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x- Convergence and x- Conullity 
W. BEEKMANN and S.C. CHANG 

The notions of A— convergence and A— summabihty was first defined a couple of decades ago by C. 
Kangro and has been further studied by Kangro and his school at Tartu University. In analogy to the 
usual notions of coregularity and conullity of conservative (matrix—) methods, he has introduced, inter 
alia, A— coregularity and A— conullity for A— conservative matrices. Here we compare A— conullity with 
the general notion of conullity of an FK— space with respect to a subspace which was introduced in 
[2]. To this end we show that the space cA of all A— convergent sequences is of type CD, a summability 
domain. As a consequence, we prove that the space of all sequences that are A— sumznable by a given 
matrix A is a summability domain CE for some matrix E. 
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1. Notations 
Given an infinite matrix A = (ak),k=1,2,... the summability domain CA of A is defined 
by

CA = {x = (xt)l Ax = (fakxk) exists and Ax  

where c is the space of convergent sequences. As usual (see [5]) the sequences x in CA will 
be called summable A, and we write limAx = um Ax = Ii Elakxk for x E CA. 
It is well-known that CA is an FK— space and that each continuous linear functional f. 
on CA has a representation 

f(x) = plimAx+t(Ax)+sx	(XECA),	 (1) 

where 14 E C, t = (i,,) E £ = {()IE Itl < oo}, and s = (8k) E c = {(sk)Isx = 
converges for all (xk) E CA} (the /3—dual of CA). If the coefficient A in (1) is uniquely 
determined (by A and f) we denote it by PA (f), otherwise we define PA (f) = 0. (In 
fact, if the coefficient of limA is not unique, then there exists a representation (1) of f 
with y = 0.) By jc, we denote the set of all functionals in CA such that PA (f) = 0, and 
A is said to be z— unique, if PAL & c. 

Let A = (An ) be a (real) sequence with 0 < Al ^ ... ^ A,,_	A. - oo. Then 

c' := {x = (xk) E C  lim A,, (x,, - limx) exists} 
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is the space	of A- convergent sequences (sequences which converge with "speed A"),
and, given the matrix A,

CA :={xEcAiAxEc'} 
is the subspace (of CA) of sequences which are summable A with speed A. Both, c' and 
C'\ , are FK-spaces, see Kangro [3]. 

We shall assume that c contains 'p, the set of finite sequences, which is spanned by 
the unit sequences ek = (0,... , 0,1,0 .... ) with "1" in the k-th position. Hence the limit 
ak := limA e  = lim,,..	exists for all k E IN. 

It is noted in [4] that each f E ()', the continuous dual space of c, can be expressed 
as

1(x) =JU1 limx + P2 lim7(x) + E t7(X) + sx,	 (2) 

where m 102 E C, t = (t k ) E £, 7n(X) = Afl(Ek a flkxk - hmAx), and s = (5k) E (c), 
the /3-dual of CA - 

The matrix A is said to be A- conservative if c C c. This implies that the matrix 

	

A = (a,) with c =	- ak)
Ak 

is conservative in the usual sense, in particular the column limits a = lim,-. ,,o crk and 
the limit of the row sums c = lirn Ek 5nk exist. A A- conservative matrix A is defined 
to be A- conull if

X(A):=a->k =0, 

and A- coregular if x(A) 54 0. Leiger [4] has shown that a A- conservative matrix A 
is )* -conull if and only if )c 1	(A l ',A' .... ) E W(C), i.e., if the sections A-' In) 
(\i1\-1oo) converge to A' weakly in the FK-space c. 

On the other hand, given FK- spacesX and Y such that p C X C Y, Beekmann 
and Chang [2] defined Y to be conull with respect to X if fix E p for all I E Y', where 

lix = {g E X' I uD(gI C ) = 0 for-all matrices D with CD C X}. 

2. .A - conullity 

The following assertion shows the close connection between the above notions. 

Theorem 1: Let A be a A- conservative matrix. Then A is A- conull if and only if 
C' is conull with respect to c. 

For the proof we use the fact that the space	is a summability domain, a result which 
is interesting in itself. 

Theorem 2: Let A = ( As), 0 < Al < ... < A,,. :5 An -	be given. Then there
exists a normal matrix D = (d k ) (i.e., d k = 0 for k > n and dnn 36 0) such that 

• c = CD and	lim An (X - limx) = limD X. n-.co
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Proof: By Zeller [6] there exists a regular normal matrix = (Jk) such that c = 
cA and limb  = 0. Define D = (dk) by dk = d,,kAk. Then x E CD if and only if 
(Akxk) e c5 . The latter means 

Akxk=ak+eAk, i.e.,  ak  for kEIN, 
Ak 

where a = (crk) E c and E C. Thus x E CD if and only if x E , and in this case 

hmDx = limn ( Akxk ) = limb (a,, + X,,) = limb (a,,) = lima. 

Also, limx= and 1imA(x—)=1ima=limD x I 

Corollary 3: For X = we have 

lux = {i E X' I f(A') = 

Proof: Let D and D be defined as in the proof of Theorem 2, and let f E X' = ëD, 
then

1(x) = u lim x + t(Dr) + .sx	(x E X = c' = CD) 
with ju E C,t E £,s E c, see (1). From the fact that Ef(e")A;' converges for each 
I E X', see Leiger [4], we get 

f()1) -	f(eç' =	(limz, A 1 - (limD ek)A) 

=p (limb e - limb e) = 

since D is regular. Thus D is j—unique, and I is inif and only if f(A- 1 ) = 

>1 f(e")A'. From X = CD we have 4 = p, see [2], which proves the corollary I 

Proof of Theorem 1: Now, this proof is very simple: By definition c is conull with 
respect to c' if and only if f 1,A E j& for all I E (ca)', and from the corollary we infer 
that this is the case if and only if f(A-1 ) = E,,f(e") A ' for all f E (c?)'. The last 
condition means A_i E W(c), i.e., A is A—conull I 

3. The space c as a summability domain 

Theorem 2 leads to the following representation of c. 

Theorem 4: With the matrix D of Theorem 2 and E = DA we have = CE. 

Proof: If x E CE, then Ex E c and we see that D-' (Ex) exists and equals (D'E)x = 
Ax, since D is normal. Thus Ex = D(Ax) E C, henceAx E CD = c, i.e., x E c.
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Conversely, if x E c, then Ax exists and Ax E C' = CD or D(Ax) = (DA)x = Ex 6 C 

or x E CE I 

By means of , this theorem we can use standard results to characterize distinguished 
subsets of c such as S(c), W(c), F(c), B(c) and P(c). For details we refer to [5] 
and [1]. 

Also we have a representation of the continuous linear functionals on CE of the form, 
see (1),

1(x) = i limEx + (Ex) + 9x
with A E C, I E £ and 3 E 4. It can be realized that the connection with (2) is given by 

p2=,j1=?1X),t=() and s=3. 

So, for the question of j — uniqueness, in (2) the coefficient 102 is essential. 

The authors gratefully acknowledge fruitful discussions with T. Leiger of Tartu and 
K.—G. GroBe—Erdmann of Hagen. 
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