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\-Convergence and A- Conullity

W. BEEKMANN and S.-C. CHANG

The notions of A— convergence and A—summability was first defined a couple of decades ago by G.
Kangro and has been further studied by Kangro and his school at Tartu University. In analogy to the
usual notions of coregularity and conullity of conservative (matrix-) methods, he has introduced, inter
alia, A—coregularity and A— conullity for A— conservative matrices. Here we compare A— conullity with
the general notion of conullity of an FK—space with respect to a subspace which was introduced in
[2]. To this end we show that the space ¢* of all A~ convergent sequences is of type cp , a summability
domain. As a consequence, we prove that the space of all sequences that are A—summable by a given
matrix A is a summability domain ¢g for some matrix E.
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1. Notations

Given an infinite matrix A = (@uk)nk=12,. the summability domain c4 of A is defined
by

Chp = {z = (zk)lAz = (f: a,.kzk) exists and Az € c},
k=1

where c is the space of convergent sequences. As usual (see [5]) the sequences z in ¢4 will
be called summable A, and we write lims z = im Az = limp o0 352, GnkTk for z € c4.
It is well-known that ¢4 is an FK—space and that each continuous linear functional f .
on c4 has a representation

f(z) = plimgz + t(Az) + sz (z € ca), 1)

where p €€, t = (t,) € £ = {(ta)| T |ta| < 00}, and s = (sx) € & = {(s1)|sz = ¥ sizs
converges for all (zx) € ca} (the f—dual of c4). If the coefficient y in (1) is uniquely
determined (by A and f) we denote it by u4(f), otherwise we define p,(f) =0. (In
fact, if the coefficient of lim, is not unique, then there exists a representation (1) of f
with u = 0.) By p4 we denote the set of all functionals in ¢4 such that u4(f) =0, and
A is said to be p—unique, if pi # 4.

Let A = (\,) be a (real) sequence with 0 < A\; < --- < Ay € A, — o0o. Then

= {z = (z1) € ¢ Jim A(zn — limz) exists}
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is the space ¢* of A~ convergent sequences (sequences which converge with “speed A"),
and, given the matrix A,

ch = {z €cs| Az € &}
is the subspace (of ¢4 ) of sequences which are summable A with speed ). Both, ¢* and
c), are FK —spaces, see Kangro [3].

We shall assume that ¢} contains ¢, the set of finite sequences, which is spanned by
the unit sequences ef = (0,...,0,1,0,...) with “1” in the k-th position. Hence the limit
ai := limy e¥ = limy_c0 ank exists for all k € IN.

It is noted in (4] that each f € (c}), the continuous dual space of ¢, can be expressed
as
‘ f(z) = p1 imaz + pp impya(z) + Y teyi(z) + sz, (2)

k

where 1y, py € €, t = (ti) € £, Ya(z) = M(Zy ankzi — limyz), and s = (s¢) € (c})?,
the f—dual of c}.

The matrix A is said to be A— conservative if ¢* C ¢). This implies that the matrix

. Afa.r —a
A = (ani) with ane = J(_L_"_)’

Ak
is conservative in the usual sense, in particular the column limits o) = lim,—o anx and
the limit of the row sums a = lim, ¥, o, exist. A A— conservative matrix A is defined
to be A— conull if

x(A):=a—)Y ax=0,
k=1

and A coregular if x(A) # 0. Leiger [4] has shown that a A—conservative matrix A

is A—conull if and only if A7 := (A7?,A71,...) € W(c}), i.e., if the sections A~1[7) :=

(ATh,.+412;1,0,0,. .:) converge to A\~! weakly in the FK—space c}. '

. On the other hand, given FK—spaces X and Y such that ¢ C X C Y, Beekmann
and Chang (2] defined Y to be conull with respect to X if f|x € px forall f € Y’, where

px ={9€e X’ l #D(9glcp) = 0 for-all matrices D with cp C X}.

2. A—conullity

The following assertion shows the close connection between the above notions.

’

Theorem 1: Let A be a A— conservative matriz. Then A is A— conull if and only if

c} is conull with respect to .

For the proof we use the fact that the space ¢* is a summability domain, a result which
is interesting in itself.

Theorem 2: Let A = (A,;), 0 < A\ € --- < Ay € Ay = oo be given. Then there
ezists a normal matriz D = (dni) (i.e., dux =0 for k > n and d,, # 0) such that

., ¢*=cp and lim An(zn —limz) = limp z.
n—00 B
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Proof: By Zeller (6] there exists a regular normal matrix D = (d;) such that ¢y =
c® A and limgA = 0. Define D = (dni) by dne = daxMi. Then z € ¢p if and only if
(Aezi) € ci5. The latter means

Az = ap + &, e, zp= c;—k +& for k€N,
£
where a = (ax) € ¢ and £ €C. Thus z € ¢p if and only if z € ¢*, and in this case
limpz = limg (Aizi) = limp (ax + €Ar) = limp (i) = lime..

Also, limz = £ and "li_’rg’/\,.(z,. —-§) = Ji’xg)a,. =limpz 1
Corollary 3: For X = ¢* we have
px ={feX' | fO) =X flA}.
k=1

Proof: Let D and D be defined as in the proof of Theorem 2, and let f € X' = ¢)p,
then

f(z) = plimpz + t(Dz) + sz (z€ X =c*=cp)

with u € €,t € £,3 € ), see (1). From the fact that ¥ f(e*)A\;! converges for each
f € X', see Leiger [4], we get

SO =S FEN = u (limp AT = S(limp et
k=1 k=1

u (lim5 e— i limg ek) = U,
k=1

il

since D is regular. Thus D is p—unique, and f is in p3 if and only if f(A™!) =
T f(e¥)A71. From X = cp we have p} = up, see [2], which proves the corollary §

Proof of Theorem 1: Now, this proof is very simple: By definition ¢} is conull with
respect to ¢* if and only if f|.» € ph for all f € (c})’, and from the corollary we infer

that this is the case if and only if f(A™!) = T, f(e*)A;! for all f € (c}). The last
condition means A~! € W(c}), i.e., A is A—conull 8

3. The space ¢ as a summability domain

"Theorem 2 leads to the following representation of c}.
Theorem 4: With the matriz D of Theorem 2 and E = DA we have ¢} = cg.

Proof: If z € cg, then Ez € c and we see that D~!(Ez) exists and equals (D' E)z =
Az, since D is normal. Thus Ez = D(Az) € c, henceAz € ¢p = &, ie, z € c).
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-

Conversely, if € ¢}, then Az exists and Az € ¢* = ¢p or D(Az) = (DA)z = Ez € ¢
orz€cgll

By means of this theorem we can use standard results to characterize distinguished

subsets of ¢} such as S(c}), W(c}), F(c}), B(c}) and P(c}). For details we refer to 5]
and [1).

Also we have a representation of the continuous linear functionals on cg of the form,
see (1), :
f(z) = ji limgz + t(Ez) + 5z

with I €C, T € £ and 5 € . It can be realized that the connection with (2) is given by
pa=f, py =8DA),t=FD) and s=3.
So, for the question of y— uniqueness, in (2) the coefficient p, is essential.

The authors gratefully acknowledge fruitful discussions with T. Leiger of Tartu and
K.-G. Grofie-Erdmann of Hagen.
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