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Properties of Schur functions on the unit circle and asymptotic behaviour of corresponding
Schur parameters are investigated. Connection between the Schur parameters and the reflec-
tion coefficients of a certain system of orthogonal polynomials on the unit circle is used. ’
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1. Introduction

In his celebrated paper [13] I. Schur investigated a class of functions which are now generally
known as Schur functions. A Schur function (S -function) f = f(z) is an analytic function in the
open unit disk D = {z ¢ C: |z| < 1} with modulus not exceeding'unity. Schur used a "continued
fraction-like” algorithm of consecutive linear fractional transformations of the kind

£,(2) - £,(0)
z(1 - F0)f,(2)

This algonthm leads to the infinite sequence of S- functwns {fn}n_';, unless f, is a Blaschke
product The latter will be excluded throughout the present paper. The Schur parameters (s-
parameters) Y, = £,(0)satisfy ly,| <1 and arise in various problems of complex analysis and
its applications (see [3,4]).

It is a remarkable fact that for any sequence {y,} with |y | < 1 there exists a unique
Schur function f with S- -parameters Y. Thereby the problem of describing the relations bet-

faei(2) = (neN ={0,1,2,..}; f, == F).

ween the Schur parameters and corresponding Schur functions arises naturally. Investigation
of this problem is the main goal of our paper. We show that a certain asymptotic behaviour of
the Schur parameters provides specific smoothness properties of the cor}esponding Schur
function in D and vice versa.

The first substantial contribution to the problem was made by Ya.L. Gerommus [S 7]. 'He
discovered that S -parameters were exactly those occuring in the recurrence relations for the
orthogonal polynomials on the unit circle. This fact allowed him to obtain some results on the
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problem in question. In Section 2 of this paper we give a slighly modified proof of the main
Geronimus’ theorem. We would also like to mention the paper [2] where the extreme points of
the set of all Schur functions were characterized in terms of their Schur parameters. In Secti-
on 3 examples of some simple transforms of S-parameters and corresponding S- and C-
functions as well as some particular examples are given. Recently S.V. Khrushchev proved
that if f(e'®) ¢ Lipa, then v, = O(n"®1Inn) as n-> . In Section 4 this result will be improved
and generalized (see Theorems 2 and 3 below). At last in Section 5 we prove converse theo-
rems for Schur parameters.

We shall use the following generally accepted notations:
S - the set of Schur functions f which are analytic in D and IIf | = sup, . p 1f(2) < 1.
C - the set of Caratheodori (C-) functions F which are analytic in ID and Re F(z) 2 0.
C, - the set of 2r-periodic and continuous functions p on R with [Ipll,, = sup|s|s,r|p(3)|.
Cé,"t") - thé set of functions p € C,,. which are differentiable m times and p("’) € Cop.

EJ(h) - the best approximation to a function h ¢ C,, by the class T, of trigonometric polyno-
mials of degree at most n: EJ(h) = inf,ni—,;lilh(\‘)) = (e

w(t, £)- the modulus of continuity of the function f e Cp .t w(t, £) = supy <cgp 18 F lpre, B F(9)=
£(9+1) - F(9); feLipa(0<as1)if w(t,f)= O(t*) as t > 0.

w - the set of absolutely convergent Fourier series.
C(f) - positive constants depending on a function f.

f - the conjugate function (cf. [17: Chapter 7, §1]).

2. Orthogonal polynomials on the unit circle (D

Our reasoning is based on the theory of orthogonal polynomials on the unit circle ID (see [16:
Chapters X - XI] and [(6: Chapter 8]). :

Let do be a finite positive Borel measure on the interval [0, 21t) with an mﬁmte set as its
support, such that o([0,2mr)) = 2r. Let {¢,}, ®n(2) = x,2™ + ... with x,, > 0, be the unique sy-
stem of orthogonatl polynomxals on D, associated with this ‘measure, i.e. (3, - the Kronecker
symbol) . ’

,,J ®n(€i®) @ (e7)do(9) = 8.,
The monic prthogonal polynomials ®, and the reverse polynomials @, are defined by
0,(2) = ‘x,;‘lq;n(z) =z"+.. and ONz)=2z"0 (z7Y)."

In the theory of orthogonal polynomials on the unit circle an essential role is played by the
dual pairs of recurrence formulas : ' i

0,..(2)=2z0,(z) - 'é',,d),',‘(z) ‘(neN) - A (2..1)
0.2,.(2)= 03(2)- za,0,(z) (neN) - (2.2)

(cf. [6: Chapter 8, formulas (8.1)]). Here a, = (0) are the parameters of the orthogonal

n*‘l
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polynomials @, (OP-parameters; the values -3, are generally called the reflection coeffi-
cients) and |a,,| < 1. The most remarkable fact is that for any given sequence {a,} € € under
the only restriction |a,| < 1 there exists a unique measure (27)7'do of unit total mass such
that for the associated system of orthogonal polynomials {®,} the equality a, = - ®,.,(0)
holds. This result is usually referred to as J. Favard’s theorem for the unit circle.

The polynomials ¢,(z) =-z™ + ... and their reverse $;(z) are defined as solutions of the
recurrence relations (2.1) - (2.1) with a,, replaced by -a,, and are called polynomials of the
second kind. The polynomials §,, are orthogona] with respect to a certain measure dd and con-
nected with @, by the equation

27T
O2(2)4n(2) + $3(2)®,(2) = 2h,z"  where h,, = [0, = 2—‘,;0ﬁa>,,(ei9)|2do(s) = %2,

Hence, in particular, we have Re({.(e'®)/0(e®) = h, /10,(ei®%)* > 0 so that F, :@;/o"; e C.
It is well-known (cf. [6: Chapter 8, formula (8.10)]) that

27T
o Y2y (ei®rg .
Fla) = fim o5 - ﬁfeis 2 4o(9) : @3
(]

uniformly on the compact subsets of [D. Thus the measure do can be recovered from the poly-
nomials ¢, @7 (and hence from the OP-parameters a,) by the inversion formula

, t
M}%z_—o) = const + lim fRe F(rei®)d9.
r—>1-0%

Ya.L. Geronimus was the first who discovered a tight connection between the Schur
functions and orthogonal polynomials on the unit circle. Let £ be an S-function with S-para-
meters v, and F(z) = (1 + zf(2))(1 - z£(z))"*. It is obvious that

F(0) =1 and ReF(z)=(1-sz(z)lz)ll-zf(z)IA'24>0 (lzl < 1),

thatis F e C. According to Riesz- Herglots theorem [17: Chapter 4, Theorem 6.26],

27
_1+zf(2) _ 1 [ei®+2 .
F(z) = 1_-2722% = ﬁj‘e”’ = do(9) (2.4)
5 .

where the support do is infinite unless fis a finite Blaschke product. Let @, be the orthogonal
polynomials with respect to do and a,-= - @,,,,(0). The following Ya.L. Geronimus’ theorem
plays a crucial role in the whole subject. ’ )

Theorem (Geronimus [5: Theorem 1X,2°] and [7: Theorem 18.2]): The equal{tly’én =y, is
true for all n € N,

Proof: We start out from the formula for the polynor"nia'ls of the second kind (cf. [6:

Chapter 1, formula (1.13)]):

27C

oo(z) = 2+tf :‘9 2 (@ (e'®) - 0,(2))do(9). (neN)

i9 _,
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or, in other words,

27

1

Qn(z) = F(z)(b,,(é) + QJn(z) : s5r

i9 .
Lls—jzz- 0,,(e"9)do(9).

Applying to the both sides of this equality the "*-transform” we get

Qn(2) = 27Q,(z7) = F(2)®(2) - 4(2) =

Since

0 fork =0,1,...

27T
1 i9) . -ik®, -
ﬁ!‘p{r(e Je*%do(9) = {h,, fork =n

27T

9 —_—
%fﬁ 0,(e™®)do(9). -
5 _
,n-1

we can find the Taylor coefficients of the function Q,:

2x -
0nl2) = 5& <D,,(ei3){1 *2Z<;Zra)k} do(9) = 227+ O(z7*Y), |z <1. (2.5)
° k=1 .
Next
27 *127‘
Qi) = 37 [0, |1 + 25 + oz} aoto) = 257" [onteie1%a0(9) + Oz,

It directly follows from the formula’(2.1) for z

therefore

Q(2) =2a,h,z"* + O(z772).

o

e'® that ﬁf:"eiaﬁ,(eie)do(s) = d,h, and

(2.6)

Consider the functions x,(z) = Q;;(2)/2 Q,(2) (n € N,). It is obvious that

1 F(z)-1

z F(z)+1 = f(2).

Yol2) =
From the recurrence formulas for @,, and ¢, we

On+i(2)

1(2) - a,20,(2)

further have

Xn+i(2) =

2Qy.4(2)  2(20,2) -3,002)

;_ Xn(z) _Xn(o) fn"(z).

1-x,{0)x,(2) =‘

Taking into account the relations (2.5) and (2.6) we obtain a,,., = v,,.,. Hence the assertion

of the theorem is verified il

We deduce the following result due to D. W. Boyd from the theorem just proved.

Theorem (Boyd [2: Lemma/p. 146])): Let f

JI(1 - Fril?) = exp {5%! In(1 - £(*®)2)d9.

be an S-function with S -parameters Y. Then

.7
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. Proof: Let Fbe the C-function given by (2.4) and let a,, be the OP-parameters associa-
ted with the measure do. We start from the formula (cf. [6: Chapter 8, formula (8.14)])

kﬁo ~lagl?) = exp {gﬁf 1no'<s)d_e} ‘ (2.8)

(if Ino’ ¢ L, then both sides in this formula are zero). Since ¢ (8) ReF(e'a) =(1- |f(e'8)|2)
x|t - ei®f(e'®)2 holds a.e., we have

- id .
flno(s)ds fln‘ LT Al C

‘3f(e'3)[2

But the function h(z) = 1 - zf(z) is outer, so that J‘:nlnll —eisf(ei9)|2d8 = 0 (cf. [11: Chapter
S, first theorem]). The relation (2.7) now immediately follows from (2.8) and Geronimus’ the-
oremB

G. Szego developed an important theory for orthogonal polynomials on the unit circle in
the case when do belongs to the Szego class, i.e. Ino'e L'[0,2r). Here p = ¢ is well-defined
a.e. and integrable in [0,27). Ya.L. Geronimus (cf. [6: Chapter 8, Theorem 8.2]) proved that
the inclusion Inp ¢ L'{0,2n) is equivalent to the condition X ,ola, |2 < @ and lim,,_, %2 =

x 2 = TI;20(1 - lagl2) > 0 holds. Under the condition Inp ¢ L'[0,2x) the prmcnpal tool is the
Szego function D(do, z) = D(z) which is defined by-

27T
i9
D(z) = exp {%n ::s t j 1np(8)d%}.
) o

It is well-known (cf. [6: Chapter 2, formula (2.4)]) that

1. D € H?; the non-tangential boundary value of D exists a.e. on D and |D(e'®)|2 = p(8) a.e.
2. 1fp(8) 2 u >0 a.e., then |D(2) 2 u*”2in D.

It is more convenient for us to deal with the function w = D~*'. Then we have, uniformly on
compact subsets of D, m(z) = lim,,_, ¢5(2) = lim,_, %, ®:(z). Under certain additional
assumptions on the measure this convergence takes place on the unit circle.

3. Examples

We consider here some simple transforms of S-parameters and corresponding S- and C-
functions. We also bring a few particular examples (with regard to examples 1 - 6 see also

(13: 8§ 14, 15)).
Let f be an S-function with S-parameters y,,, F the C-function defined by (2.4) and let
®,, (§,,) be the orthogonal polynomials of first (second) kind associated with do.

Example 1: Let ¥,, = ey, (n ¢ N), where ¢ = ', » = ©. It is easy to check that the poly-
nomials )

B(-0) = 21+ 0, s J1 -, (¥, = $(1- 09, + 31+ D)

satisfy the recurrence formulas (2.1) with a,, = v,, replaced by ¥,, (-¥,,). Therefore the ortho-
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gonal polynomials &)n( ~,'£) are associated with the traﬂsformed measure do. According to (2.3)

‘P’(z ) (-¥p(2)+ A+ ) (z)  F(2)-itgw/2
F(z g)= lim = lim =
n—>°Q (z,s) >+ g)Or(z)+ (1 - )oplz) 1-iF(2)tgw/2

f(z €) = lﬁ(—z‘i_—l =.sf(z).
F(z,s)+1

Example 2: Let ¥, = £”*!y,, lel =1(n € Ny). As in the Example 1 we have
a>,,(z,s) =", (e2), &);(z,s) = @, (cz) and ‘3’,,( z,8) = £ ¢, (e2), ‘?’,',(z,s) =y (e2)
l?'(z,s) = F(ez), fA(z,e) =g f(ez).

Example 3: Consider a composition of the transforms from Examples 1 and 2:5, ="y,
and ¥, =¢7'%,; =™y, (neNgy).We have flz,e) = sf(sz) and fl(z.¢) = E"f(z ) =f(e2).

Example 4: Let k 2 2 bé a positive integer and ¥, = 0 if n 5 -1(mod k), Y,, Y-y if 0=
km -1, me N (neNy). It easily follows from (2.1) that : :

‘ka+k-1(Z) = Z(ka*k—z(z) =..= 2k ‘q’km(z
Ormak-i2) = Ofmak-o(2) == OF(2)

The same relations are valid for @,,. Applying induction on m we obtain

m(z) =0,(z%) and ¢, z) = §,(z5).
Hence
F(z)= lim (¥3(z)/0}(2)) =F(z%) and  £(2) = zk7(25)
Example 5 (shift transform): Let ¥, = v,,,, (n € Ny). From the structure of the Schur al-

gorithm we deduce that

1 F@) -0 FD) -,
Z1-F0f(z)  Z1-Tf(2)

f2) = £(2) =

In-a similar way we have for ¥, = v,_,

zf(z) +v_,

1+7_,zf(z2) 3D

flz) =
for given complex number y_,, [y_,| <1.

Example 6 (cf. [S: Theorem I11]): Let v4 = Yjpuy = ... = 0. Then ®F = ®f., = ... and $f =

$i +; = ... S0 that F= ¢/@p. Note that the measure do is now absolutely continuous and ¢’(8)

= |0 (e's)l 2[TAZ4 (1 - |v,12). In this case the S-function f may be calculated explicitly; for k
= 2 we have £(2) = (v, +v,2)/(1 + Y41, 2).



Schur Functions, Schur Parameters and Orthogonal Polynomials 463

Example 7 (cf. [7: §24]): Let v, = (n +a)™ (& > 1, n € N,). As is known (cf: [6: Chapter
8, formula (8.37)]) the difference equation of second order

YnYn+2 ~ (Yn *YnerZWpe * Ynﬂz(1 - l'Ynlz)yn =0 (3.2

has two linearly independent polynomial solutions y, = ®}, and y, = ¢, with initial data y, = 1,
¥, =1 -Yozand y, = 1, =1+v,2, respectively. The equation (3.2) can be solved explicitly
now. In fact, since v, *+ 0 then we have

Ynrz = (14 Y0 Yne1ZDVner ~ Yn' Yner 2(1 - Ivpl)yn.

Denote b, = Y, 1,Y, 2z (here one has to take y_, = (& -1)7!). It can be readily checked that
byei(1-Ivpl2) = b, s0 that ¥, 00 = ¥Ypay = Opey Yoy = by Yy Hence v, - by, = v, - by yorice.

Or.(2)-b,00(2)=1-2z and ;. (2)-b,dn(z) =1 +a t2(2 - a).

Set up, = v,1,®,. For u, we have the difference equation u,., - zu, = (1 - z)(n +a), the gene-
ral solution of which is

u,=Az"+n+a-(01-2)"% O(z2)=Aln+a-1)'z"+(n+a -1)"(n +o - 1]_ Z).
Putting n = 0 we determine the constant A as 4 = z(1 - z)™*. Finally

)= —22"-1)
or(z) =1 hra-Dz 1)

Similar arguments lead to an expression for $,(z):

z7 a1 -2)-2)  (1-z+2a*2)n+a-(1-2)"")
aln +o-1)1-2)? (1-2)n+a-1) ‘

$o(z) = -
Thus
F(z).= nl_i_r’noo(‘{f;(z)/d);(z)) =(al-2)Ma-2(a-2) and f(z2) =(a+z-az)* (3.3)

We should point out that in this case ¢’(9) = a ¥« - 1) and that there is a mass point at $ = 0:
of0} = 2ma™t.

The case o = 2, f(z) = (2 - z)™* has been examined by Schur [13: p. 144] as well as the
example Y, = 1/2, v,, = 2/(2n +1) (n € N). Using (3.3) with « = 3/2 and the shift transform (3.1)
with y_, = 1/2 we get f(z) = (1 + 2)/2. In connection with these examples Schur posed the fol-
lowing question: Are there any S-functions f, continuous in the closed unit disk D such that
IFl <1and T 2,1y, = ©? We give an affirmative answer to this question (see Remark 2 af-
ter Theorem 1 below).

Example 8 (cf. [10: Chapter 10.10(e)]): Consider the weight function

p(8) =1+t 'pei’al2 =1- -I*Lpz—eia - 1+—ppz‘e_i8= ReF(e'®)

where 0 < p s l'and F(z) =1- 2p(1 +p3)7!z. It is easy to calculate the moment sequence {c,},
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K = (2n)"f02“e'ik3do(8): co=1,¢, =-p(1+p%)7Y c3= ¢, = ... = 0, and the determinants
eicjuals = (D™ e/ 4™ and e jlg = (/(1+0%)" " UL, (M)
where U, is the Chebyshev polynomial of the second kind and X = (2p)"*(1 +02). Hence

Yo = D%yl 417 = - (Unes®) and £(2) = (2 - 1€)

Let us point out that for p <1 the parameters v, decrease exponentially (cf. Theorem S below).

-

4. Direct theorems for Schur parameters

We adopt the terms "direct theorems” here (and “converse theorems” later in Section 5) from
the approximation theory.

Let fbe an S-function with boundary values f(e®). In what follows we deal with the "re-
gular” case

(R) feCop, I =1F(e®)lpr <1
Theorem 1: Let the S-function f satisfy (R). If

Ll r) <o, (40

MB

n

then for the S-parameters.y,
G) Dlypl <
n=o
holds. Conversely, the hypothesis (G) yields (R).

Proof: Under the hypothesis (R) the C-function Fin (2.4) is continuous in the closed unit
disk ID and

fle

0 <usp(8) = 6'(8) = ReF(ei®) - L=l o
I - e‘sf(e‘s)lz 2%

For F we have

ei(£(ei®+h) - f(ei®)) + F(ei(Bh)ei(B~M) - e‘a)

F i_(fB*h) - F ie) =2
(0 - Fle (1= erey - oo e )

(42

whence it follows that
w(t,F) s 201 - If )" %(wlt,f) + If Ising) s C(Fulr,f).

Since w(t,p) s w(t,F), then w(t,p) s C(f)w(t, ), and therefore the weight function p satisfies
(4.1). The well-known Bernstein theorem asserts that the condition (4.1) implies the inclusion
p e W, i.e. the Fourier series of p converges absolutely (cf. [17: Chapter 6, Theorem 3.1 and the
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Remark following it]). The conclusion (G) now follows immediately from G. Baxter’s Theorem

[1: Corollary 1.1] (see also [9: Corollary 2.1]) and Geronimus’ theorem, proved in Section 2.
The converse statement in Theorem 1 is due to [. Schur (cf. [13: p. 143]), who has proved

that under the assumption (G) .

A-1 14yl :
HeNZ s =5 where A = 1‘[1—_I;LL| (4.3)

and so Theorem 1 is completely proved B

Remark 1: Ya.L. Geronimus [7: §27, Theorem 27.1 and § 28] has obtained the sharp esti-
mate for {If Il, f satisfying condition (G): [If | s (A -1XA +1)7*. Equality here holds for the
function f(z) = (A -1 A+ 1)z

Remark 2: The hypothesis (4.1) cannot be rejected. Indeed, it is well-known (cf. [17:
Chapter S, §41]) that the function g, g(8) = ReX > ,n *explin Inn +in9}, is an element of
Lip% and not of W. For the function p we have p(8) = C+ g(9) 2 p > 0 for an appropriate con-
stant C and it has the same properties, as g. According to Privalov’s theorem (cf. [17: Chapter
3, Theorem 13.29]) for the conjugate function we have p ¢ l__ip%. Therefore the C-function F,

27T

27T
9
F(z) = —2,;Mf:i8 *;’ p(9)d8, M= 5x|p(9)d9
(o] o

is continuous in D, F(0) =1 and Re F(z) 2 g, > 0. It means that the S-function f,

_1 F(z)-1 .
f(z) = 3 1 (4.4)

satisfies (R). According to the above - mentioned theorems of G. Baxter and Ya.L. Geronimus
(G) is false now. So an affirmative answer on Schur’s question (see Example 7 in Section 3) is
obtained.

Theorem 2: Let the S-function f satisfy (R) and assume that w(t,f)t "' ¢ L'(0,1). Then

vn' 1 -
el < o [lear « & [96Do),

o 1/n

Proof: As in the proof of Theorem 1 we have w(t,p) s C(flw(t,f). Set g = Inp, so that
(see the end of Section 2) m(e'®) = D *(ei®) = exp{- $(q(9) +i3(9))} holds a.e. From the ele-
mentary inequality llny, - Inx,| s g7l%, - Yol (x;, X2 2 ¢ > 0) we deduce |q(8 +h) - g(8) <
w p(9 +h) - p(9) and hence w(t, q) s u~*w(t, p) so that w(t,q)t "* € L'. By means of the well-
known Zygmund inequality [17: Chapter 3, Theorem 13.30] we obtain

) t 1
Wt ) s CNB), B = [H5eRlax o o [XPlgy
o t

Applying the inequality |z, - z,| s llnz, - Inz,Imax{lz],1z,{} (iz,).12,} ¢ 0) and taking into
account that |m(e*®)] s u™*/2, we get
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(el M) - n(ei®) & T/?{Iq(«‘) +h) - q(9)} + |q(8 +h) - q(9)|}

and w(t,m) s C(£)(w(t,p) + B(t)). But

f“’(" Py s f“’(x P x> In2- o(t/2, p) » 102 In2 o(t,p)

) t/2
so that
w(t,m) s C(FB(t). : : : L. (4.9)

The quantity §,, = x% - x2 plays an important role in the theory of orthogonal polynomials on
the unit circle ( and also in the linear prediction theory). As is known (cf. [6: Chapter 2, for-
mulas (2.8), (2.18) - (2.20)]),,
1/2
do(8 )

and the following two-sided estimate x 2> ;. la,l? s 82 s S, lakl? (ap = v4!) holds.
Therefore by Jackson’s theorem (cf. [17: Chapter 3, Theorem 13.6])

8p =2 inf I - Gyllg = %2 inf (ﬂn(e'e)- G,(e'?)?

n€Th n¢in\o

8, s x2ME;(n) s C(Fw(l/n, ), M = lipll,. ' (4.6)
Using (4.5), (4.6) we finally obtain
[vnl = la,l s %8, s C(f)w(1/n,7) s C(£)B(1/n). (4.7)

Hence the assertion of Theorem 2 is verified i

Corollary: If under the assumptions of Theorem 2 f(e'®) ¢ Lipa, 0 < a < 1, then Y,=0(n"%)
forO<a<land vy, =0(n"*Inn)fora =1

Theorem 3: Let the S-function f satisfy condition (R) and f(ei®) ¢ C{™, where m 2 1 is
an integer. Then |y | s C(f, m)(]nn/n’")w(l/n,f(”')). If in addition f¢™Xe'®) ¢ Lipa, 0 < o < 1,
then |y ,| s C(f, m)n~(m )

Proof: We begin with the second statement. P.K. Suetin [15: Lemma 1.4] proved that if
pe C(’") and.p{m) ¢ Llpt! 0 <a <1, then ©¢™ ¢ Lipa-in the closed unit disk D. By (4:7) we
have .

iY,,| s C(fw(1/n, =) s C(F, m)n‘”‘m(l/_n, x(m)) ¢ C(f, m)p~(m=e) '
Next we turn to the general case. Under the hypothesis of the present theorem the .C -function
Fin (2.4) belongs to Cz(;:")~ If we differentiate (4.2) m times with respect to 9, we obtain

Zm ﬂ(ei{) h)ei® - 1) + Z:"ogj(eis noy, F)ei®)
(1 _ e.sf(e.s))zm(l _ eu(S»h)f(ex(:)»h)))zm

AhF(m)(eiS) - (4.8)

where the functions go(e'9 ) N S ,h) are continuous and depend on f £, ,f(”’)phly.
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It readily follows frém (R) and (4.8) that w(¢, F(m)) < C(f, m)w(t, £$™)) and hence
wl(t, pt™) < w(t, F(m)) s C(f, m)w(t, £(™), p(8) = Re F(e'®). (4.9)
We can now apply a theorem due to B.L. Golinsky [9: Theorem 1.2] which asserts that
In(e’®) - @, %e'®)|lar s C(f, m)(Inn/n™)w(1/n, plm)), (4.10)
By means of the inequalities (4.9) and (4.10) we bbtaip (cf. (4.6)) the inequality :

Iy, s C(FE(R) s C(f, m)(Inn/n™) w(1/n, (™)),

Thus the proof is completed 8

5. Converse theorems for Schur parameters

In this section we show that a certain decay of the Schur parameters provides some smooth-
ness properties of the corresponding S -function.

Theorem 4: Let fe S. If, for some integer m € Ny, v, = O(n™(m = *1)) forn—> o (0 <a s 1),
then '

o(t=) for0<a<1

£(ei®) ¢ cLm d I,f(m) :{
(e'®) e C 1 an Q( ) Ot (/) fora = 1 (r->0)

Proof: Let us denote 1,, = Z:.D:,,_kal. We obviously have
1, =0(n (M*®)asp >0 : o : (5.1

In particular, fsatisfies (G) (and hence (R) by Theorem 1); the Szegs function D is continuous
and does not vanish in the closed unit disc D; 0 < ¢ s p(8) = In(e'®)"2 ¢ C,,,, T = D™ As is
known (cf. [6: Chapter 8; Theorem 8.5]) under the condition (G) sup,, ll¢;(e*®)ll,,. s C(f) and
In(e®) - @2(ei®)ll, s C(f)r,. We proceed with estimating the value w(t,g™) where g = p™*.
We have : : :

|2(9) - lo3(e®)1?| = |In(e?®)2 - |p (ei®)I2|
< |{In(e®)] - lo2(eNH{In(e®)] + @3 )|
< C(A)n(e®) - p2(e'®). '
By uvsing (5.1) we get fr;m the previous relations
E;(g) s C(F)||n(e™®) - ¢3(eP)pr s C(F)r, s C£,m)n (m o) _ (5.2)

The following theorem due to S.B. Stechkin [14: Theorem 11] asserts that if for some number
meN, ; o A > ‘

2k"’“£§(g)<°° SR ' & ‘ (5.3)
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holds, then g ¢ C{™ and

o

ofb.e™) s comfh Sk 0mEi 3 km B,

=0 k=n=+1

In our case (5.3) is true by virtue of (5.2) and consequently w(1/n, g™) s C(f,m)n"%, 0 < a s 1.
The latter is obviously equivalent to w(t,g(™) = O(¢*) as t -> 0. We are within a few_ steps
from estimating the value w(t, £¢™),

1. If we differentiate m times with respect to 9 the identity p(8 + h)A, g(8) + &, p(9)-g(9)
= 0 we obtain

SR «Danet™ 18) + 2,5 (0)gtm R0} = 0
k=0

whence it can be readily deduced that w(t, p'™) s C(f, m)w(t, g0™) < C(f m)t°‘
2. By Zygmund's inequality we have

w(,,ﬁ(m))z{O((d) if0<a<1 (5.4)

O(-tint) ifa=1

and the same relation is valid for w(t, F{™), since F(el?) = p(9) +ip(9).
- 3. Arguments identical to those used in the proof of Theorem 3 (cf. (4.8)) lead to the fol-
lowing identity for the S~function f given by (4.4):

G (1) -1) + 3170 Gi(e 1D, FYIXei®)

Apflm(ei®) = —mu 8 . : .
(elsF(e|3) *exS)zm(ex(S*h)F(ex(S*h)) + e|(~$)*h))2m

where the functions G,(e'® h), ..., G, ,(e'® h) are continuous. So w(t, F{™) s C(f, m)w(t, F¢™),
The rest is immediate from the latter inequality and (5.4) i

Theorem S: The relation
r,= lim |y 17 <1 . A (5.9)
n—>

holds if and only if the S-function f is analytic in the closed unit disk D (i.e. f is analytic in
the open disk{z ¢ C: |z| <1 +¢} for somee > 0) and |If |l <1.

Proof: Necessity. According to [12: Theorem 1] the function m = nt(z) is analytic in the disk
{zeC:lzl <r*tand lim,,_,  ©5(z) =1- 2> L a2, 0,(2) = x"*n(z), where the convergence
is absolute and uniform in any disk {z ¢ C: |z| < R}, R < r;*. The same is true for the function
w(z) = lim,_,$5(2). Since n(z) # 0 for |z| < 1, then both the C-function F= " *w and the S-
function f(see (4.4)) are analytic in the disk {z € €: |z| <1 +¢} for some ¢ > 0. The assertion
lf Il < 1 follows from (G) by Theorem 1.

Sufficiency. Under the assumptions of the present theorem there exists a number g € (0,1)
and an S-function f, such that f(z) = gf,(qz). We also have F(z) = F(qz) for the correspon-
ding C -functions Fand F. So Fis analytic and ReF(z) > 0 in the disk {z ¢ C: |z]| < ¢!} Let
F(z) =1+ 23 22,05z, ¢y = ug + ivy, so that p(8) = ReF(ei®) = 1 + 2> pey(ugcos k9 -
visink9). It is actually not hard to see that p admits an analytic continuation into the strip
HImXl <-lng, X = 9 +it. Since 2p()) = F(e'*) + F(ei*), then Re p(A) > 0 for [ImA| < -Inq. Thus
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the function p! is analytic in the same domain. By [8: Theorem 2] v, = a, = O(g™ as n—> ©
and so the theorem has been proved B

Remark: Let S(p) be the set of S-functions f satisfying lim,,_e |Y,|*’” s 0,0 sp<1,and
R(p) = inf{r: every fe S(p) is analytic in the disk |z| < r}. Example 6 from Section 3 shows
that, for all p, R(p) = 1.
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