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On Transformations of Distribution Functions on the Unit Interval
-a Generalization of the GauB-Kuzmin-Lévy Theorem

P. SCHATTE

Let X be a random variable on [0,1) with the distribution function go and h be a piecewise monotonic
transformation on [0,1). Further denote the distribution function of A(X) by g1, of h(h(X)) by g2, and
so on. -The distribution functions g, g1, 92, - . . can also be regarded as the asymptotic distribution func-
tions of sequences (an), (h(an)), (h(h(as))), .. .. The operator P, defined by g}, ., = Pxgj, is the so-called
Frobenius-Perron operator assigned to the transformation h. We say that h preserves the distribution
function k if go = k implies g; = k and consequently gn =k for all n, i.e., if ¥’ is an invariant element
of the-operator Py. Then under weak additional suppositions g = Ic(') +O(g") for r = 0,1,2 and for
arbitrary initial distribution functions go, where ¢ < 1 depends on h but not on go. This result general-
izes the Gauss-Kuzmin-Lévy theorem in the metric theory of continued fractions. Particularly, piecewise
linear transformations preserve the uniform dxstnbutlon In this case more precise estimates are possible
under weaker suppositions.
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1. Introduction

Recently, Bosch [1] and Porubsky, Salét, and Strauch [14] have studied transformations A that
preserve the uniform distribution of sequences. On the other hand, Goh and Schmutz [2] have
discovered that high iterates of certain piecewise monotonic transformations h generate the uni-
form distribution even if the initial distribution is not uniform. In what follows we wish to unify
both directions of research. We shall show that piecewise monotonic transformatxons h that pre-
serve the uniform distribution generate also the uniform distribution in the limit if high iterates
are applied to an arbitrary initial distribution function. The preserving transformation A must
only satisfy weak additional assumptions. The rate of convergence is estimated to be geometric.
The best estimates are possible, of course, in the case of piecewise linear transformations.

All assertions can be extended to the case of piecewise monotonic transformations h which
preserve a more general distribution function k. For instance, the transformation h(z) = {1/z}
preserves the distribution function k(z) = log(1 + z)/log2. This transformation is considered in
the theory of continued fractions, cf., e.g., Khintchine [10], and is the subject of the celebrated
Gauss-Kuzmin-Lévy theorem which is now contained in our estimates as a special case.

The transformation h of the unit interval induces a transformation P, of probability densities
on the unit interval. This transformation is accomplished by the so-called Frobenius-Perron
operator assigned to h, cf. the remark succeeding Theorem 1. The convergence of iterates of the
Frobenius-Perron operator is studied by, e.g., Lasota and Yorke [12, 13], Hofbauer and Keller
{3], Jabloriski, Kowalski, and Malczak [6 - 9]. Our results are especially related to those in [6 -
9] on the geometric convergence of iterates of the Frobenius-Perron operator. However, all the
above mentioned authors consider only finite partitions of the unit interval [0,1) and their results
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are especially not applicable to the Gauss-Kuzmin-Lévy theorem. See for example also Ishitani
[5], who has considered infinite partitions in another connection. In case of finite partitions our
suppositions are somewhat different from those in [6 - 9].

2. Transformations

We partition the unit interval [0,1) into a denumerable set of subintervals [z;,;) such that

0.1 = Utz ). | W

=1
Let h; € C?[0,1) be given for i = 1,2,.... We assume the h; increasing on [0,1) and suppose
h,-(O) = z;,hi(1 — 0) = y;. Then we deﬁne the piecewise monotonic transformation h by h(z) =
h;'(z) on [zi, v:)-

We do not assume that z;41 = y; or that z; = y;4,. Thus we permit an infinite number of
limit points of the z; in the unit interval. The case of y; = z; for ¢ > N is included. Thus we
consider also finite partitions of [0,1).

Furthermore we mention that some or all h; can be decreasing with h; i(0) = 4, hi(1-0) = z,.
Then the following considerations must be modified in an obvious manner. But for the sake of
transparence we suppress the explicit inclusion of this generalization.

Theorem 1: Let X be a random variable on [0,1) with the continuous distribution function
go(z) = P(X < z). Then h(X) has the distribution function

n@) =3 (slhu(a)) - go(z:). | @

=1
Furthermore, if g is absolutely continuous, |go(z)| < C a.e. and if 332, hl(z) converges a.e. in
(o, 1) to an integrable function, then g, is also absolutely continuous and

o) = Zyo(h (@)Hi(e) ae.in [0 1). , " (3)

=1
Proof: 'B'y the theorem of total probability we have

P(R(X) < z)— i’P h(.Xl)< z,2; < X <)

l—l .
which proves (2) Now the right- hand side of (3) converges a.e. to an mtegrable function, say
g. Then we see by the dommated convergence theorem that

[ e = Z / s (t))h'(t)dt 5~ (sofu(a)) - 0(a) = 1(2)
which proves (3) ' |

Remark: By (3) the initial probability density g is transformed into the probability density
. This transformation defines the Frobenius-Perron operator P; by gl = Ppg}-

Let (ax)§2, be a sequence of real numbers The sequence (ak) is sa.ld to have the asymptotic
distribution functton go if )

Z lloﬂ)({ak}) = go(z)

K—»oo



On Transformations of Distribution Functions 275

for z € [0,1), cf. Kuipers and Niederreiter [11: p.53]. Here 1jg;)is the indicator function of the
interval [0,z) and {ax} is the fractional part of ax. Since only the fractional parts of ay are of
interest, we suppose in the following that 0 < e < 1.

Theorem 2: If the sequence (ax)f2, has the asymptotic distribution function go which is
assumed to be absolutely continuous, then the sequence (h(ax))32, has the asymptotic_distri-
bution function g, given by (2). :

Proof: We choose N so large that SN (go(%:) — go(2:)) > 1 — €. This is possible on
account of the absolute continuity of go. Then we have

N 1 K 1 K
Z K Z Iz hi(z))(ak) < 7d E Lo,z)(h(ax))
=1 k=1 k=1
N 1 K K
$ T EY T +1-3 % 3 (o)
=1 k=1 i=1 -1
Letting K — oo we obtain
N K
; (g0(hi(2)) - go(z:)) < lim inf — Z 110.2)(A(ax))

< hm sup X Z 1{0.1)(h(ak)) < Z 90(hi(z)) - go(z:)) + ¢

which proves the theorem for ¢ — 01

Definition : We say that a transformation h preserves the distribution function k if go = k&
is transformed by (2) into g; = k.

The transformation h preserves the distribution function k if the probability density k' is
an invariant element of the Frobenius-Perron operator Pj. Particularly, the transformation A
preserves the uniform distribution if 1 is an invariant element of P.

Theorem 3: The transformation h preserves the uniform distribution if and only if

o]

S (hiz) - z) == - S @)

i=1
for z € [0,1). Furthermore, if . . oo .

ihf(z):l a.e. in [0, 1'), : : . o (B)
1=1 .-

then h preserves the uniform distribution.

Proof: The condition (4) follows from (2) by definition. Let (5) be satisfied. Then by the
monotone convergence theorem and by h;(0) = z; we have

/ 3 hi(t) di = / Ri()dt = Z(h () — z2).
i=1 l—l
Thus (4) is satisfied I

Theorem 3 is related to Theorem 2.9 in Bosch [1] Obviously (5) implies. that hi(z) <1on
[0,1) for i = 1,2,.
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3. Higher iterates

We define recursively the random variables X, by X,,.H = h(Xy), Xo = X, the sequences (axn)
by @k nt+1 = h(akn),ak0 = ak, and the distribution functions g, by

gn+1(2) = Y (gn(hi(2)) = ga(hi(0))). (6)
' i=1 R
In order to obtain g, directly from go, we introduce the vector j, = (4y,%s,...,4,) and put

h(jn+1; :l:) = h(jm ln+1( )) h(]lvz) - hll (I) . (7)

Corollary 4: We have

gn(z) = Z (go(h(jn; z)) - 9o(h(jn; 0))) . (8)

Jn

Proof: We apply induction on n. For n = 1 the equality (8) is identical w1th (2) From
(6) and (8) we obtain

gns1(z) = ZZ go(h(in; hi(2))) = go(h(n; 0))
: i=1 jn .
= 2° " (g0(h(in: hi(0)) = go(h(Gwi 0)) .
= > (90(h(jn4152)) = go(h(Gn+1;0)))

by (7). This is (8) with n replaced by n + 11

Corollary 5 If go is the d:stnbut:on functwn of X, then g, is the distribution function
of X,. If go is absolutely continuous and the asymptotxc distribution function of the sequence
(ak)%2,, then g, is the asymptotic distribution function of the sequence (k)32

Corollary 6: If the transformation h preserves the uniform d;stnbutlon, then it follows
that 3°. (h(jn; ) = h(jn; 0)) = .

Proof: Put go(z) = gn(z) =z in (8)1

Lemma 7: If (5) holds a.e. in [0,1), then

Eh'(jn; z)=1 a.e.in[0,1). . A 9
In
Furthermore, if go is absolutely continuous, lgh| < C a.e., then g, is absolutely continuous and
gn(2) = D H'(4n; 2)go(h(jn;z)) ace.in [0,1). (10)
in

Pfoof : The equality (9) will be proved by induction on ». Namely,

z h’(jn+1;$) = Z Zh’ (Jn) ln+l(x))hln+1( )

Jn41 in$l Jn
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on account of (7). Now (10) can be concluded from (8) in the same way as (3) was'concluded
from (2) in the proof of Theorem 11

Remark : Corollaries 4-6 and Lemma 7 can be summarized to the assertion that the
transformation h°® = ho...oh is given by the h(jn;z) and satisfies the same suppositions as h.

Lemma 8 : Assume that (5) holds a.e. in [0,1). Further let

a) hi(z)<d<1 b) |k (2)l < Khi(z), (11)
for z €[0,1) and i = 1,2,.... If moreover go(z) € C?[0,1], i.e. , if .
a) lgo(z) —1| < C b) lgo(z)] < Ca, (12)

then g% € C?[0,1] too, and -
2) 62| < KCi+dC,  b) |g(a)| < KCif(1—d)+d°Cpy n> 2. (13)

Proof: From (7) it follows that
W(jniz) < d". (14)
Further we show by induction on n that .
WG )] < KR (G 2)/(1 - d). | (15)
Namely, from (7) we conclude that .

R (dnt1;2)] K" (G hiys (2))BEE,, (2) + B (s x,.+1($))h."+,(Z)I
Kh (ju; hig, (2))h,,, (2)d/ (1 = d) + Kh(ju; Rinys (€)he, ., (2)
KW (Gnyr;2)/(1 = d).

IA N

From (15) we derive,
[log h'(jn; £) — log h'(4n; Y)I < |2 ~ yl|h"(Gn; I/ A (3n; €) < K/(1 = @), '
h/(jn;'x)/hl(jM y) <L ) o . (16)

for arbitrary z,y € [0,1). Now we see that (9) holds uniformly in z. By termwise differentiation
we get

Zh (Jmm) =0, g, (:1:) Zh”(]mz) go(h(sz) -1 +Zh'2(]mz)g (h(me))

also uniformly in [0,1) such that (13) follows B

4. Asymptotic estimates

In the following we wish to show the geometric convergence of the g, to the umform distribution
or to a more general distribution function k& which is preserved under the piecewise monotonic
transformation h given by the h;.

Theorem 9: Let go € C?[0,1] and assume that (5) and (11) and are satisfied. Then there
exists a real ¢ < 1 such that

a) gn(z) =1+ 0(q") b) g(z) = O(q")- (17)
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Proof: From (16) we get A, = A(jn; 1) — R(Jn; 0) = K (4n; €5.) < LA (Gn; z). By Lemma 7
we have ’

gn(z) -1

PLICRENCACCEDESY

3 (W Gini#) = 850/ L) (gh(hiai 2)) = 1)
h(in31)

4L Z( i (g3(h i) = 1) = [

h(jni0

(s4(x) - 1)a )
where the equalities

San-t X

are used. The first one can be proved by induction on n whereas the second one is a consequence
of the first one. Since go € C?[0, 1}, condition (12) is fulfilled. Thus we obtain

(Jﬂnl) 1
(s5(2) - Vds = [ (g5(a) - ez =0

(Jm

lga(z) =11 < > (K'(jniz) = 84, /L)Cy +

z ZAJn 96(h(Gn; ) - .‘]o(h(JmTJn)))

in in
S (1 - l/L)cl + —ZAJH T]n)g (h(]ﬂ)aJn))h’ (]‘nya,‘ln)
In
< (1-1/L)Ci +d"Cy/L,

by (14). On the other hand, from Lemma 8 we get |gl/(z)| < KC:1/(1 = d) + d*C,. Now we
choose ! so large that d' < mm((l - d)/6K,1/6). Moreover we suppose K >0and enlarge C;
or C, such that C; = 3KC;/(1 — d). Then .

lgi(z) =11 € (1=1/2L)C1  and |g/(z)| < 3K (1~ 1/2L)C1/(1 - d).
Starting with gi instead of go we arrive at 4

l9htek(@) = U S (1= 1/2L)"C  and  |glhyu(2)] < 3K (1= 1/2L)"C/(1 - d)
for0<k<n,m=0,1,..., and C = sup,¢po;1)0<k<t (lgk(z) = 1, lgp(=)I(1 — d)/3K) 1

Note that ¢ = (1 — 1/2L)!/* depends on h but not on go. Only C depends on go. If
[A'(z)] £ M for z € [0,1], then hj(z) > 1/M, and the supposition (11)/b) will be satisfied in
many cases because h; € C?[0,1). However, |h'(z)] < M can only hold for finite partitions of
the unit interval. The supposition (11)/a) will also be satisfied in many cases since ki(z) < 1
is implied by (5). Thus the condition (5) is the most significant supposition for Theorem 9, it
ensures that h preserves the uniform distribution.

We remark that the supposition go, h; € C?[0,1] can be replaced by a Lipschitz condition
for g and h}.

Now we assume that the transformation' A preserves the distribution function k = k(z),
where k € C?(0,1] and '

K(z) >8>0 - (18)
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for z € [0,1]. Then by (2)
o0
k(z) =Y (k(hi(z)) - k(z:). (19)
Tzl .

We introduce the transformation A* = ko h o k=! by A(z) = k(hi(k~1(z))). In view of (19)
hy fulfils (4), i.e., h* preserves the uniform distribution. Since A = k~! o h* o k, we have
h°m = k7! o (h*)°™ o k. The function k transforms the initial distribution function go into
g5 = go © k™'. On account of (18), the distribution function g§ fulfils the suppositions of
Theorem 9 in the same way as go. The distribution function g§ is transformed by (h*)°" into
gy For g7 the estimates (17) hold true. Finally £~ transforms into g, = g o k.

Corollary 10: Let the transformation h preserve the distribution function k € C?[0, 1] with
(18). Assume that h* = ko h o k™! satisfies the suppositions of Theorem 9. Furthermore let
go € C?[0,1]. Then

a) ga(z) = k(z) +0(¢") b) gn(z) = K(z)+0(¢") ¢) gn(z) = K'(z) +0(¢")  (20)
uniformly for z € [0, 1].
Notice that t;he last estimate in (20) implies both others since I3 g(z)dz = [y K'(z)dz = 1,
9n(0) = k(0) =
Corollary 10 is related to results by Jabloriski, Kowalski, and Malczak (7, 8]. But these
authors consider only finite partitions of the unit interval. Moreover, in [8] they assume the h;
to be convex, and in [7] they suppose that the h; satisfy certain-complicated.-conditions which

are quite different from our suppositions. On the other hand, m [7, 8] the 1mtla.l probability
density g is required only to be of bounded variation.

Theorem 11: Let the transformation h preserve the distribution function k € C2[0,1)
with (18). Assume that h* = ko h o k™' satisfies the supposmons (5) and (11) Furthermore,
let go € C?[0,1). Then (20) holds with ¢ < K/2 +d.

Proof: Let g satisfy (12)/b). Then we conclude that

1 1 1
Iga’(z)—1|-=‘ /0 (gs’(z)—ya'(t))dt| </ g0'(z) — g5'(¢)]|dt < /0 |z ~ t|Cadt < C3/2,

and from (13)/a) that |g;"(z)| < KC2/2 + dCy = (K/2 + d)C;. Now (20) can be obtained by
iterating the given estimates 1

’

We remark that more precisely |g;;"(z)| £ C2q™ and |g;'(z) — 1| < C2¢™/2 are derived in the
proof of Theorem 11. Further we obtain

]g“(x) —z| £ min(z,1 — 2)Cqq"/2 < z(l - z)Caq™.
In all these estimates C? is an upper bound for the absolute value of the second derivative of

g = goo k™. For g, we obtain more precisely the estimates

2)  lga(z) = k(2)| < k(z)(1 - k(2))Caa™ o
b)  lgh(z) - K(2)| < K(z)Cag™/2 : (21)
Q) Igl(z) — K'()] < (K"(2)/2+ K*(2))Cag™ ,
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Theorem 11 is an improvement of a result by Jablofiski and Malczak (6, 9] who have essentially
estimated ¢ by K + d, again only in the case of finite partitions and for g{ of bounded variation.

Example 12 : We consider the transformation h(z) = {1/z} which plays an imbortant role
in the theory of continued fractions. It can be given by hi(z) = 1/(z+1%), z; = 1/, y; = 1/(1+1)
and leads to the recurrence

9n+1(1‘)>= i (g” (%) 9 (z -1i-1>) '

=1

Since the h; are decreasing, the sign here is opposite to that in (6). The transformation h
preserves the distribution function k(z) = log(1 + z)/log?2, i.e., the transformation h* given by

1 . ’ . " .
h:(z) = I;—g—2(10g(2 + t) - Iog(l -1+ t)), t = 611052’

preserves the uniform distribution. We have

hi'(z) = —t/(i+t)(i-1+1),
h"(z)/R(z) = log2- (i(i — 1) - 2)/(i + t)(i — 1 + t).

The supposition (5) is satisfied in the modified form Y A}'(z) = — 1, observing-that the h] are

decreasing. The supposition (11)/a) holds with d = 1/2, (11)/b) holds with K = log2. The =

supposition (18) for k holds with 6 =1/2log2. Thus (21) is valid for ¢ < (log2 + 1)/2
< 0.85if go € C?[0,1]. For go(z) = z we get Cy = SUPze(o,1] (k1(z))" < 1.

Note that.the arguments leading to the estimates (21) are very simple and quite elementary.

The-application of Corollary 10 is possible-but supplies a larger value for ¢q. Moreover, the
reasoning being the basis of Corollary 10 is more complicated. -

The estimate (21)/a) is an improved version of Kuzmin’s celebrated theorem, cf., e.g., Khint-
chine {10: p. 76]. Kuzmin has given the remainder O (qﬁ) The improved remainder in (21)/a)

is due to Lévy who found it independently of Kiizmin,and only a bit later. Many years later the
constant ¢ was improved by Sziisz [15] to ¢ < 0.4, and again later Wirsing [16] has found that
q < 0.3037 and that this estimate is not improvable. For a survey on the history of the problem
cf. also Iosifescu [4].

5. Piecewise linear transformations

In the following we consider transformations h for which
“hi(z) = zi + (v — zi)e | ©(22)

We assume z;4+; = y; for all 4, i.e., the z; can accumulate at most in the right end of the unit
interval. All transformations k defined by (22) preserve the uniform distribution. If A is given
by (22), then we can relax the suppositions on go.

Theorem 13: Let go be concave on [0,1) and assume that g4(0) and gi(1) exist. Then we
have the non-uniform estimate

l91(2) — z| < qz(1 — z)(g5(0) — g6(1)), where g = maz;(|z; ~ zisl). ' (23)

Proof: We estimate
o0

S=qz)-z=), (go(hi(z)) - go(zi) ~ z(go(zi41) — 90(%)))'

=1
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For i > N we replace z; by 1. Moreover we choose an integer m, and replace z by r/m, and
z; by r;/m, for i < N, where r and r; are integers and where the r; are increasing. Then §
changes over to Sy,, where |§ — S, | < €. This is possible if we choose first N and then m, large
enough. We set m = m? and write S, = Y1, anbn, where b, = go(n/m) — go((n — 1)/m) and
where

. = 1-r/my for rmp < n < rimy + (Tig1 — 77, »
" —r/my for rmimi+ (rigy —r)r <n < ripamy.

We put A, = Y p_, ax and get
Arimy =0,An =0 aswell. as 0< A, £ R=r(1-r/m)maz;(riy1 — 7).

In S;,, = 3 anb, we apply summation by parts and obtain

m-1
S-rm = Z An(bn - bn+l).1“
) n=1 i
m—1
|Sm1| < R Z(bn - bn+1) < R(bl - bm)
n=1

= R(go(1/m) - g0(0) = g0(1) + go((m ~ 1)/m)) > gz(1 - 2)(45(0) - g4(1))

as m; — oo. This proves our assertion as € — 0

Corollary 14 : Under the suppositions of Theorem 13 we have

lgn(z) — z| < ¢"z(1 — z)(g5(0) — go(1))- . _ ' : (24)

Proof: If ¢ is the maximal length of the intervals for h, then ¢™ is the maximal length of
the intervals for 2°™ 8 : '

We remark that (24) can be generalized if gg is concave for by; < z < b4 'and convex for
b2g+1 S T S b2;+2,i = 1,2,. . .,N. Then

N
1gn(z) - 2] < 21— 2) 3 72,

=1

where
Yi = go(b2i + 0) — go(bais1 — 0) — go(b2is1 + 0) + go(b2i42 — 0).

In this connection b; = b;4; is allowed. Corollary 14 generalizes Theorem 3 in Goh and S¢chmutz
[2]. We remark further that the assertions of Theorem 13 and Corollary 14 are valid if the
z; have a finite number of limit points in the unit interval or if the number of limit points is
arbitrary and go is absolutely continuous.

Again we consider h = k™! o h* o k, where h* is defined by (22), i.e.,
hi(z) = k7" (zi + (3 - 2)k(z). - ' - (25)

1

Corollary 15: Let the transformation h be given by (25), let go fulfil the suppositions of
Theorem 13. Further assume that k is convex and that k'(0),k'(1) > 0. Then ’

lgn(2) — k(2)] < ¢"k() (1 - k(=) (90(0)/K'(0) — go(1)/K'(1)). (26)
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Proof: By supposition k~! is concave and consequently §§ = go o k™! is concave, too.
Furthermore, g3'(0) = go(0)/k'(0) and g3'(1) = go(1)/'(1). It follows that |gi(z) — z| <
q"z(1 — z)(g5(0)/k'(0) — g5(1)/K'(1)) which implies (26) I

Corollary 15 generalizes and improves Theorem 1 in Goh and Schmutz [2].

Example 16 : We consider the functions k and k of Example 12. But we replace (h*)°™ by
a piecewise linear function H} with the same partition of [0,1) as (h*)°", i.e.,
H(z) = z — h*(jn;0))/A;, for h*(4a;0) < © < h*(4n; 1),
T (2 - R 1)) /A, for R*(Ga;1) < z < A*(Jn; 0),
where Aj, = |h*(jn; 1) — R*(Ja; 0)]. Note that H is different from (H})". We have
1 pﬂ+pn—1(t"'1)>
h*(Gn; =)
(%) = 1og 2 g( Gn t Gua(t- 1)
cf. Khintchine [10 p.79)]. Here p, and g, are the numerator and the denominator, respectxvely,

of the n-th convergent Pn/@n = [i1, 12, ., 1) formed with the pa,rtlal quotients 1, g, . It
follows that .

Prn + Pn-1 Pv; (= 1)11
log2- A;, = |lo (1+——)—lo (1+-——) = |lo ( ‘
g 7 g \ n + qn-1 & qn i & (Qn + Pn)(q'n + Qn—l)
The maximum of Aj, is achieved for j, = (1,...,1). In this case we have p, = fn,qn = frt1,

where fat2 = fat1+fa, f1 = f2 = 1is the sequence of Fibonacci numbers. It is well- known that
~((1++5)/2)"/V5 as n — co. We put Hy, = k~ 10H‘ok and obtain |H,(z) - k(z)l <Cq",
forq_. 2/(3 + v/5) < 0.3820.

~ In the following last two thieoremnis let & be given by (22), but 2,1 = y; for all i is not Vneeded,
i.e., the z; can have an arbitrary number of limit points in the unit interval.

Theorem 17: Ifgo e Ci[O,l), then |gp(z) — 1f < ¢" sup,epo1) 190(2)].-

Proof: .We have I i e e e =

(o]

g;(z)—l—z(h'(z)go(h (@)~ / go<z)dz) = 30 - 20) ab(hil=) - (65)

=1 i=1

a.e. and consequently [g7(z) — 1| < gsup;¢[o,1) [99(Z)|- Now the assertion follows by consideringr
he™ instead of A B

Theorem 18: If go € C*[0,1],k > 2, then |g$.k)(z)| < glk=1)n SUP,e(o,1) |g(()k)(z)|.

Proof: We dlﬁerentlate (2) and obtain

g§k’(z);2(hz(z))* 9(hi(z)) and ly""( )| < gk A |g‘ ’(x)lzh' (27)
i=1 a=1
which implies the assertion 8

Example 19: Let go(z) = = +ﬂ:c(1 - z), where -1 < B < 1. Then g{(z) = —28 and
therefore g{(z) = —28q, q = TR,(R(z))? = T2, (5 — 2i)? < 1in view of (27). We obtain
gn(z) = —20¢™ which implies g,(z) = z + 8¢"z(1 — z).
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