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On the Solution of anIlf-Posed Non-Linear Fredholm Integral Equation
Connected with an Inverse Problem of Thin Film Optics

H. SCHACHTZABEL, H.-A. BRAUNSS and B. HOFMANN

We carry out a theoretical analysis of the simultaneous identification of geometrical thick-
ness and refractive index profile for inhomogeneous single layer systems from indirect mea-
surements. The problem leads to a non-linear integral equation of the first kind with smooth
kernel. We present a uniqueness theorem for monotone solutions referring to the Hausdorff
moment problem.
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1. Introduction

The identification of stratified media (for the mathematical and physical background see, e.g.,
[5]), that means, the determination of structure parameters from indirect measurements, is the
aim of many papers (see, e.g., [2]). Questions for existence, uniqueness, and stability of so-
lutions are often not sufficiently noted although ill-posedness must taken into account solving
problems of this type. Especially, we will consider these qualities of solutions for the so-called
WKB-(Webster-Kramer-Brillon)-Method, which is very important for the simultaneous identi-
fication of thickness and refractive index profile for inhomogeneous thin films from photometric

4n , : n

measuréments [9, p. 109}.

In [9, p. 111] it is shown that the optical thickness D and the Fresnel coefficients
(ra — n(0))/(ns + n(0)) and (n(D) — ny)/(n(D) + ny) describe the spectral properties of any
inhomogeneous single layer system in the range of large wavelengths (WBK-ra.ngg) uniquely.
The refractive index profile n = n(n) has no influence of this behavior. Therefore the inverse
problem “compute the thickness and the refractive indez profile from WBK-range photometric
measurements” is not decidable from the mathematical point of view only (see also [1, p. 489]).

But from the physical point of view, more information about the optical parameters can be
won, if the angle of incidence 8 is taken in account, because the refractive index values n(0),
n(d) and the optical thickness D are well-known functions of 8 (Snellius’ law, [5, p. 533]). The
connection between D, the refractive index profile n as a function of the geometrical path, and
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the geometrical thickness d is given by

d .
D(0)“=/\/(n(z'))Az—ngsinzedz (0<2<d,0<0<1/2). ‘ (1)
0 A

In the sequel let nn = 1 for snmphcny (refractive index of air). Using the transformations
t:= 3, z(t) := n(td), s := sin?0 and y(s) := D(8) formula (1) leads to the non-linear Fredholm
integral equation

1
o)=d / VEOF—sdt  (0<s<1). 2)
Our problem requires to 1dent1fy the positive parameter d and the proﬁle z=z(t) (0<t<1)
simultaneously from the.data y = y(s) (0 < s < 1). Consequently, we consider .
Flz,d)y=y¢ (3)

with
F: Dom(F) C C[0,1)x R — C[0,1]

defined by . ‘ ' _
L Fedle =i [ VET : (4)
. : L0
onthe doma.m ) o T SR

Dom(F) {(:z:d)eC[O l]xR zZ{t)>e>1 (0<t<1),d>0}. (5)
Ini general the problem under consxderatlon can be formulated as follows:
(P1) For given data y € C[0,1] find (z,d) € Dom(F) satisfying F(z,d) = y.

The kernel k(s,2,z) = V22 — s of the integral equation (2) is continuous with respect to all three
variables and has continuous partial derivatives. The derivation of k with respect to z is the
following one: k.(s,t,z) = 7;"5—7 the operator F is completely. continuous and continuously

Fréchet differentiable on Dom(F). F'(zq,do) represents a compact linear operator for (zo,do) €
Dom(F) (see, e.g., [7]). Throughout this paper we use the notations

1 1/p |
- = 4
Jelle = s <01 snd el = ([l ar)

2. Aspects of ill-posedness of problem (P1) .

Assertions of existence and uniqueness for solutions of problem (Pl) are denved from propertnes
of the associated dlrect problem and formulated i in Lemma 1. ~

Lemma 1: Lety = F(z,d), (z d) € Dom(F) Under the conditions stated above the
following properties are vahd

(i) y € C*[0,1] and y(s) > 0 (05#51)- _ ,
(ii) For the k-th derivative we have y®)(s) <0 (k€ IN; 0<'s <)
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(iti) y¥)(0) = d frpg, where py := f(z ()2 dt and fiy1 = EF2fi (fo:=1) for k € M.

(iv) y admits a power series ezpansion
o) = a3 Tyt (®)
k—O .

with the radius of convergence p = 012:121 22 (t) > > 1.

(v) The sequence of moments vy := 3£57 (k> 2) is fully monotone.

Proof: The validity of the properties (i) - (iv) we have shown in [4]. To prove the fully
monotony it must be shown that (—1)™A™v, > 0 for all n,m € INg, with.n > 1.(see, e.g., [8])
The sequence of differences A™uv,, is deﬁned by

. m . LT
- m
onn =vn, ATv, = Am_lvn+l —-A™ lvn = Z(—l)k(k)vn+m—k;
k=0

the correctness of the sum rule is evident. Since:

~ 1m fm (z(t))l—2(n+m—k) 1
A vn='o/kz=;(—1) (k)mdt=b/5nm(z(t)) dt,

it is sufficient to show that (—1)™S,,(z(t)) > 0 for all ¢ € [0,1] and n,m € INp with n > 1. Let -
t€[0,1], » > 1, and m € IV arbitrary (but fixed) be chosen and denote h := z(t) . Then

ey
/ S0t ()2 s = ,./ ()" da,

k=0

Snm(h)

Owning to formula (5) we have h > ¢ > 1, i.e. z >1and 272 — l < 0. In this context it is
evident that Sug(h) = A~2"11/(2n — 1) > 0 and S, (h)(- )'" >ol

It is necessary for the existence of a solution of problem (P1) to have an infinitely differen-
tiable and fully monotone function y. Inconsistency of the problem must be expected, whenever
y € F(Dom(F)) is replaced by a randomly selected neighbouring element § € C[0,1] of y. The
whole content of information obtained by y with respect to z and d is expressed by the sequence
{dur};2, since the power series (6) is absolutely convergent for 0 < s < 1. The derivatives
y(¥)(3) at s = 0 completely determine this sequence (see Lemma 1/(iii)). From an analytic point
of view the values y(s) outside of an arbitrarily small intervall 0 < 3 < ¢ << 1 are redundant.
Nevertheless, these values get important in practice in order to filter out experimental errors in
the data of y. Problem (P1) fails to be uniquely solvable. For example,

(z(t),d) € Dom(F) and (z(1 —t),d) € Dom(F), where 0 <t <1

both imply the same right-hand side y‘of the equation (3). The most serious aspect of the ill-
posedness, however, is the discontinuous dependence of solutions upon the data (for an exa.mple
see {4]).

¥
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3. Statements of uniqueness

In this paragraph the statements of uniqueness are based on the uniqueness of the solution of
Hausdorff’s moment problem.

Lemma 2 (see, e.g., [8, p. 193]): The non-decreasmg Junction F = F(t) (0 <t<a< o)
with F(0) = 0 is uniquely determined by the moments

a

HE = / thdF(t) (ke MNo). (7)
0 .

The fully monotony [8, p. 193] of the moment sequence {§;}32 is necessary and sufficient
for the existence of a function satisfying the conditions in Lemma 2.
Let z : [0,1] — IR be a measurable function. We define its distribution function g, : [0,00) —
[0,1] by '
oz(s) = M{t € [0,1]:] 2(2) |> 5}), (8)

where X denotes the Lebesgue measure. The non-increasing rearrangement z* : [0,00) — IR of
z is defined by

. inf{s > 0 ()<t} (0<t<)

=0={ ; o< ©)

The fundamental relations between z, o, and z* are summarized in
Lemma 3 (cf.[6, p. 48): Let z:[0,1] » R be a measurable function. Then
(i) o, and z* are non-decreasing and continuous on the right,

(ii) = and z* posses the same distributions, i.e. 0z = 0,

. B T ‘00 i/p
(iii) if 1 < p < o0, then ||z, = [|z*|l, = (fps"“la,(s)ds) .
2 4

The application of this_lémma. to problem (P1) is obvois. However, it is necessary to occupy
the continuity of the profile function . This continuity is a result of practice.

Lemma 4: Letz: [0,1] — Ry be a continuous function with 0 < m = olgi?l z(t) and
M= ongl?g(_x z(t). Then
- (:) o:(8) =1 for s € [0;m),
(ii) 0{(0)=0fors>M,
(5ii) o is decreasing on the interval [m, M],
(w) z* is continuous on the interval [0 1),
(v) (1 — 0) = m and z*(0) = M.

Proof: We set A, = {t € [0,1] : z(t) > s} for s € Ry. The properties (1) and (ii) are
evident.

(iii): Let sg,32 € {m, M] be arbxtra.ry elements. We suppose that 89 < 82 and 0:(sg) =
0z(82). Set 81 = (80 + 83)/2 and € = s, — 81. Since z is continuous there are #p, 1, and t; with
z(t;) = 8; (7 = 0,1,2) and tp < t; or tp > to. We can suppose that ¢ < t; and hence t) € (2g,1;).
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By continuity of z there is a § > 0 such that to < t; — 6§, t) + § < 3, and |z(t) — z(t1)| < ¢ for
It — t;] < 6. Therefore sp = z(#p) < z(t) < z(t2) = 2. Hence

0< 6 < ANA,p\Ay) = A(A,o) — MAs,) = 02(30) — 02(32) = 0.

This is a contradiction.

(iv): Using Lemma 3, z* is continuous on the right and non-increasing. This implies that the
points of discontinuity are jumps. Suppose, there is an element to € (0,1) such that z*(to - 0) >
z*(to + 0) = z*(to). Therefore, the distribution function o is constant on the interval (30, 31),
where sp = z”(tp), 81 = z*(to — 0). Since o, is decreasing we have

02(8) < 02(30) <t for sp < s < 8. (10)
§

It is easy to see that s < z*(t) for ¢ < to and therefore o,(s) > t (see the sketch). This implies
0-(8) > to. Using (10), we get 0.(s) = to for s € [sp,s;). This is a contradiction, since o is
strictly monotone. '

x*
Sy Kb
s s
S \
:t —*¢

[

(v): We have z*(0) < M, by (ii). Suppose that z*(0) < M, then there is an s < M such that
A(A,) = 0, i.e. A, is an open, non-void set with measure zero. Therefore 2*(0) = M. Suppose
that there exists a number ¢ < 1 with z*(¢) < m. This implies the existence of an s < m with
o-(s) < t < 1 in contradiction to (i). Hence z*(1 — 0) > m. Suppose that there is a number
€ > 0 such that z*(t) > m + ¢ for all t < 1. Then we have o.(m + €) > t hence o(m +¢) > 1.
Therefore, for every t € [0, 1] we have z(t) > m + €. This is a contradiction to the continuity of
z. So we get z*(1-0) = :

In view of the following considerations we modify the non-increasing rearrangement intro-
duced by (9), setting ’

(1) =m:= gugllz( -

As a consequence of this definition, in the assertion of Lemma 3 the continuity on the right of
z* in t = 1 is changed, Lemma 4 is steady. The following Lemma is evident.

Lemma 5: z € C[0,1] implies z* € C[0,1] .
Next, we show a natural property of the non-increasing rearrangement.

Lemma 6: Let z € CJ0, l] be a non-mcmasmg, non-negatwely valued function. Then
z =z

"Proof: From the suppositions it follows immediately that o.(s) = min{t': z(t) < s}. Using
the definitions of o, and z*, we get z(t) < s hence 0(s) < t, therefore, z°(t) < sfor0 <t <1 .
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Especially, for s = z(t) we get z*(t) < z(t). In an analogous way we conclude from z‘(t) <s
that z*(¢) > z(1), i.e. z*(t) = z(t) for0 <t <18 )

The following two lemmata give some-properties of the non-increasing rearrangement.

Lemma 7a: Let z € C[0,1)] be a function with z > m > 0. Then
(XY= L= for atite o,
‘ z Tz Co

Proof: At first, we show that the functions 1(-) and (1 ~ -) have the same distribution
functions:

A{te [0,1]: % 1-t> 3}
A {t efo, 1] ct(t) < l} =1- {t €1[0,1]: z*(t) > l} . (11)
Let {t,} be an arbitrary sequence with t, 1 1/s. If weset A% = {t € [0,1]: z*(¢) > t,.}, then we

have A} C A;, for m < n hence {t € [0,1]: z*(2) > 1/s} = NuewA},. Using (11) and Lemma
3/(ii), it follows from the continuity of the Lebesgue measure that

6;1"_(1_.)(3)

I

ox0-9(8) = 1= MOnewd3) = 1= lim A7) =1~ im o:e(ta) = 1 = lim outa)

1-Xte [Q,l] Dz(t)>1/s}= A {t €lo,1]: %(t) > s} = a;;(s).

Now, one can deduce from the assertion of uniqueness (Lemma 6) that (1) (-) = L(1~), since
the non-increasing rearrangements of functions are eqna.l if they have the same dJstnbutlon
functlons ]

Lemma 7b:’ Ifn € W ze€ C[O 1], and z(t) >0, then (z*)" = (z")"

Proof Let t € [0 1] be arbltrary chosen Then we have

(z‘(t))”

(inf{s > 0: 0,(s) < t})" =inf{s" > 0: o, .s) <t}
inf{s>0: o (s"") <t} =inf{s>0: AM{' €[0,1): 2(¢') > s/} < 1}
inf{s>0: Mt' €[0,1]: (2(t))* > s} <t} =(z") ()}

Lemma 8: Ifz € C[0,1] and0 < m < 2(t) " for0 <t < 1, then

]

It

1. R 1 . .
/ (2())"dt = / (z*(¢))~"dt for all n € IN.
V] 0

The proof is an immediate consequence of the Lemmata 3/(iii), 7a, and.7b. We omit'its
carrying out il

Let us return to the problem (P1). We get the following assertion of uniqueness.

Theorem 1: If (z,d) € Dom(F) is a solution of the non-linear operator equation’ (3), then
(z*,d) € Dom(F) is a solution of (8), too. Moreover, there are not solutions.(f,d,) € Dom(F) -
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with d £ d; or (f,d) € Dom(F) with f # z*, if f is a non-increasing function.

Proof: At first, we show that (z*,d) is a solution of (3), if this is true for (z,d) € D(F).
Using Lemma 4, we get (z*,d) € D(F). The equations

1 1
= / (z(t))} %k dt = / (z*(t))'~%*dt for ke Ny
0 (1]

follow from Lemma 3 for £ = 0 and Lemma 8 for k > 0, respectively. We show the assertion of
uniqueness by reference to the Hausdorff’s moment problem (Lemma 2). Let (z,d) € Dom(F)
and (f,d1) € Dom(F) be solutions of the problem (Pl), where y € C[0, l] is given. Lemma
1/(iii) 1mp11es .

- -1 1. . .
y*)(0) = dfy / (z())%* dt = d1 fi / (f@®)'=*dt for ke INo.
. r R 4 b
Using Lemma 3, we get
' 1 o0
d/(2k - 1)32’“20_1;(3):13 =d, /(2k - l)szk'za}(s)ds for ke IN.
0

We set z = s2. Since z(¢) > ¢ > 0 and f(t) > ¢> 0 for 0 <t < 1, it follows that

1/¢ ' g
z"'z(d\/ga_%(s))dz = zk'z(dl\/;a%(z))dz fork=2,3,... .
0 0
Using Lemma 2, we have dig, = dm Since the distribation functions are continuous on the
right in s = 0 and a%(()) - a%(O) =1 holds, it follows that dy = ¢ and 9y = 0y. Therefore,

(}) = (1)". The uniqueness follows from Lemma 6 taking into account that f is a non-

increasing function @l

4. Conclusion Remarks

At the end we return to the physical starting point. Multiple wavelengths and multiple angle
photometric measurements lead to ambiguous solution of the inverse problem if they are taken
only in the WBK-range. We have shown that the geometrical thickness and the distribution
function o, are uniquely determined by experiments of this type. Final bounds of perceptibility
of optical one-film systems from its WBK-behavior can be characterized by the following

Lemma 9: Suppose that (z,d) € Dom(F) and (#,d) € Dom(F). The optical systems
{n., z, n,, d} and {n,, %, n,, d} are non-distinguishable in their WK B-behaviour if and only
if the following holds true, simultaneously:

d=d, o, =05 z(0)1)=z(1)(0), z(0)z(1)= £(0)z(1).

The proof is essentially based on the assertions of the classical WKB method (see, e.g., [9])
and Theorem 1. We omit it since it is not difficult §
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