solution of (3.1) also with respect
to the new variables (3.11), we get
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Lemma 3.3: Let s > 2 and D tangential to S?, then
0y, [D,dp) € C¥(U* x Z, H*"Y*(B~UB*)), i=1,2,3. (3.12)

Remark: Here and in the following [D, 3;%] is used as an abbreviation for the mapping
(u, k) — Doip(u,h) — 8; ('(u, R}{Du}). According to the first inclusion in (3.12) the
expression [D, 8;¥)(u, k) originally will be defined for (u, k) € (U* N H*+'(S?)) x Z only.
Then the second one states the possibility of a C(U* x Z, H*~Y/*(B~ U B*))-continuation
of that map.

Proof of Lemma 3.3: In the distributional sense 3 satisfies

8:(/39"05%) = 8i((1 - 4)\/99" 8; H) (3.13)
in R3. Hence the regularity of d;¢ follows from (3.9), (3.10) and Lemma 3.2.
Next, let D = q;0; be tangential along §? and D* = —8;(a;-) its formal adjoint.

Concerning the second inclusion in (3.12) it is sufficient to prove
8[D,y) € C¥(U* x z, H*Y*(B~ U BY)).
Equation (3.13) implies for all ¢ € C&(RR?)
/R . /99" 0;90:D"p dz = /R (- )\/99"7 8; H3; D" p dx.
Now, assume u € U*NH**'(5?%),h € Z. Then ¥(u, k) € W, 8:(u,h) € H*+/}(B-UB*),
hence Di(u, h) € W. Integration by parts leads to .
0:(f:/99"0;Dp) = ~0:(D(/997)05%) — 8i(/99"7 (ID, 3;1%))
- 0:D(( - 1)\/99"0;H) — aalalfg’(p6¢+ - 1)9;H) (3.14)
+01(Gia1v/39" (A0;% + (i — 1)9;H)).
On the other hand, according to (3.13), ¥’ = ¢'(u,h}{Du} € W satisfies
8:(iv/99"0;9") = l
~8:(i (Vag Y 1D} 08) — (i — 1) (VEgS;HY {Du}).  (315)

Hence by subtraction of (3.15) from (3.14) we obtain that {D, ] € W satisfies an equation
of the form

where
f=—08:8a1/39" (40;¥ + (& — 1)8;H),
fi = — AD, \/39")8;% — (i — 1)[D, /99" 8, H] — ji/39" D, 8;]¢
+ Biai/g9"” (30;% + (& — 1)9;H).
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By (3.6) we conclude as an important supplement to (3.9), (3.10)
D, V54"] € C*(U*, H*"/*(B~ U BY)),
(D,8;H) € C“(U* x Z,H*""*(B™)),
and Lemma 3.2 implies also the second inclusion in (3.12). O

Lemma 3.4: Ifs > 2, then
(i) F2 € C¥(U* x Z,R), and (i) F;, [D, F;) € C¥(U* x Z, H*"Y(5?%)).

Proof: (i) follows from (3.3), (3.11) and Lemma 3.3 immediately. Concerning (ii) we get
from (3.11) by differentiation

1 g .
Fi= 5 [ /agy o0 dz + (s - 1) /B (VEgUaHY O dz.  (316)

Let A;; denote the algebraic complement of 9;8; in the Jacobian of (3.7). Then

/ 1\ 1 It ] ]
(V9) = Audib,, (g7) = —‘\/—g(Akj!J "+ Akg™)0i8;,
1
(Ai5) = —=(AnAi; — Ai; Aa)di0;
V9

and we obtain after some calculations
(V397) 0:pdjp = Bi((Ang” — 2Awig™ )05 6}),
(v997)0:HO;% = 8i((Aug” — Arig" — Awig”)0:HO;v 6}) .
Inserting this and 6} {v} = zxv into (3.16) we get after integration by paﬁ.s
Fi(u o} = [ Fiu, )(z) v(z) dS7(z)
52
with
Fl(u, h) = gxkz,(Ak,g‘f ~2Akg"")"Bp 0%~
- %zkzl(Aklgij - 2Akig" ) O 8yt
+ (1 — Dzrzi(Aug” — Arig" — Arg?) 0iHOp™
+ (= Dzrzi(/99") (Bh)(8())0j% (3.17)

Then (ii) follows by the trace mapping theorem in view of Lemma 3.3 and

[D,(v/99")7], [D, (Aug” — Axig" — Arg")*] € ce(Ur, H7(S%). 0

The remaining parts G, in (2.2)—(2.4) obey similar properties as formulated for F,
in Lemma 3.1. Without giving details, we summarize a final result in
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Proposition 3.5: If s > 2, then
(i) £ € C¥(U® x Z x R,R) end (ii) &, [D, &) € C*(U* x Z x R, H*-1(S5%).

Remark: Our special choice of the extension operator T simplifies the considerations,
but of course the results in Lemma 3.3 (without the commutator relation), Lemma 3.4

and Proposition 3.5 are independent of this choice.

4 Analysis of &', £"(0,w, hy)

In this section we compute the first and second variations of £ at u = 0 and h = ho,
ie. for a ball magnetized by a homogeneous exterior field. The following formal ex-
pansion procedure is observed to be valid actually in virtue of the preceeding results.
To simplify both notation and computation we shall work here with an extension T €
L(H*(S?), H**/*(R?)) different from (3.6). In addition we assume that this extension
@ = Tu satisfies Opti := z;0;& = 0 on S2.
We start with the éxpansions
V(u) =1+2u+0(?), - (4.1)
2 -
G'(u,w) = %((zg ~1) + 4(z% — 1)u + O(?)). (4.2)
and note that by (3.3)
Fu(u, ho) = ”—;—ln(u). (4.3)
Expansion of F, requires a more extensive analysis. Let 1(u,ho) = D ooy ¥n(u™) be the
power series expansion of ¥ in the sense of Lemma 3.3. Then inserting of
\/_(_j-gij = (1 + 4+ 6011)6.-,- - (x.'ajﬁ + xja,'ﬂ) + O(uz),
V3G90, H = (1 + 2ii + Boit)bis — 7,051 + O(u?)
into (3.13) leads to
" Gi((1 4 @ + Goit)Fivpo) — Oil(z:056 + z;0:4)0;90) + Atpy = O(u?)
in B* subject to the transmission conditions ¥~ — ¥t = 0 and
(1 + w)zi — du)(pdiy — Oig) + udotpy — Aot
= (1 - w)(aa(1 + 2u) — Bou) + O(u?)
on S%. This implies
AYo=0 in B%,
Yo ~ g =0, pdog — 0oy = (1 —p)zs on S? (4.4)
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as well as

Ay = 2V iV + AttBpho + 23jﬁ003j¢0 in B#%,
by =¥ =0, pdo¥l ~ o = (1 — p)(2z3u — Bsu)

+ (O — zu)(pdipg — Bibg) on

by comparison of coefficients. One realizes at once

¢0={ Azz in B~

S?,

Azs/lzf in BY, A:=(1-p)/(2+p)

to be the unique solution of (4.4). Substituting of (4.6) into (4.5) yields

Ay = AA(z3d) in B™, A¢y = —2AA(z3i/|z[?)

123

—¢ =0, pdo¥i — Botbt = (1 — p)z3u — 3A8su

This will be reduced by

Y1=A(z3i+¢) in B7, ¢ = A(=2z3i/|z> + o)

to the problem

Ap=0 in B*%

in B*,

on S2.

in B*

0~ — ot = —3z3u, pbep~ — opt = 63:;,@ —3D3u on 52

Now by 8:H = 8,03, (Oxh)(8(z)) = 84 for h = ho we see from (3.17)

N 1 g .
Fy(u, ho) = zezi(Ang” — 2Akig" ) (uOip~ B9~ — Bip* 99

+ (b — Dzpzig ™ (AnAsi — AiAz)Bp™.

Taking into account

we find

~ 1
Fy(u, ko) = 5(5@' — 2ziz;) (105 (Bj + 20;97) — Bug (Bs + 20;47))

Thus we obtain

:z:k:l:{(Aklgij — 2Ak.‘gﬂ) = 5,',' - 23:,':1:_,' + .‘l:.-aju - :l:ja.'u + O(uz),
:Z:k.‘l:)g_l/z(AklA:;.' - AkiAal) = (1 + u)(53.- - .’taz,') + O(uz) on 52,

+ (1 = 1)((1 + u)Dsvyg + Dstpy) + O(u?).

- A? -
Fy(u,ho) = Z-(922 ~ u - 5) — 34%(6c3 + L2

— 3A%(B3p" — 3z3D3u) + O(u?),

Ju

(4.6)

(4.8)
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when (4.6)-(4.8) is inserted. Finally, remembering (4.1)-(4.3) we get

, w942, W 9(p—-1)
£10, ko) = (7— '237)z3_( Br(s T 27
8"(0, ho,w) = —((6 T3 + )‘U + 63‘P - 3::3D3u)
u—1

u— 2w2(1 — z3)u.

Particularly
81(0, ho,(do) - /\oﬂ'(u) = 0 (49)

In order to get some insight into the mapping properties of £"(0, ko, w) we will deter-
mine, in a first step, its leading part. It is not dlfﬁcult to establish (e.g. by expansion into
spherlca.l harmonics), that

ot ~ —(A *(;u?w — op*) — ple™ — "))

~

P T 1(;1.22311. - A"1D3u)

solves (4.8) modulo (~) an operator of order —1. Hence
39t = D3p™ + 23000
(D3A™'u + pziAu) + 3z3D3u,

p+1
which implies

E"(0, ho,w) ~ o4’ )(D"’A'1 + pz3A).

Tan(p+1
Its restriction to axisymmetric u is of particular interest. Because of D2 ~ (2 — 1)A? in
this case, one gets

E"(0, ho,w) ~ ( - z3)A. (4.10)

1+p
Note that (4.10) degenerates on the two parallels z3=1/(1 + p).

To solve the linearized equations we need some additional information about the lower-
order terms in (4.10). This will be easily achieved by expansion into spherical harmonics.
Now, the solution ¢ of (4.8) reads as

o0 o0 .
w:va;Izl"Yn in B, ¢=2¢:|3|'(”+1)Yn in B,

n=0 n=0

- ,2n+1 Untl

+ _ n n+1 )
Y G
AN s e RV e e

where
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Here, as usual, Y, = Y, (z) = 2—';,1('—1}’,,(3:3), z = (£1,Z2,23) € S° denote the zonal
spherical harmonics, P, the Legendre polynomials and u, the Fourier coefficients in the

expansion u = ) >° u,Y, of u. Because of

= [2n —1
+ + v
6390 gn m + ltpn—l ns

_ _ (n—2)(n—-1)n u
#aDsu = ;{ 2n—1)Von—3v2n i1 ™" .

n(n+1) (n+1)(n+2)(n+3) }Ym

MO ) O ) i RO W e W, -

one finally obtains

g”(U, hO’WO){u} = Z(anun—Z + ﬂnun + an+2un+2)Yn-

n=0

Here the coefficients a,, 8, satisfy the asymptotics

which is crucial in the following. Concerning a,, the exact calculation shows

94 n(n —1)(n —3)
dr 2n—1)vV2n+1v2n =3’

Qp =

whence
- Can #0 for n#0,1,3.

5 An abstract existence theorem
In this section we consider an abstract equation of the form

Az = R(z)

(4.11)

(4.12)

(4.13)

(5.1)

in which A is a linear operator with a special structure motivated by our results about

the second variation of the energy in Section 4; R is a nonlinear, in some sense small

perturbation.

First we fix some notations. Let X,Y be real, separable and infinite-dimensional

Hilbert spaces with the scalar products (-,-)x,(-,*)y and norms || - |jx = (-,-)

xsll-lly =

( );,/ ?, respectively. We choose complete orthonormal systems {en}n>1, {fn}n>2 of X and

Y, respectively. For any z € X we denote its Fourier coefficients with respect to {en}n>1

by z,; analogously for any y € Y.
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Now, let A € £(X,Y) be a bounded linear operator with

o0

Az = Z(aﬂzﬂ-l + ﬁnzn + 7nzn+l)fn (52)

n=2
and sequences {an}nzg, {Ba}n>2, {7,‘},.'22 of real numbers with the asymptotic behaviour

B

a 1 1 ¥ 1
an=1+;+0(;1—,),ﬂ,.=a+;+0(§),7..=1+;+O(;), (5.3)

where a,0,8,7 € R, )
la] <2, 7-a<1 (5.4)
and ' '

an#£0 foral n>2 (5.9)

Further, let B, C X be the closed ball of radius r centered at 0 € X. We denote the linear
subspaces of X,Y consisting of elements with only a finite number of nonvanishing Fourier
coefficients by X and Y/, respectively. Finally, let L : X — ¥ beé the linear operator with

(=]

Lz =) n(zn-1 ~ Tn1)fo- (5.6)

n=2

Then we can formulate

Proposition 5.1: To every operator A € L(X,Y) with (5.2)-(5.5) one can find a positive
number ¢, depending only on A, with the following property: Ifr >0and R: B, C X - Y

is a sequentially weakly. continuous map with '

[lR(z)lly, (R(z),Lz)y/r <er forall z€ B,NnX, (5.7)
then there ezists a solution z € B, of the equation (5.1).
Remark: (5.7) are the smallness conditions for the nonlinear term R mentioned above.

It is easy to see, that for a proof of Proposition 5.1 we can without loss of generality
assume: ¥ = {z € X : z; = 0} and f,, = e, for all n > 2. Then in the scalar producis

and norms we can drop the indices X,Y. First we give some properties of operators
A € L(X,Y) with (5.2)-(5.5).

Lemma 5.2: One has AX =Y.

Proof: The inclusion AX C ¥ follows immediately from the structure (5.2) of A, and

the reverse relation is a consequence of (5.5). O

For z € X and s € R we define norms || - ||, by [|z]|2 = £, nz2, llzllo = |iz]|- Let

X, Y, be the completion of X and ¥, respectively, with respect to the norms || -||,. Then
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we have the compact imbeddings X,, — X,, for sz < s1 and |(z,y)] < |lzll.llvli-, for
z,y € X. Obviously L extends to an operator L € L(X,,Y,_1) for all s € R. Because of
(5.4) we can choose &, 3 € R with

—-1<2&a<a-v, : (5.8)

lal(14+2&)/2<f<1+2&<1. (5.9)

Define, besides L, a second linear operator Le L(X,,Y,_1) by

=]

[z = Z((n + &)z + Bz, — (1 — &)Tn41)en- (5.10)

n=2

Note that 2|&| + |B] < 2 and therefore
Lz — La|| < 2|z|. : (5.11)
Lemma 5.3: There exist positive numbers ¢, ¢z, such that
(Az,Lz) > ci||z||® = eallzll||zll-1  for all z € X;. (5.12)

Proof: It remains to prove (5.12) for all z'€ X. For two quadratic functionals B, B’ on
X we write B ~ B', if there is a number ¢ with |B(z) — B'(z)| < c||z||||z||-1 for all z € X.

Using this notation, we have

E Tl(.’l:-n._j + azn + z'n-:i-zl)(:’}n—l:'; in-{-;) ~ Z(Zx: '*:azinizn-(-]»)ﬂ- T
n=2 . n=1

After inserting the expressions (5.2), {5.3) and (5.10) for A and L, respectively, we obtain

oo
(Az, Lz) ~Ez:(2+2&+a5+a—7)

n=1

o0 [~ <]
+ Z TpTpsr(a + 206+ 2[§) + Z TnZTns2(26 — a + 7).

n=1 n=1

Therefore an application of the Cauchy-Schwarz inequality gives

(Az,Lz) > {(2+2a + aB +a—7) - (a+2ea+2p)
+(2& — a+ ) }Hizll* = cllzllllzl| -

because of (5.8), (5.9), i.e. (5.12) with ¢; = (2—a)(1+2& - B) > 0. O

Lemma 5.4: One has ker A = {0}. Moreover, there ezists a right inverse operator A“ €
L, X). '
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Remark: In solving the linear equation Az = y one looses some regularity. This in-
dicates, that the standard contracting mapping priciple is not suitable to handle the
nonlinear equation (5.1).

Proof of Lemma 5.4: Step 1. By (5.12) we conclude that
lzll < c(|Az||1 + ||z]|-1) for all z e X. (5.13)

The linear operator Alx : X € X = Y, is closable and we denote by A: D(A)C X - 1,
its smallest closed extension. Obviously (5.13) holds for all z € D(A). Because of the
compact embedding X « X_1 we obtain by a standard argument dimker A < oo and
imA is a closed set in Y, see e.g. [10, §7, Theorem 7.1]. From Lemma 5:1 we get imA = Y;.
Therefore A is a Fredholm opera.tor with nonpositive index and there exists an opera.tor
A" € L(Y, X) with AA Yy =y forall y € V.

Step 2. By (5.3) we can find an integer ng > 3 with a, > 0 for all n > ny. We-
define another operator Ao € L(X,Y) with the structure (5.2) by choosing sequences
{an}n>2, {B2}n2, {12} n32 with

For A € [0,1] the operator AAo + (1 — M)A possesses again the structure (5.2) and the
conditions (5.3)-(5.5) are satisfied. By Step 1 and constancy of the index of a Fredholm
operator against bounded perturbations we conclude dimker Ag = dim ker A.

Step 3. It remains to prove ker Ay = {0}. Let z with Agz = 0 be given. According to our
definition of A it follows

Zn-1+ 0Ty +Ta41 =0 for n > ng, (5.14)

antpy =0 for n < ng.

From a, # 0 we get immediately z; = zg = = Zp,-2 = 0. For solutions of the difference
equation (5.14) the series ZO"D 1 T dxverges or is equal to zero. This completes the

proof. O

Lemma 5.5: There ezist constants ¢;,c; > 0, such that for all z € X with Az €Y, one
has [l2]l? < cy(Az, Lz) + ol Azl ]

Proof: In view of Lemma 5.3 and (5.11) it remains to prove, that there exists to every
€ > 0 a constant ¢ = ¢(g) > 0 with ||z||-; < €]|z|| + c(¢)||Az|| for all z € X. But this is a
consequence of the compact embedding X < X_; and ker 4 = {0}. O
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Now, we define operators P, € L(X,, X,;42) by Pz = 5 o0, Znea/(1 + gn?) for € €
(0,1). Then one has

[P < llzll and ||z = Pall-2 < ellzll. (5.15)

Moreover, a simple calculation gives

o o~ ren(2n — 1)z,1 . en(2n + 1)zap en
(PeL - LF)z = Z( 1+ e(n —1)? + 1+e(n+1)2 )1+en2’

n=2
and therefore

I(P.L - LP.)z|| < 4)lz]. (5.16)
Proof of Proposition 5.1: Let R: B, C X = Y, r > 0 be a map, which satisfies the
assumptions of Proposition 5.1 with the constant ¢ = 1/(24 max{cy, c2}), where ¢;, c; are
the constants in Lemma 5.5. Because of the weak continuity of R the condition (5.7) holds
even for all z € X;. We consider the fixed point problem z = T.(z), z € B, ¢ € (0,1],
with T,(z) = A P,R(P.z). Obviously T, : B, € X — X is a compact operator. Assume,
that z = M.(z),z € B,,0 < A < 1, then we have Az = AP.R(P.z), and therefore
Az € Y;. According to Lemma 5.5 we getA

lzll* < e1(Az, Lz) + 2| Az]l|l<]l 7
< aMP.R(F,), Lz) + coA|| P.R(P.z)|,- (5.17)
By (5.15) and (5.16) we obtain

|P.R(P.2)|| < IR(Pee)| < er, o (5.18)
(P.R(P.z), Lz) = (R(P.z), LP.z) + (R(P.z),(P.L — LP.)z)
< cr’ + 4||R(Pez)lllfzl| < Ser. : (5.19)

Finally, by (5.17)-(5.19) we conclude

lz)|? < 6max{c,,c;}er’ < /4, ie. z € B,p.
According to the Leray-Schauder principle for every € € (0,1] there exists a solution
z, € B,; of the equation z = T.(z). We choose sequences €, — 0,2, — = € B,/; and
obtain by (5.15) and the weak continuity of R

P..z., — z, P.,R(P.,z.,) — R(z), Az., — Az
with — denoting weak convergence in X. Consequently we have Az = R(z). O

Next we wish to formulate Proposition 5.1 as an implicit function theorem in order to

solve a nonlinear equation

F(z,y) =0, (5.20)
where y as an element of a normed space Z is given. Let U C X,V C Z be neighbourhoods
of 0. We investigate (5.20) under the following assumptions:
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(i) Let F,f € C'(U x V,Y) be mappings with F(0,0) = £(0,0) = 0 and J € L(X,Y)
such that (F(z,y), Lz)y = (f(z,y),Jz)y forallze UN X,y e V.

(ii) The Frechet derivative A := F(0,0) € £(X,Y) is an oper#tor with the structure
(5.2)-(5.5).

(iii) The mapping F(-,y) : U C X — Y is sequentially weakly ‘continuous for every
yevV.

Proposition 5.6: Under the assumptions (i)-(iii) there ezists for all y in a sufficiently
small neighbourhood of 0 a solution z = z(y) of equation (5.20) with ||z||x < c|lyllz,
where the constant c is independent of y. ' '

Remark: Uniqueness of the solution can be proved under some additional a.ssumptlons
but we refrain from doing so at the abstract level.

Proof of Proposition 5.6: By F € CY(U x V,Y) and the mean value theorem we can
find a small number r; > 0 and a constant ¢;, such that for ||z]|x,||ly)lz < r1 one has

IF(0,y)lly < allyllz, and moreover with the constant ¢ from Proposition 5.1

||F(:z:,y) - F(O) y) - F,(0,0)E“y < c”:"‘”)(/2

A similar estimate holds for f. Let y ‘E V with |ly|lz < r; and r := 2¢||y||lz/c < 1 be
given. We write the equation (5.20) in the form (5.1) with R(z) = F(z,y) — F.(0,0)z.

Then we have
IR@)lly < allyllz +clizlly/2 < e(2allyliz/c) = cr for z € B,.
From (i) we obtain
(Fe(z,y)z, L)y = (fo(2,y)2,Jz)y for zeUNX,

and

(Fz(0,0)z, Lz)y = (f-(0,0)z,Jz)y for z € X.

Without loss of generality we may assume [Tlleex,yy < 1 and get

I(R(z), Lz)y| = |(f(z,y) - f:(0,0)z, Jz)y|
< "f(z’y) - fz(o, O)J:"y”z"x < or?

for z € B, N X, and Proposition 5.1 gives the assertion. O
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6 An important relation

One main step in applying Proposition 5.6 to our problem of Section 2 is the verification
of the assumption (i). To this purpose we state the following proposition. We use the

notations and results of Section 3. The proof is based on the inclusions )
E',[D,EeC¥(U* x Z,H*"") for s>2, (6.1)
(see Lemmata 3.1, 3.4), the symmetry
(E"(u, h){v},w), = (E"(u, k){w},v),, (6.2)
and a suitable partial integration. For brevity we write H* = H*(S?).

Proposition 6.1: Let s > 3 be an integer. For every differential operator D there exists
a mapping e € C*(U**Y/? x Z, H*~'/?), such that (E'(u,h),Du)’ = (e(u,h),u): for all
u€ Us+1/2 N C°°, he Z.

Remark: Note the important (and at first glance somewhat surprising) fact that E’,e

possess the same mapping properties.

We use the negativ-norms

lulos = sup_ lwodl/loll 20 . (63)
veEH? vZ0 .
and denote by H™* the completion of L*(S?) with respect'to' the norm || - ||-5;. Then we

have the compact and dense imbeddings H* — H* for all real s > s'.
Lemma 6.2: Let A € L(H?®,H*™),s > 1 be a linear operator, such that -
(Au,v)o = £(Av,u)o for u,v € H’. (6.4)

Then there ezists an extension of A to an operator in L(H* , H* ') for all s’ € [-s+1,s].
Moreover, if A € L(H?®,H*™!) depends analytically on a parameter of a normed space,

then the extensions likewise.

Proof: The first assertion is trivial if s’ = s and is a consequence of the definition (6.3)
and the assumption (6.4) if s’ = —s + 1. Therefore interpolation gives the assertion for
all s’ € [~s + 1, s]; further, we have ||All g g1y < CAllgpe,pemr) for 8" € [—s + 1, ],
where the constant is independent of A. Now, let A = A(f) € L(H?*,H*"!) depend
analytically on a parameter & € N, where N is a normed space. Then we have an
expansion of the form A = 3°72  An(6") in L(H?®, H*~!) with bounded n-linear maps A,
from N™ into L(H*®, H*"'). By comparison of coefficients we find from (6.4) the equalities
(An(0™)u,v)o = £(An(6™)v,u)o and as above we obtain for s’ € [—s + 1, 5]

NARO ) ezt prr-1y S Cl AR Mo mio-)-

This easily gives the second assertion. O
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Lemma 6.3: We have fors > 2, s' € [-s+ 1,3]
E'(, ) }eC“UxZx H' ,H"™"), - (6.5)
and fors >3, s' € [-s+2,5—1]
DE"(-,){-} = E"(-,-){D-} € C¥(U* x Z x H* ,H*"™Y). (6.6)

Proof: The first assertion (6.5) follows immediately from (6.1), Lemma 6.2 and the
symmetry (6.2). Further, every differential operator D possesses a representation in the
form Du = Du +au, a € CP(IR"), where D is anti-symmetric, i.e. (Du,v)o = —(Du,v)o
for all u,v € H'. Because of (6.5), in proving (6.6) we can therefore assume that D is an
anti-symmetric differential operator. By differentiation of .{D, E'] with respect to u we
obtain

DE"(u,k){v} — E"(u, h){Dv} = ([D, E'|(u, ) {v} + E"(u, h){Du,v}.

Hence (6.1) gives the assertion (6.6) for s' = s — 1; note that s —1 > 2. Further (6.2) and
the anti-symmetry of D gives

(DE"(u, h){v} — E"(u, h){Dv}, w), = (DE"(u,h){w} — E"(u, h){Dw},v)u,
and application of Lemma 6.2 finishes the proof. O

In the following Lemma D* = D, D,... D, denotes an arbitrary differential operator

of order s’, where Dy, ..., D, are first order differential operators tangential to S2.
Lemma 6.4: If s > 3 and s’ an integer with 1 < s’ < 2s — 1, then
[D*,E € C¥(U* x Z,H*™*). (6.7)

Proof: We apply induction on s'. The statement is contained in (6.1) for s’ = 1. So
assume it true for an integer s’ with 1 < s’ < 25 — 2. If u € U?, then D*u € H*~* and
s —s' €[-s+2,5—1]. Hence by Lemma 6.3, (6.6) we conclude that the mapping

(u, k) = DE"(u,h){D*u} — E"(u, h){D**'u}

belongs to C¥(U* x Z, H*~*~1). This is also true for D[D*, E'] by induction hypotheses.
Therefore

[D°+*, E')(u, h) = D({D*, E')(u, k)) + DE"(u,h){D*u} — E"(u, h){D**'u}

gives (6.7) also for s+ 1. O
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Proof of Proposition 6.1: Let s > 3 be an integer. We write the scalar product of H*

in the form

(u, v)_, = (u,p)o + (D.’l D.‘, R D.—,u, b.’l ﬁ", ...D; v)o, (68)

where ﬁl, Dg, Da are the anti-symmetric differential operators
Dx =1,0; — 1231, Dz = 1903 — 33362, Da = 230, — 7:10s.

We use the abreviation fi(u, k) ~ fa(u, k), if fi, f2 : (U**Y/?2NC*®)x Z — R are functionals
such that the difference f; — f, possesses an extension in C*(U**'/? x Z,IR). Then we

have according to Lemma 6.4
(D*E'(u, k), DD*u) ~ (E"(u,h){D’u}? DD"u)o. (6.9)

Applying partial integration, Lemma 6.3, (6.6) and the symmetry (6.2) we get

(E"(u,h){D’u}, DD*u), ~ —(DE"(u, h){ D*u}, D*u),
~ —A(E”(u, h){DD’u}, D’u), (6.10)
~ —(E"(u,h){D’u}, DD*u),.

From (6.9), (6.10) we obtain (D’:E’A(ur,:h), DD’u)o ~ 0, and therefore by (6.8) we have
(E"(u, k), Du), ~ 0. Thus there exists ¢ € C*(U**/ x Z,R), such that

(E'(u,h),Du), = p(u,h) forall ueU™*/?*NC> ke Z.

According to the Riesz representation theorem we can find a mapping e € C¥(U s+1/2
Z, H*~1/%) with

' (u,h){v} = (e(u,h),v), forall ue U™ ve H*/? heZ
Because of g(0, k) = 0 we have

o(u,h) = /; g’(tu?‘h){u} dt = (/0 e(tu, h) dt,u) ,

and this proves the assertion of Proposition 6.1. O

7 Proof of .the Theorem

In order to solve the equations (2.3), (2.5), we first look at the volume constraint. From
the expansion (4.1) it is easy to see that for every

v€U6:={uEU':/ udSz(z:)=0}, s>1
s?
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there exists a unique r = r(v) € R in a sufficiently small neighbourhood of 0 € R with
(v + r(v)) = 4r /3. Moreover one has

reCYULR), r(v)= /y v?dS%(z) + O(v?). (1)

Conversly, if u € U® with Q(u) = 47/3, then u = v+r(v) with a unique v € U3. Therefore,

instead of (2.3), (2.5), we can consider equivalently the equation
F(w,h) =0, w=(v,w,)€U; x R?
with
F(w, k) = &' (v +7r(v), h,w) — A (v + r(v)). (7.2)

Because of (4.9) we have
F(wo,ho) =0, wo= (0, wo, Ao).

Next we pay attention to the symmetries (2.6), (2.7). To this purpose we assume in the
sequel, that the Banach space Z defined in Section 2 contains only harmonic functions with
(2.7). Further, let A*, A be the Sobolev spaces of functions on S 2 with (2.6); the functions
of HZ should have the mean value 0. We use the Hilbert spaces X* := A xR?, Y* := H?
and denote the norms simply by || - |l,. With V* := (U* N H3) x R? we formulate

Lemma 7.1: We have the following assertions.

(i) Let s > 2. Then we have F € C¥(V* x Z,Y*"!) and the mapping F(-,h): V* C X* —
Y1 is sequentially weakly continuous for every fized h € Z.

(ii) Let s > 3 be an integer. Then there ezists a mapping f € C¥(V**1/2 x Z,Y*"1/?) such
that (F(w, k), z3Dsv), = (f(w,h),v), for allw = (v,w,)) € V*¥/2n X*+3/2 gnd h € Z.

Proof: First of all we note that for functions v, A with the symmetry properties (2.6) and
(2.7), respectively, F((v,w, A), k) also possesses a symmetry of the form (2.6). Therefore
F € C¥(V* x Z,Y*!),s > 2 is a consequence of the results of Section 3 and (7.1),
(7.2). Particularly the mapping F is bounded and hence from the compact imbeddings
X* < X* for s > s' the weakly continuity of the mapping F(-,k) : V* — Y*~! follows.
The second assertion is a consequence of Proposition 6.1. O.

In the Hilbert spaces X*,Y* we can choose complete orthonormal systems {ens}n>1,

{fn.s}n32 according to

€1, = (0,0,1), €2, = (0, 1,0),

ene = (1+ Myfa_3) " (Yan-2),0,0) for n >3, ©(1.3)
and
fﬂ,l = (1 + A;{:_z))_IYg(“_g) fOI' n Z 2. (74)

Thereby A, = n(n + 1) denotes the eigenvalues of the La.pl'a.cian Aj on 52,
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Lemma 7.2: The operator A := F,(wo, ho) belongs to L(X*,Y*1 ) for s > 1 and pos- -
sesses the structure (5.2)-(5.5) with respect to the orthonormal s systems (7.5), (7.4).

Proof: By (7.1), (7.2) and (4.2), (4.3) we conclude

Fw(wo, ho){v,w, A} = 8"(0, ho,wo){v} - /\QQ”(O){’U} + wwoG'(O) - /\QI(O)
= &"(0, ho,wo){v} — 2Xov + wwo(z3 —1) — A, (7.5)

Denoting the Fourier coefficients of w = (v,w, A) € X* with respect to the orthonormal
system {ens}n>1 by w, we obtain from (4.11) a representation

. 00

fw(‘UJo, ho){v,w, ’\} = Z(&nwn-l + 5nwn + %nwn+1)fn;a—h

n=2
where the sequences {@n}n>2, {B,,},,Zg, {4 }n32 have by (4.12) the asymptotic behaviour

=T (15 +0G). nu=-Fr(+ 240

= . 9A%/ u-—1
R e ]

Moreover a simple calculation shows

(1+ 25500 (L + X560 )

Yo = &n+1 P 3
T+ 25000 1+ a2 )

and hence ¥ < &. Further we have &, # 0 for all n > 2. For n = 2,3 this can be seen
immediately by (7.5); for n > 3 it is a consequence of (4.13). Therefore all conditions
(5.3)-(5.5) are satisfied. O

After this preparation we finish the proof of our Theorem. We start with the existence
statement and apply Proposition 5.6. Fix an integer s > 3 and choose X = X*+1/2 Y =
Y*=1/2, With respect to the orthonormal systems (7.3), (7.4) we obtain for the operator

L corresponding to (5.6) from an expansion into spherical harmonics
Lw = L(v,w,\) = —iA(ngw) + Lllg
and therefore
(F(w, h), Lw)Y = —%(]"(w, h), stav)’ + (F(w, k), sz)y

with linear bounded operators Ly, L, € £(X, Y).. Hence the the assumptions (i)-(iii) of
Proposition 5.6 are satisfied by the Lemmata 7.1,17.2.
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Next we proof the uniqueness statement. Let be s > 3. From the Lemmata 7.2, 5.3

we obtain for A = F,,(wo, ho) with a suitable constant ¢
lbli3/; < e (] (Aw,23Ds50), | + [l Awll3/2) (7.6)

for all w = (¥,w,A) € X*2. With the same method as in the proof of Proposition 6.1 we
obtain from Lemma 6.3 the existence of a mapping f € C¥(V* x Z x X*?,Y'/?) with

(fw(w,h){tb},z;;Dgx))] = (f(w, h){u':},i))l (7.7)

for all w = (v,@,A) € X3/2 and (w,h) € V* x Z. Now let wy,w; € V* and h € Z with
F (w1, k) = F(ws, k). Then we have for w = w; — w;

i = = [ (Pl + ) = Fuloor b)) ()

and by (7.7) we get
Awl3/2, | (A, 23Ds50), | < c1d 16132

with the abbreviation 8 = max{|lwy — wolls, [[wz — wolls, ||k — kol|z}. By (7.6) we conclude

[@ll3,, < c20 llwl|3/,- Hence if 6 is sufficiently small, then we have w = 0, i.e. w; = ws.

Thus all statements of the Theorem are proved. O
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