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Interdependent Components of Generating Systems

in the Theory of Pseudo -Holomorphic Funàtions 

C. WITHALM 

In many studies concerning the theory of pseudo-holomorphic functions in the sense of L. Bers the inter-
dependence of the components of a relevant generating system turns out to be essential to investigate, 
e.g. inquiring into periodicity problems with respect to corresponding derivatives but also into multiple 
reasonable configurations. 
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1. Preliminaries 

1.1. L. Bers [1-3] pointed out that the solutions of the homogeneous Vekua equation 
w5 - aw - btii = O[9], by virtue of a fixed chosen generating system, say E := (F, G), 
accomplishing Im (PG) > 0 in some domain D0 C C and F, G E Hj30 (Holder-continuously 
differentiable there) is uniquely representable by w(z) = F(z)W(z) + G(z)(z) wherein ço 
and 0 are real-valued functions in D C D0 . Analogous to the classical theory we establish 
the differential operator dE/dz : w is called complex differentiable modulo E at z0 E D if 
there w(z) is complex linear approximable modulo E, i.e. if 

w(z) = F(z)(zo)+G(z)(zo)+A(z_.zo)+pz_zo,	lim p(z,zo) = 0. 
Iz-zol-.o 

296zo 

Hereby the complex E-derivative A = tb(zo) = dEw/dz of w(z) at z0 is defined, and obvi-
ously the complex linear approximability modulo E of w(z) is equivalent to the existence 

(z)-F(z)(zo)-G(z)*(zo) = A = tb(zo) = ?(zo).' )-ZOof lim5..50 w  If dEw/dz anywhere in D 
does exist properly w there is called a pseudo-holomorphic function modulo E of the first 
kind or shortly an E-pseudo-holomorphic function. 

The set of all E-pseudo-holomorphic functions defined in D obviously forms an addi-
tive vector space upon IR, say PD(E), the subspace of all so-called generalized constants 
modulo E with ,	const, shall be designed by PD' (E) (cp. Remark 4,(iii)). 

1.2. In generalization of the classical theory in some neighbourhood of z0 , U = U(zo) C D, 
there hold the following statements: 

'More suggestive 1im_0 F(a)(s(a)—w(ao))+G(a)(#{a)—(o)) 
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(i) If w  Pu(E), then	 exist at z0 and 

	

Fço+Gb=th, Fço 1 +Gil=O	 (1)

is valid there. (Generalized Cauchy-Riemann differential equations.) 

(ii) If W, 0 E Cul (continuously differentiable) and Fçoz + Gt,b = 0 is true there,then 
w E Pu(E) holds. (Generalization of the theorem of Loomann-Menchhoff.) 

Remark 1: (i) Obviously F, G E P(E) and via 

F = aF + bF, G = aG + bG, F = AF + BF, G = AG + BO 

we obtain the so-called characteristic coefficients 

a =: aj = —(FG - FG)/IE, b bE = (FG - FG)/tE, 
A =: AE = —(FG - FZ G)/L E , B =: BE = (FG Z - F:G)/LE, 

with AE := det (	). (The index "E"is omittable if the meaning is clear!) Note that 

C F2	G F2 
E=(—),,BE r	LIE	•r	LIE	- - 

which gives a first hint at the importance of the interdependence of F and C, too. 
(ii) Note that conversely for any couple of bounded Holder continuous functions a, b 

defined in D0 there exists a generating system E such that a = at and b'= bE. 

Thus in U U(zo) C D there hold the following statements: 
(i) If w E F(E),t hen	exist at zo and 

w—Aw—Bü,=th2 , w2 —aw— bib =O	 (2)

is valid there. 
(ii) If w E Gb and w - aw - bib 0 is true there, then w E P(E) holds. 

1.3. Before inquiring.some F-G-interdependences a few basic results of the theory of 
pseudo-holomorphic functions shall be listed.  

Remark 2: If E = (F, C) (1, i) =: I, then, the theory of pseudo-holomorphic 
functions obviously leads to the classical theory. Thus PD(I) designes the algebra (upon 
K) of the holomorphic functions defined in D. 

Remark 3: (i) w E P(E) is equivalent to tb(z) 0 in D. 

'Pseudo-differential equation.
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(ii) If w = Flp+.G,b E PD(E), then the so-called pseudo-holomorphic function modulo 
E of the second kind + it,b is a Hi-function (being a K-quasiconformal mapping). Let w 
be any function of the structure F + Gt,b with E = (F, G) being a generating system and 

arbitrary (w not necessarily an element of PD(E)). Then the 1-1-operator PE shall 
be defined by virtue of PE W PE(FSO + G) = ' + ib. 

(iii) If w E PD(E), then th is a Hk,-function arid ib = aEw - BEth holds in D. Thus 
th is a pseudo—holomorphic function modulo a generating system E' (F1, G 1 ), called 
the successor of E =: E° (E° predecessor of E 1 ) and defined by virtue of UE1 = aEo, 
bEl = —BEO. Iteratively we obtain a corresponding generating sequence (E')VEz wl.ich 
E° is embedded in such that (involving derivatives of all orders) dE.. /dz maps Pp(E") 
into PD (E & + i )

*
If for a fixed p E N always = E&, p is called the period of (E&)yEz. 

(The relating periodicity problem was solved by M.H. Protter [6].) 

2. F-G-interdependences 

2.1. In the well-improved theory of pseudo-holomorphic functions which was developed by 
L. Bers and his school (similar to Vekua's investigations on generalized analytic functions, 
using some different approach) the mutual correlation of the components of the generating 
system E = (F, C) plays an important role in considering many fundamental examinations 
(e.g. Remark 1,(i)). Some corresponding aspects shall be presented here. 

A prominent theorem was already proved by L. Bers in the beginning fifties. 

Theorem 1 (L. Bers): Let w = Fço + Gt,b e PD(E). Then the minimal period p of 
the generating sequence which E = E° is embedded in is equal to 1 if and only if the ratio 
C/F depends on y only. 

The proof of that theorem according to the , definition in Remark 3,(iii) is based on 
bE' = —BE0 which leads to the relation (G/F) + (G/F). = 0 (cp. Remark 1,(i)). 

2.2. For considering a few additional reasonable properties of dependence of F and C 
we set w = Fço + Cb = F( +) =: FWN (where the index N vaguely shall remind 
the reader of "norm" in the sense of standardize). Thus similar to the definition of th 
PE-operator (Remark 3,(ii)) we shall define the 1-1-operator NE by virtue of NEW = 
NE(FS0 + GO) = ç + 2F b = WNa wherein again E = (F, C) is a generating system but not 
necessarily w E PD(E). (Using "NE" as an index we shall write a pure "N" if not any 
confusion is possible.) 

Comparing Subsection 1.1 it can be shown that WN E PD(( 1 , f )): for if E = (F, C) 
is a generating system in D0 D D, then there (1, ) =: EN is a generating system, too, 
because of the facts that 0< Im (PG) = Im (FF) = IFI 2 Im (ia) and that 	E Hj0 
implies E H,0 ; from Fço +Ctbi = 0 we obtain ip +	= 0 which proves our assertibn
(cp. (1)). Note that PEW = PEN WN.
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In this paper we shall discuss the cases C/F 6 PD0 ( I) (cp. Remark 2) and C/F 6 
PD0 (I), PD. (1) being the set of all anti-holomorphic functions defined in the domain D0. 

Theorem 2: Let to = Fço + Cb 6 PD(E) and C/F 6 PD, (I)with D C D0 . Then 
WN 6 PD(I). 

Proof: From w 6 PD(E) it follows wN 6 PD(EN) such that	= 0. Because 
of C/F being holomorphic we obtain (ço +') = 0. 0 

Thus 'by definition of, NE under the assumptions of Theroem 2 we can write NE 
PD(E) - PD(I).  

Remark 4: (i) wN = p + b being holomorphic, w ' = FWN already is one possible 
appearance of w according to the similarity principle (L. Bers) or the formula.of reciprocity 
(l.N. Vekua [91), which says that w = Fço + Gt,b 6 PD(E) allows a representation of the 
structure e'f with f being holomorphic in D and (defining the TD integral operator-by 
virtue'of

(TDh)(z) = - 11 h ( C ) dCd,7 

as usual) s(z) =.TD(a± bth/w) et vice versa. Thus in the upper case F plays the part of 
a suitable exponential function e 3 . Setting wN = u + iv we obtain Fu + iFvi 0 such 
that to = FWN E , PD((F, iF)) ((F, iF) obviously is a generating system). 

(ii) In general E and E 'are called equipotent generating systems relative to W if 
PD(E) D W E PD(E) such that in the objective case (F, C) and (F, iF) are equipotent 
generating systems relative to w, or more general: if to = Fçt + Ct, = e'f, then (F, C) 
and (es , jea) are. equipotent generating 'systems relative to w. Because of the elementary 
consequences generating systems of the structure (es , ie') (or (F, iF) ,respectively) are 
called main generating systems. 

(iii) If in to = e8f the function f is a pure constant, then L. Bers calls to a generalized 
constant; but because of to generally, is interpretable as an element of PD( ( es , ie)) we use 
the relevant definition given in Subsection 1.1 (cp., e.g., [10] and Remark 3,(i)). 

Remark 5: Finally note that (CIF) = 0 implies bE = 0. (cp. Remark 1) 

2.3. Let f = u+iv be an element of the algebra PD,(!), i.e. f	0 or u = —vs , u 
répectively. 

'Theorem 3: Let E = (F, G) be a generating system in D 0 and let 'G/F € PD0(I). 
Then for'each w = Fp + Gt,b E PD(E), D C D0 ,"there exists a function tZ . = Fç + G' E 
PD(E) such that := p + i and 'I' := 0 + iib are holomorphic in D (see [121).
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Proof: Defining. —iG/F =: a + ir and —iF/G =: & + iF the relation Fçó + Gt,b = 0 
is equivalent to the system 

Vz = rt/. +ab,	tp,, = —a'z +rt1, 
Ix = rcQz + &ço y ,	T,b = &%Ox 

from which by a repeated differentiation (being legitimate, cp. Remark 3,(ii)) and by 
summing up we gain the system	 - 

Ltp + &tp +	=0, AO + aib, + /3t,b = 0	 (3)

wherein
o-x+Ty	_ _____	 0-v— Tx  a = -	, a=	and /3	, 

a	 a	 a	 a 

which means that a,,6, &, (3 vanish if —iG/F (and so are anti-holomorphic. As in 
the classical theory one finds the supplements and i' (conjugated harmonic to and t/', 
respectively) at which Fç + G,b turns out to be an element of PD(E) again. (Note that 
iFç + iGib 6 PD (iE).) U 

Remark 6: (i) If conversely ço and consequently 1i (et vice versa) satisfy. a (non-
trivial) Laplace equation, from WN = tp + ' 6 PD (EN ) and thus ço +	= 0 we 
obtain tp + )'+(	= 0, hence ( ) = 0. Consequently by a suitable formulation
Theorem 3 is necessary and sufficient. 

(ii) Note that every complex-valued potential function being regular in some domain. 
{z:Re(z - z0 ) < a,Im (z — z0 ) < b) can be written as the sum of a holomorphic:and an 
anti-holomorphic function. 

Theorem 4: Under the premises of Theorem 3 NE1: PD(E) PD (1) is true for dz 
E' being a successor of E = E° in D0 C D. 

Proof: From (G/F) = 0 we obtain BE = 0 (cp. Remark 1,(i)). According to the 
definition in Remark 3,(iii) from bEt = —BEo it follows bEt = 0 which implies G 1 /F1 6 
PD0 (I) . Thus the proof is accomplished by Remark 3,(iii) again and by Theorem 2. 0 

	

Remark 7: Note that w = Ftp + Gib 6 PD(E) implies w 1 :=	F, V I + G 1 t 6
PD( E1 ) but dENwN/dz is not equal to WIN in general. 

3. Integral operators 

3.1. With regard to the underlying Vekua equation wj - aw - bth = 0 or the pseudo-
differential equation w - Aw - BtD ti', respectively (cp. (2)) it is useful to establish 
some relevant features concerning wN.
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First it is easy to compute (cp. Remark 1,(i)) that 

aEN = —bE-F7 bEN = bE T , AEN = —BEt, BEN = BE 

are the characteristic coefficients for the generating system E' such that the correlative 
Vekua equation and the pseudo-differential equation, respectively, reduce to 

(wN) + b4 2i Imwr = 0, (wN) + B4 2i Tm WN = WN. 

If specifically C/F E PD,, (I), because of bE = 0 it follows of course wN to be holomorphic 
(cp. Theorem 2 and Remark 5). If specifically C/F E PD 0 (I) because of BE = 0 it follows 
(wN)	WN = dENwN/dz. (Note that wN = çoz +	= (ç + 20), = (wN), cp. (1).) 

3.2. Considering boundary value problems, pseudo-holomorphic functions modulo a gen-
erating system of the structure (1, H) play a remarkable part; that follows from the con-
figuration of the differential equations (3) (canonical form) being a basis to investigate 
correlative problems. Note that the definition of the corresponding coefficients  
depends on the ratio C/F again, and that for (1, CIF) by definition of o, r, , in -the 
proof of Theorem 3 we can use the same abbreviations - obtaining an equivalent system 
to (3). See [1]. 

3.3. Let E = (F, C) be a generating system defined in D0 C C, let r = r[z0 , z] C D C D0 
be a path of integration, and let W be a function continuous on r. Then	- 

PE J WdE:=Re f C*Wd(+iReJ F*Wd( 
I[zo,zJ	 r[:0,:]	 L'izo,zI 

is called the PE-Integral of W over r wherein F* := —2F/ E and G*	2G/AE and
E* = (F* , G*) is the generating system adjoini to E. (Note that indeed Et is a generating 
system anew.) Moreover	 --	-	- -. - 

-	f WdEC:=F(z)ReJjE J WdE(+C(z)JmpE JWdE( 
rE:o,:)	 r[zo,:]	 r(:o,zJ 

is called the E-integral of W over r. 
Remark 8: Note that in contrast to the P E-integral the E-integral is no additive 

functional of the path of integration. 

Remark 9: (i) If specifically w = Fcc + Gi,b E PD(E), then ii = dEw/dz is PE- and 
E-integrable as well and	 0	 - 

PE f thdE( = (cc(z) - cc( zo)) + i((z) - (zo)) = PE( W ( Z) - 
f(zo,zJ

tbdE = F(z)(cc(z) - cc(zo)) +'C()((z) - 
I'[zo,zJ

= w(z) - (F(z)o(zo) + G(z)b(zo')).
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(ii)SettingW = FWN, WN being some suitable function and F naturally being the 
first compoient of E, we obtain the formulas 

PEN J WNdEN(=PE f WdE(, F(z) f WNdENC= J WdE( 
I'(zo,z)	 F(zo,z]	 r(zo,zJ	 I'(zo,zJ 

which result from the fact that (EN ) . = (1,(C/F)) = (FF,FC). Formulas correlativ 
to (i) obviously we obtain for WN = WN = dEN wN/dz (cp. Remark 7). 

Theorem 5 (L. Bers): Let E' be a successor of E° = E. Then every E'-pseudo-
holomorphic function is an E-derivative (of a not necessarily single-valued function). 

Thus the statements of the present Subsection 3.3 should be formulated with regard to 
Theorem 5. Before considering some consequences we are to investigate several properties 
of the deriati,es of anti-holomorphic depending components of a generating system. 

4. Derivating E 

4.1. Generally let w = Fp + Gt,b E PD(E ) . Then from 0 = Fço j + Cb (respectively 
0 = Fço +G; w,O real) and th Fco + Gib it follows 

	

Gw Gth	 Fth Ftii =	 ,	= ---- -.	 (4) 
AE'	2 i  

Remember that ,10 EH' , see Remark 3,(ii). Now let G/F 6 PD.(!) which implies that 
a,#, &,fl vanish in (3) such that A	0	; hence, because of 

Gw	GW Ftb	FZi, 

	

= (---) = 0,	(----) = (-) = 0,	 (5) 
LIE	L	 '-1E 

we learn the holomorphyof Gth and FÜi in D C D0. 

4.2. Let again w = Fço + GO 6 PD (E) and C/F 6 PD0 (I), D C D0 . First of all from 
E € Hj,0 x H 0 '(cp. Subsection 1.1) and 0 = Fcc 2 + G, by 7(4) and (5), respectively, 
ensues 0 = Fcc2+G such that probably Wj : = Fcc+G& 6 P(E:). Indeed presuming 
E € H 0 x H 0 on account of F =AF + BF, G = AG + BO (cp. Remark 1,(i)) 
and B 0 (see Theorem 4) we obtain Im (G) = Im (APAG) = 1Al 2 Im (PC) > 0, 
(respecting eventual zeros of A in Do), hence W1 = Aw 6 PD(AE) PD(EZ). Note 
that NEW = NE(FP + G') = cp + !9 0 E PD(EN ) and NE, W-1 NE.(F cc + G)= 
NAE(AFcc + AGO) = w + 12 0 E PD(E' ' ) as well. 

• Presuming E € H 0 xH 0 and considering that 0 = Fp 2+Gb 2 implies 0	ço F22+ 
we analogously obtain F = AF + AF = (A, - + A2 )F and G =
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respectively, such that from Tm	 IA + A 21 Tm (FG) > 0 (again regarding 
possible zeros of the factors at E in D0 ) we get W2 := Fco +	as an element of
PD ((A ,, + A2 )E) or of PD(E), respectively, where again NE W2 = çô + V) E 
and so on. 

Thus we have proved 

Theorem 6: Let E E H7 2 x H 2 , v = 0,1,2,..., w Fc+Gt,b e PD(E) and 
C/F E PD0 (I) . Then d"E/dz" is a generating system with j /43 = G/F, W, = 
d'F

+	E PD(d" E/dz") and Nd.. E/dZ .WV = NEW = WN E PD(EN), omitting 
eventual zeros of the factors at E in D0. 

Note that all WV involve the same pseudo-holomorphic functions of the second kind! 

Remark 10: If E is a generating system for a suitable H (see the conditions in 
Subsection 1.1),also HE =: E is a generating system too. In that case E and E are called 
similar generating systems (L. Bers). Of course by hypotheses of Theorem 6 d"E/dz' for 
all v are similar generating systems in pairs. Note that w E PD(E) and th = Hw E PD(E) 
imply PEW = PE ti and NE W = NEü. 

Let be E = (F*, G*) = (—,) the adjoint generating system to  = (F, G) (cp. 
Subsection 3.3). Then it is easy to check that for C/F E PD0 (I) we obtain F = _aEF* — 
BEF = _aEF* and G = —aEG such that for E E H 0 x H 0 - like above - (F, G) = 
E turns out to be a generating system, and so on. Thus for corresponding E*pseudo 
holomorphic functions a statement similar to Theorem 6 obviously can be formulated. 

Note that C/F E PD(I) implies G/F =	E Pr(I) such that for those E* 
pseudo-holomorphic functions Theorem 2 becomes valid. 

5. Cauchy's theorems 

5.1. Let be E' = (F1 ,C1 ) a successor of E = (F, G) defined in the domain D0 and 
let W E PD(E') (cp. Theorem 5) with D CC .D C D0 wherein D is a simply connected 
domain and OD being a path of integration. Then L. Bers proved Jab WdE( 0 applying 
Green's identity

JF. Wd( = 21 jj(F* 'W) ^d6dq 

and showing that the integral on the right-hand side is a pure real number. Thus by 
definition (cp. Subsection 3.3) the proof is finished by deliberating that the same argument 
holds for fab G * Wd(. But note that by that definition we obtain fab Wd( = F(z) . 0 + 
G(z) . 0 wherein z may by any point on the boundary of D. Thus interpreting fb() WdE( 
as , a function in respect of the (upper bound ) variable z E oi3 (mind Remark 8) we more
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exactly should expound that integral as the neutral element of PI (E) restricted onto OD. 
Consequently regarding a family of simply connected subdomains i3., 0 < 1, being 
an exhausting of b, i.e. 1) 1 = Li and b cc b, if ,c' < ic, where dist(D,.,8D,) ^! 
const/(K - ,c'), and respecting the consideration above, z varying on ODa , naturally the 
neutral element of P(E) is generated (cp. Subsection 1.1). 

5.2. Now let w = Fip + Cib E PD(E) and let C/F E PD.(!) again. From (5) we know 
that G* W and F*ti, turn out to be holomorphic in the domain of definition such that by 
Cauchy's theorem f3b Gthd( and fab F*wd( vanish (defining D as above) without using 
any values of the integrands in D of course (cp. Subsection 5.1). Naturally - taking 
account of the definitions in Subsection 3.3 - together with the pE-integral the E-integral 
vanishes as well wherein f8b() thdE( is interpretable as above. 

5.3. Indeed, that interpretation is motivated considering the integral definitions in Subsec-
tion 3.3 being relevant for W(() := tb)/(( - zo) wherein z0 denotes a fixed point of D and 
(is the variable of integration. Naturally from th = Fco + Gib and 0 Fço + Gof we ob-
tain ith = Fç' + Gtp, Applying Cauchy's integral formula with respect to Subsection 4.1 
we get

Re G	d( = Re[27ri	- iç y )(zo)] = 27r(zo)f - zo 
ab 

and analogously 

iRefF*Wd(=iRe[21ri.2.	—it1')(zo)] =27ri!i(zo) 
ab 

which means that

PEI(—
 ' 0 dEc = (' +it,b,)(zo) = PEitb(ZO)3 

ab 

and
1! to 

dE(=F(z)lp(zo)+G(z)iJ..'(zo)4. 
ab 

•	LlrJ	—zo 

wherein again z may be any point on the boundary of D. Thus fab() C- 0 dE( more 
precisely chiracterizes a generalized constant modulo E in D \ {zo } restricted onto OD, 
and an exhausting of D correlative to Subsection 5.1 leads to an element of P\{)(E); 
by continuation into z0 we obtain an element of P, (E). 

' ) See the definition of the p-operator in Remark 3,(ii). 
4) Note that for 8D -. (zo) that expression tends to ith(zo).
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5.4. In general let zo E 15 contain any singularity of tb the support of which being PEW. 
(Note that w and simultaneously th have in some z singularities of the same characteristic 
(L. Bers).) Then considerations near to those of Subsections 5.1 - 5.3 show that 

Jtiid = F(z) Re [2ri resjoG*ti,J + G(z) Re [27ri resxoF*th] 
ab() 

generates an element at least of P () (E) anew. 

6. Remark 

Apparently F-G-interdependences in the theory of pseudo-holomorphic functions are not 
unessential to study. In the present paper only the simple case G/F € PD(I) and the case 
G/F E PD(I) was inquired for several function-theoretical configurations. It is a reasonable 
assumption that investigations on further correlative dependences (cp. Remark 6,(ii)) could 
mature interesting results. 
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