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Some Classes of Essentially Maximal Operators 

J. TERVO 

Suppose that L(r, D) is a pseudo-differential operator with the symbol L(z,.), that is, 

(L(z, D)](x) = (2r)'_"J 

where F is the Fourier transform from the Schwartz class S onto S. The paper considers the equality of 
the minimal and maximal realizations of L(z, D) in the L 2 (R")-space. Employing the symbolic calculus 
of Weyl sufficient criteria for the equality are proved. Also some (counter) examples for the mentioned 
equality are presented. 
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1. Introduction 

Suppose that L(r, D) is a pseudo-differential operator 

[L(x, D)p](z) = (21r)J L(x, )(Fp)()e'>d
R. 

Under suitable conditions (cf. Section 2) L(z, D) maps the Schwartz class S into S and the formal 
adjoint L'(z,D): S -. S of L(z,D) exists. When L(z,D) mapsS into Sand when L'(z,D) 
exists we are able to define the minimal realization L = L" and the maximal realization L 
of L(x, D) in L2 . The paper seeks sufficient criteria for the equality L = L', that is, for the 
essential maximality of L(z, D). In the case when L' = L, the essential maximality means that 
L(z, D) is essentially self-adjoint. 

One knows several classes of operators that are essentially maximal. For partial differential 
operators cf. [2 - 4, 10, 12]. For pseudo-differential operators we refer to [7, 11, 13, 14]. 

Applying the Weyl calculus of pseudo-diffeiential operators (cf. [51), we show some additional 
classes of essentially maximal operators (cf.. Theorem 3.2 and its Corollary, Theorem 3.5 and its 
Corollary, Theorem 3.8; cf. also Section 4). Especially, we remark that (by Corollary 3.3) the 
first order partial differential operators 

	

L(x,D) = > a(z)D° with Da0 (z)]	C(1 Izt)l_boI 

lell 

are essentially maximal in L2 . One sees that the coefficients a,, may. have first degree polynomial 
growth in : 

In the last section we give various examples. The Example 4.4 shows that Corollary 3.3 is 
quite strict. Corollary 3.7 implies that the first order partial differential operators L(x, D) = 
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, a(x)D° with C°°-coefficients a,, obeying sup Da,,(x)I <C, are essentially maximal. 
Example 4.6 shows that the corresponding result is not generally true for second order operators. 

2. Notations and preliminary notions 

2.1. Assume that	: p2n	R is a positive definite quadratic form for any (z,) E R2"
Then g(,) is of the form 

9(z,)(Y,17) = (T(y, ,), (y, ,7%	(y, 77) E R 

where	is the usual Euclidean inner product and where T is a symmetric linear mapping 
R2' . R2" such that the eigenvalues of T are positive. The totality g =	of positive 
definite quadratic forms	is called a Riemannian metric. 

The following definitions are required (cf. [5,pp.141 - 179]). The Riemannian metric g = 
{g()} is said to be slowly varying in R2" if there exist constants c, C > 0 such that g(y, t) < 
c implies

C-1 
9(X,4) :5 (x+y,+n ) :5 C 9(u)	 (2.1) 

The positive weight function in : R2 -- R. is g-continuous, if there exist constants c, C > 0 
such that g(x)(y, i) < c implies 

Cm(x,.) m(x + y,e + ,) Cm(z,) .	 (2.2)

Let a : R2n x R2t s--o R be a quadratic form (a so-called symplectic form) defined by 

a((y, 77), (z, )	(, z) - (y,	. 

For any (z, e) € R2n we define 

9r,)(Y, 77) = sup Ia((y, 77), (z, O)I2/g(.)(z, () 
(z)00 

The slowly varying Riemannian metric g is a-temperateif there exist constants C, N > 0 such 
that

C g(,,,,) (1+ gtz )(z -	
77))N ,
	 ( 2.3) 

for all (z,.),(y,77) € R2'. Furthermore, the g-continuous (weight function in : R2 '- R is 
(a,g)-tempenzie, if there are constants C, N > 0 such that 

m(x,e) Crn(y,77)(1 + grZ )( x - y, - 77))N	
(2.4) 

for all (z,),(y,77) E R2". The class S(m,g) of symbols is defined as follows: The function 
L( . ,.)€ C00 (R2% ) is in S(m,g)if for any k E No there exists a constant C,. >0 such that 

k
IL(z,e)(hi,. ..,h,.)I < C,.m(z,e) Jj[g(,)(h,)]1/2	 (2.5) 

for all ( z ,), h 1 ,. , hk E R2 . Here L()(z, ) is the kth differential of L( . ,.) at (z, ). We recall 
that

L(x, e)(h1,. . ., hk) =	h 11 . .h,.(Oj1 .. .8jL)(z, )	
0
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when /t, = (h i ,,.. . , h,). The summation is taken over all distinct k-tuples (ii.....j) of 
integers between 1 and 2n inclusive. S(m,g) is a linear subspace of C0o(R2%). Furthermore, 
S(m,g) equipped with the topology defined by the semi-norms

k	 1 
pk(L( . ,.))	sup	I	sup	IL (x, e)(h1, . . ., h	I H	(h)]'12 I /m(x, ) 

(r,)€R3" [h,ER2n_{0}	 j=t	 J 

is a Fréchet space. 

Remark 2.1. (A) One has the topological inclusions Cr(R2 ) C S(m, g) C C°°(R2 '), when 
C°(R2 ') and C°°(R2 ') are equipped with the standard locally convex topologies. (B) Assume 
that L 1 (•,.) € S(m j ,g) and L2 (•,•) E S(m2 ,g). Then (L1L2)(.,.) L 1 ( . , .)L2( . ,.) € S(m i m2 , g). 
(C) S(m i ,g) C S(m2 ,9) if and only if m 1 < Cm-2. 

2.2 In this subsection we deal with a Riemannian metric of the special separated form 

9(1,) ( Y ,
 n7) 

= 91?(x 
1y12 ) + 1 77F

g I(z.) '
	 (2.6) 

where g, : R2" - . R are positive functions. This kind of metric occurs often in applications. 
One has the following theorem in which 

= {(y,q) € R2'I Ix - I < cg1 (x,)and - iI < c92(x,)}. 

Theorem 2.2. Let g = {g(r)} be a Riemannian metric such that	has the form (2.6).
Then:

(i) The metric g is slowly varying if and only if there exist constants c, C > 0 such that 

	

C'g(z,) < gj( y , ?7) 15 Cg(z,.)	(j = 1,2) 

for all (x,.) € R2 and (y, 17) € U()C. 
(ii) The weight function m : R2 '-. R is g-continuous if and only if there exist constants 

c,C>Osuch that
Cm(x,.) !^ m(y,i) 15 Cm(x,e) 

for all (x,.) € R2 and (y, 17) € U()C. 

(iii) The metric g is a-temperate if and only if there exist constants C, N > 0 such that 

g,(y,r)/g,(x,)	C(1 + g(x,.)Ix - y 2 + g(x,) - ,7I2)4h12 (j = 1,2) 

for all (x,e),(y,17) € R2". 
(iv) The weight function m : R2 '-. R is (c, g)-temperate if and only if there exist constants 

C, N > 0 such that 

m(x,) ^ Cm(y,)(1 + g(x,.)x - y12 + !92(.T, )I - 

for all (x,.),(y,t) € R2. 
(v) The symbol L( . ,) E C00 (R2t ) lies in the symbol class S(m,g) if and only if for any 

0,0 € Nn there exists a constant C00 such that

	

-IoI -101 IDDL(x,.)I < C00m(x,.)g1 (Z,)g2 (x,)
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for all (z,e) € R2" 

Proof. The validity of the claims (i), (ii) and (v) can be obtained by simple conclusions 
(which are omitted). The claims (iii) and (iv) follow easily, if one verifies that 

	

= g (z ,e)IvI 2 + g(z,)I?7I2.	 (2.7) 

We consider, the relation (2.7). One sees that, with ( = —yg(z,) and z = 

= I 77 I 2g(z,) + IyI2g(x,e) 

and then

91 4)(Y"1) 	k((y,77),(Z))l2/(2e) + gIM,O) 
(I 77 I 2g?(x,) + IyI2g(x,))2 

= g ( z,) I y I 2 + g(x,)I77I2. =	I 7 I 29?(2,) + IyI2g(x,e) 

The converse inequality" :5 " of (2.7) is easily seen U 

Remark 2.3. Suppose that the Riemannian metric (2.6) is slowly varying. Then the weight 
function m = gg is 9-continuous, for any R, r € R. The proof follows easily from Theorem 
2.2. Similary, one sees that when g is o . temperate, then m = gg is (a, 9)-temperate. 

Example 2.4. (A) Consider the case where 

g(z,e) = (1 + II)( i + x1 2 )6 '	and	g(z,) = (1 + I1 2 )P (1 + 

Suppose that 6 0,6' < 1 and p -5 1,p' :^ 0. Then the metric 

II 2	 I'7I g(,)(Y, 77) =  

	

(1+ 1e1 2 )6 ( 1 +z1 2 )6' + (1+ I1 2 )P(1 + IZI2)P'	
(2.8) 

is slowly varying: Choose in Theorem 2.2/Part (i) c = and assume that (y, ) E U()! . Then 
we obtain

41x - v1 2 < g?( x ,e) = (1 + II 2 )5 (1 + x1 2 )5 '	(1 + 1x12)

and so 1(1+1z12) 
:5 l+4 2 < 4 ( 1 +1 x 1 2 ) . Similary, one finds that +(1+1e12):5 1+177 1 2 < 4(1+1e12) 

for any (y, 77) € U() i. Hence it is easy to see that C-1 g,(x,e)	g,(y,q)	C g,(z,.) for all 
(y, ii) €	with a suitable constant C > 0. (B) Due to Remark 2.3 the weight function 
in(x, ) = (1 + I1 2 )6P? (1 + 1z1 2 )6 'R+P'r is 9-continuous for any R, r € R and 6 0,6' < 1, p 
l,p' :5 0. Especially, one can choose 6 = p' = 0 and p = 6' = 1. In this case, for example, 
L(-,.)€ C- (R2-) belongs to S(m,g)if and only if 

15 C0 (i + x2)(1 + IeI 2 ) , c i + IzI 2_ b 0 1 + 112)_I0I 

It is remarkable to note that the right-hand side may increase polynomially in x. (C) In the case 
when 6' = p' = 0, 6 < O,p < land m(x,e) = (1 + II) 7 /2 , one sees that S(m,g) is essentially the 
Hörmander class S r P of symbols.  

Later we shall consider also the u-temperate criterion for the metric (2.8).
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2.3 Let g and m be as in the Subsection 2.1. Choose L( . ,.) from S(m,g). Define a pseudo-
differential operator L(x, D) by the formula 

[L(x, D)co](x) = (2r)-- I L(x,	 ,	 (2.9) 

where F is the Fourier transform from the Sèhwartz class S into S and where V belongs to S. 
Denote by h : R2 — R the positive function defined by 

h2(x,e) = SUP
[9(xt)(Yi'1)/9x,)(Y''1)] 

In the sequel we shall assume that h < 1; In the case when g is the separated form (2.6), the 
function h is 1/91 92 (cf. (2.7)) and then the condition 

	

9192 ^ 1	 (2.10) 

implies that h	1. We need the following results of [5], which contain some essential tools 
concerning the operators (2.9) (for some special case cf. also [1)). 

Theorem 2.5. Suppose that Riemannian metric g is a-temperate, 

9(.,)(Y, I) = 9(x,)(Y, —,) for all (x, ), (y, ,) e H.2" ,	 (2.11) 

the weight function m is (a,, g)-temperate and the symbol L( . ,.) E S(m,g). Then the operator 
L(x, D) defined by (2.9) mops S continuously into S (in S we use- the standard Fréchet space 
topology). 

We say that a linear operator L'(x, D): S —. S is the formal adjoint of L(x, D) if one has

	

(, L(x, D))0 = (L'(x, D)ça,	for all w, 0 E S. 

Here (., -)a denotes the L2 inner product, that is, (u, v)0 = fp u(x)v(x) dx. One has 

Theorem 2.6. Suppose that the Riemannian* metric g is a-temperate, (2.11) i8 valid, the 
weight function m is (a, g)-temperate and that the symbol L( . ,.) E S(m, g). Furthermore, assume 
that

	

h < 1.	 (2.12) 

Then the formal adjoint L'(x, D): S '-.. S of L(x, D) exists. In addition, 

[L'(x,D)ço](x) = (2x)"J L'(x,e)(Fco)(.)e'(>d	for alI, E S 
Rn 

where, for any N E N0, L'(x,.) has the decomposition 

(_j)I0I 
L'(x,) = L(x,)4-	 a! (8"O'L)(x,.)+ RN(x,.) 

0<IoI<N 

with RN( . ,.) E S(hNrn,g). 

Theorem 2.7. Suppose that the Riemannian metric g is or-temperate, (2.11) is valid, the 
weight function m is (a, 9)-temperate and that h 1. Furthermore, assume that m C and that
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{L( . , .)} c S(m,g) is abounded sequence of symbols (that is, {pk(L,( . , )) I j N0 } is bounded 
for any k e N0). Then there exists a constant C > 0 such that 

II L, ( x , D )IIo :5 Cjj V jjo	for all W E S,j E N0 .	 ( 2.13) 

Theorem 2.8. Suppose that the Riemannian metric g is a-temperate, (2.11) is valid, the 
weight functions m 1 and m2 are (a, g)-temperate and that h 1. Futherrnore, assume that the 
symbol L( . ,) E S(mi ,g) and that {L,( . ,.)) C S(m,g) is a bounded sequence of symbols. Then 
the composition L(x, D) 0 L,(x, D) has the form 

[(L(z, D) 0 L,(z, D))ç](x) = ( 27rY'I J (L 0 L)(z,	 for ally E S 
R. 

where the symbol (L o L,)( . ,) E S(m i m2 ,g). In addition, one has, for any N € N0,

	

I	\I°I 
(LoL)(x,.)=L(x,)L,(x,) +	" 

0<IQI<N 

	

+ R,,N( z ,.)	 ( 2.14)

where {R1,N(,•)} is a bounded set of symbols in S(mim2h',g). 

2.4 'Suppose that L : S -. S is a (continuous) linear operator such that the formal adjoint 
S -. S of L exists, that is, (,L)0 = (L'ç,,1)0 for all cp,'j € S. We shall define two 

extensions of L in the L 2 -space. Define a (dense) linear operator 

L0 :L2 —.L2 ,	Loç,= L	forE D(Lo) := S. 

One sees that
(, Loi,l) = (, L)0 = (L'ço, *) = (L, 

and so S C D(L) and L = L'p for V € S. Here L is the L 2-adjoint of L0 . Since D(L) 
is dense in L 2 , one gets that L0 is a closable operator and so the smallest closed extension 
L : L2 -. L2 of L0 exists. We recall that D(L) = {u € L2 I	-. u, L0	-'. I for some 
f € L2 , {,,} C S} and Lu = 1. One knows also that L = L, where L is the L 2 adjoint of 
L (cf. (6, p. 1681). 

Since (L')' = L, one can similarly define L and L'. In the sequel we denote L' = L' and 
= L. The above conclusions show that 'L C L and L c L'. Hence L and L' are (closed) 

extensions of L. The operators L and L' are called a minimal and maximal L 2 -realization of 
L, respectively. In the case when L = L' we say that L is essentially maximal in L 2 . When 
L = L' the essential ma.ximality means that L is essentially self-adjoint. 

3. On essential maximality of operators whose symbol lie in S(rn,g) 

3.1 Let 9 be in C000 such that 9 > 1 and 9(e) = 1 for all	< 1. Define 9, € C°(R") 
and 10j E C°(R 2") by the relations O,() = 9(/j) and	= 8,()9(x), respectively. Let 
9(D) and	D) be the corresponding pseudo-differential operators with symbols 8,(z, ) 
9,() and	Denote by Oj and W, the operators 9 and	, respectively. For any2i  L2 one observes that F(Ou)(e) = 9()(Fu)(e) and so Ou € fl,>o Ht C C where
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H,,, = {u E L21 (1 + II 2
)
,12 (Fu)() E L2 }. Furthermore, one sees that 'I',u = 9,O,u and so 

'P,u E Co, for any u € L2 (in fact it is easy to see that '1',u = e( * 0,)). Since 9,() — 1 
for any f € R5 and since 1 8,()I !^ sup 1°()I one gets (due to the Dominated Convergence 
Theorem)

-	 1/2 

Ie,u - uljo = ((2r)-" 1 IF(e,u)() - (Fu)(e)I2d) 

1/2 

= ((2) -n J 1(9() - 1)(Fu)( 2de)	— o 
Rn 

with j - oo. Then we also get 

'15u - u IIo	II OiOj u - O,IIo + 1 10j u - uIIo - 0	 (3.1) 

with j —.oo. 

Lemma 3.1. Suppose that g is a Riemannian metric such that, with c > 0, 

9(.,4)(Y' 17) ^! c I( y ,t7)1 2/( 1 + Izi + II) 2 for all (z,),(y,) € R2". 

Futhermore assume that m: R2 ' —. R is a weight function obeying, with c > 0, 

m(z,	c , for all (x,)ER2" 

Then the sequence {,b,( . ,.)} of symbols is bounded in S(m,g). 

Proof. Let U € C°(R2 ) such that U(x,) = 9(z)9(e). Then ',(z,) = U((x,)/j). For-any 
(a,/3) E N" there exists a constant C.,0 > 0 such that 

(1 + 1.1 + Ifs) fIaII(DDU)(z,f)I	C, 

and so

=

C.	 -1 + I-d +

^ C0J3(1 + lxi + 10_fl0141Cfl 

Thus we obtain, for any k EN, 

,(k)(z )(h ...... h,,)i	1h1, I I . . . Ih,k kl 10,, . . . 0j. V Az-, 01 

:5 Cklhj,ll. .	+ lxi .1_ iiY
C,,1 h11 .. .l h ,,I( 1 + lxi + iI) 

^ Ck'2	1/2 kC	9()(hl)	9(,)(hk) 
k 

:5 Ckc'2'm(z,)flg%(hI) 
j=1 

which implies the assertion I
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We shall now state 

Theorem 3.2. Suppose that the Riemannian metric 

1y12  
= g(x,) + g2(x) 

is a-temperate and that there exist constants c, C > 0 such that 

9192 2! C	 (3.2) 

and
g(z,) < C(1 + Izi + Il) (i = 1, 2).	 (3.3) 

Furthermore, suppose that m is a (a,g).temperate weight function such that 

hm< C.	 (3.4)

Let L( . ,.) be a symbol of the class S(m,g). Then the operator L(x, D) is essentially maximal. 

Proof. Due to Theorem 2.8 (note that (2.11) is valid and that h <	c') and to
Lemma 3.1 (in whichwe choose m(x,) 1) we find that 

(oL)(x,e) =	 (3.5) 

and
(L o	= L(x,)i,b(x,) + R(x,), 

where {R( . ,.)} and {R( . ,-)} are bounded in S(mh,g). Hence by Theorem 2.7 and because 
hm<C,

o L)(r, D) = (L o )(x, D) + R3 (x, D) ,	 (3.6) 
where

IIR,(x, D)çpIIo :5 CflIo for all j E N, P € S .	 (3.7)
Let u E D(L'). Then we find that 

= (L'u,;(x,D)) 

= (u,(L'o)(x,D)ç) 

= (u,(, o L)'(z, D))0 

= (u, (L o b1)'(x, D)ç)0 + (u,R(x, D)c) 
= (L'(W1u),)0 + (R,u,9,)0 

for all V € S where R, is the continuous extension of R,(x, D) (cf.( 3.7)). Thus we get 

L(x, D)(Wu) = W 3 (L'u) - R,u. 

In virtue of (3.7) we find that (cf. also (3.1)) 

II L ( x , D)(W,u)IIo	I 1P1(L'u)IIo + II R3 u IIo :5 C '(II L' u IIo + Ilullo)
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for any u E D(L'),j E N0 . The Banach-Saks Theorem implies that there exists a subsequence 
{',u} of { 1I',u} such that 

HI_i	L(x, D)(1u) -
	

= L(x, D)( 1-1	

-	

(I 

with some f E L2 . In addition by (3.1) we see that -1	Wu -	—. 0 with I -. oo.
Hence u E D(L) and Lu = / (= L'u), which completes the proof U 

For the first order partial differential operators we obtain the next corollary. 

Corollary 3.3. Let L(x, D) =	ac(r)Dc be a first order partial differential operator 
such that Ga E Cco and that	- 

IDa0(x)I C0 (1 + 1x1) 1HOI for Ioi ^ 1 , a E N x E R".	 (3.8)

Then L(x, D) is essentially maximal. 

Proof. We choose the Riemannian metric

1y12	17712 
9(x,)(Y,17) = (1 + 

lxI)2 
^ (1 + leD2 

Due to Example 2.4, g is slowly varying. Remark 2.3 implies that the weight function m(x, C) = 
(1 + I z I)( 1 + ICI) is g-continuous. 

We verify that g is 0-temperate. Due to Theorem 2.2 one must verify that 

l+Iyl
(3.9) 

1 +J x J - 

and
1+ I'iI <C (1+ (1 + ICI)l x - y l + (1 + lxl)lC - 17 1)N .	 (3.10) 
1 +Iel - 

Since

1 +Iy l:5 1 +1 x l+ly_z I!5( 1 +1x l)(1+x_ y ), 1+Iiil<(1+lCI)(1+IC—iil) 

the conditions (3.9) - (3.10) hold with N = 1. Thus g is u-temperate. 
Theorem 2.2 implies that m is (c,g)-temperate, if 

(1 + In) (1 +	) < C(i + (1 + ICI)l x - y l + (1 + lxI)IC - 77 1)N .	(3.11) 1 + Il/I	1.+ 1771 
One sees that

^ (1 + In - y D( 1 + IC —771) 

and so (3.11) is valid with N = 2. Thus m is (u,g)-temperate. 
The assumptions (3.2) - (3.3) of Theorem 3.2 are trivial and by.(3.8) one sees that L( . ,.) E 

S(m,g). Noting that hm	-1 m = 1 one may conclude the assertion from Theorem 3.2 U 

Remark 3.4. From Theorem 3.2 one can conclude more general results like those given in 
Corollary 3.3; for example one may consider pseudo-differential operators with symbol L(x,C) 
obeying

I(DDL)(z,C)l	C..,0 (1 + IzI)1_b01(1 + ICI)'



622 J. TERVO 

3.2 In this subsection we consider the case L(z,) = Lo() + P(x,) where Lo() Lo(x,e) e 
S(ñl, g) and where P(x, ) is related to the first order operators. 

Theorem 3.5 Suppose that the Riemannian metric 

	

1 y l 2	'il2 

= g(x ,e) + g(x,e) 

,9 a-temperate, where g and 92 satisfy (3.2) and 

	

,(x,e) :5 C(1 + ll)	(i = 1,2).	 (3.12) 

Furthermore, let rn and ñz be (oP, g)-temperate weight functions such that (for rn)(3.4) is valid and 
that the symbols Lo( . ) € S(nz,g), P( . ,.) € S(m,g). Then the operator L(x, D) = Lo(D)+P(x, D) 
is essentially maximal. 

Proof. One sees that 

9,(D)(L(x, D)) = 92 (D)(Lo(D)ço) + O,(D)(P(x, D)p). 

Similarly as in Lemma 3.1 we get from (3.12) and from (3.4) that {9( . )} is bounded in S(1, g). 
Futhermore, by Theorem 2.8 

(9, 0 P)(x,e) = 9,(e)P(x,e) + R,(z,.) 

where {R,( . , .)} is bounded in S(mh,g) c S(1, g). Hence 

9,(D)(L(x, D)p) = L(z, D)(O(D)p) + R,(x, D), 

which implies

	

e1(Lu) = L'(e,u) + R,u	for u E D(L) .	 ( 3.13) 

From (2.4), (2.7) and (3.12) we obtain 

lLo()l < Ci(o,.) :5 C'n(O,O)(1+g)(O,e)y" 
< C"(l + 92(0 )112)N < C"(l + 

and 80 ll Lo(D )Ilo :5 CIIVIlk4N (recall that k,() = (1 + 11 2) ,12 ). Due to (3.4) we see that h < 

C/rn and, by (3.12), (1 + 1,ftI0I < CI01 9 ( z , ) . Thus one easily gets (by (3.12)) that k_20 € 
S(, g). Hence (Po k_ 2 ) ( . ,.) € S(1, g) and then, by Theorem 2.7, llP(x , D )( k_2( D))llo :5 

C llllo which implies ll P (x , D )sllo	 The above inequalities imply that (with s 
4N +2)

	

IIL(x, D )sllo	Cllllt,	for all p E S 
and then Hi,, C D(L). Since e,u € Hi,, one gets from (3.13) 

II L(O, u )Ilo :5 C(flL'uflo + Il u llo) for u E D(L') 

from which it follows (as above) that u € D(L) and that Lu = L'u, as desired I 

Remark 3.6. The content of Theorem 3.5 can be formulated also for more general metrics. 
We omit this generalization.
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Corollary 3.7. Let L(z,D) = L0(D) + P(r,D) be a linear partial differential operator, 
where L0(D) = E 11 <r a,,, D' has constant coefficients and where P(z, D) = IaI1 ba(x)Dc 
a first order operator with C°° -coefficients, which satisfy sup ID°b(x)I :5 C0 . Then L(x, D) is 
essentially maximal. 

Proof. One sees that all the assumptions of Theorem 3.5 hold, when we choose gj(x,.5) 
1,92(x,) = 1 + I j and m(x,e) = 1 + IeI, m(x,e) = (1 + IDU 

3.3 For operators of "higher order" we need some additional assumptions on L(x, ) to obtain 
essential maximality. We restrict our considerations (for simplicity) to a special metric. Recall 
that, for the metric (2.6), one has h = 

Theorem 3.8. Let

= g?(,) + g(x,) 
be a otemper'ate Riemannian metric, where g' and 92 obey (3.2). Assume that there exist N > 0 
and a symbol P( . ,.) E S((9192)", 9) such that (with y > 0) 

	

P( x ,e)I ^! _j(gjg2)N(z) for all (z,) € fl.2".	 (3.14)
Let L( . ,.) € C°°(R2") be a symbol such that, with c, C > 0, 

c < IL(x,e)I C(9192)N(z,e)	 (3.15)

and

	

I(DDL)(z,e)I :^	 (3.16)
for all (x, f) € R2". Then L(r, D) is essentially maximal. 

Proof. Part A. Applying the symbolic calculus of Section 2 one sees that there exist Q(,) E 
S(1, g) and R1(.,.),R2(.,.) € S(hg) such that 

LoQ = I—R 1	 (3.17) 
QoL = I—R2 .	 (3.18) 

We sketch the proof of the relations (3.17 - 3.18). Due to (3.16) we see that P1 ( . ,.) = i/L( . ,.) € 
S(1, g). In view of Theorem 2.8 we get 

	

(L o Pi)(x,e) = 1 + >2	8rL(z,)D(L(e)) +
O<IoI<N 

where '(.,.) € S(h,g) (note that, by (3.15) . (3.16), L( . ,.) € S(h_",g)). By (3.16) the sum 

>2-8'L(x,)D 

	

O<loI<N	 (L(z',e)) 

belongs to S(h,g). Hence one sees that there exists R 1 ( . ,.)€ S(h,g) such that 

(LoP1)(x,e)= 1— Ri(x,e) 

Define P2(z,e) = Ri(x,.)/L(x,). Then we find that 

	

[Lo(Pi + 2 )](x,)	(LoPi)(x,.)+(LoJ62)(x,e) 
= 1— Ri( x ,e)-- Ri (x,)_ R2(z,)
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where
I Ri(z,.)\ 

R2(z,e) = - E -;8'L(z,.)Dr . L(x,)) +R2(x,.), 

in which 2( • , • ) € S(h2 ,g). By (3.16) the sum 

E
1f\ 

O<IoIN	 ) 

belongs to S(h2 ,g) and so
(L o P2 )(z,) = 1 - R2(z,) 

where P2 ( . ,.) := P1 (•,•)+ P2 ( . ,) € S(1,g) and R2 ( . ,.) € S(h2 ,g). Generally, by induction one 
gets that, for any m € N, there exist Pm(•,) € S(1, g) and R,( . , -) € S(hm ,g) such that 

(Lo Pm)(z,e) =1 - R,( z ,e) .	 ( 3.19) 

A same kind of construction implies that, for any m E N, there exist Qm( . ,.) € S(1, g) and 
Sm(,) € S(hm ,g) such that

(Qm o L)(z,.) = 1 - Sm(Z,).	 (3.20) 

Due to (3.19) - (3.20) we have (with m = 2N) 

Q21VOLOP2N=Q2N—Q2NOR2N	and	Q2N0L0P2N=P2N—S21v0P2N 

and then P3N( z ,) = Q2N(z ,) + T2N(z,e) where T2N( . ,.) € S(h2 ',g). Combining the above 
results we obtain

LOP2N=I—R2N 

and
P2N0L=(Q2N+T2N)oL=I—S2N+T2N0L=I_rN, 

where rN( . ,.) € S(hN , g) . This proves (3.17)- (3.18). 
Similarly as with (3.17) - (3.18) one gets from (3.14) that there exist symbols q( . ,.) r( . ,.) € 

S(h",g) such that
q o P = I— r.	 (3.21) 

Part B. In virtue of Theorem 2.7 II( L o q)IIo :5 Cflo and so (again by Theorem 2.7) 

II L ( z , D)IIo = II L (z , D)((q(z, D) o P(z, D))çø + r(x, D))IIo 
:5 II P(x , D)Ijo + C' 0	 (3.22) 

for all W E S. Similarly one gets (for j = 1,2) 

IR P( z , D) o R,(x, D))IIo Cflo	 (3.23) 

for all W € S. The inequalities (3.22) - (3.23) imply 

R(R 1 ) U R( 2 ) C D(L)	 (3.24) 

where R(R,) is the range of Ai . From (3.17) we get 

R() C D(L).	 (3.25)
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Part C. Let u be in D(L') and let L'u = I. Then one gets by (3.18) 

(1' Q')0 = (u, L'(Q'cp))0 = (u, (Q o L)'.p)0 = (u, )o - (u, R00 

and so f E D(Q') and Q'f = u - Ru. Since Q and R2 are bounded in L2 , one has Q' = C 
and R' = R2 . Hence, by (3.24) - (3.25), u = Of + 1&2u E D(L) and Lu = L'u = 1. This 
completes the proof I 

Especially, one gets from Theorem 3.8 that the partial differential operator L(z,D) = 
E1e1<r a,(x)DI obeying (with c> 0) 

c IL(z,OI for all (z,.) E R2 ,	sup 1D(z)I !^ C. for all jal < 1 

and
I(DDL)(z,.)I :5 CO3iL(x,6(1 + II)_6 

with some 6 E (0, 11, is essentially maximal (choose gj = 1, 92(z,.) = (1 + Ii)61 T and P(z,e) = (1 + II2)n/2). 

Remark 3.9. (A) Suppose that gj and g (which appear in the Riemannian metric 
g	

{g(,E)}) obey gj E S(g i ,g) and	E S(g2 ,g), that is, g3 € C°°(R2 ) such that 
'  

^ C0j,g,(x, . jg 1	(x,)g(z,.5)	(j = 1, 2). 

Then the symbol P(x,.) defined by P(z,.) = (9192)''(x,) is in s((9192)N g) and obeys (3.14). 
Hence in this case the existence of P(z, ) (in Theorem 3.8) is guaranteed. (B) In Theorem 3.8 
one may replace the weight function (9192)" by a weight function m for which there are 1 € N 
and C > 0 such that mh' C. We omit this generalization. 

4. Some examples and counter examples 

Combining the Main Theorem of [2] and the Corollary 18.6.11 of (5] we get 

Example 4.1. Let L(x, D) = IeI<2 ae (z)De be a second order partial differential operator 
such that V(z,D) = L(z,D), L(x,e) is real-valued, L(x,e) 2! 0 and that IDae (x)I < C 1° 1 for 
all x € R5 and a € N. Then L(x, D) is essentially maximal. 

Proof. Due to Corollary 18.6.11 of (5), the operator L(z, D) satisfies the estimate (with 
c > 0) ((L(x, D) + C)ç, ^: cIIIIg for s E S when C is large enough. Thus the result of [2] 
implies that L(z, D) + C is essentially maximal and so also L(z, D) is essentially maximal I 

Example 4.2. Let L(x,D) = E,Qj < } ae (z)De be a first order linear partial differential 
operator such that the coefficients ae are first degree polynomials, that is, a(z) = (be , Z) + Ce, with b = (b,,_., b,,,) € C 5 and c,, € C. Due to Corollary 3.3 L(z, D) is essentially maximal. 

Example 4.3. The first order linear partial differential operator (here n = 2) 

L(z,D) = (1 + sin2 (expz))D2 + 1 

is essentially maximal. The essential maximality can not be seen by Corollary 3.3, but may 
be verified using more direct calculations (we omit the proof). This example shows that the 
condition (3.8) in Corollary 3.3 need not necessarily be valid for essentially maximal operators.
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Example 4.4. Let a be a (bounded) real-valued function in C(R) such that a(x)a'(x) > 0 
for all z E R (and a' is bounded). Define the first order operator by (here n = 1) 

L(x, D) = a(z)(x2 + 1)D[a(x)(z2 + 1)°p] + ia(x)a'(x)(x 2 + 1) 20w for all € S. 

Then L(x,D) is not essentially maximal, when a> 

Indeed, since the operator P(z, D) = a(x)(z2+1)D[a(z)(x2+1)°'] is formally self-adjoint, 
one sees that (P(x,	is real-valued. Hence 

I (L(x,D),)0 I	(P(x,D),)0 + ifa(x)al(x)(x2 + 1)20I2 

^ fa(x)a'(x)(x + 1)2II2 

^ Ja(x)al(x)II2dz 

and then N(L) = {0}. 
On the other hand one sees that the function u := (z 2 + 1) 0 E L2n coo for a > 1 and that 

L(x, D)u = -i a(x)(x 2 + 1)aal(z) + ia(x)a'(x)(x 2 + 00 = 0 

and so N(L') 0 N(L). Thus L'	L, as we claimed I 

We remark that one can choose a = arctan : R - (r, ir). This example shows that 
Corollary 3.3 is in some sense strict. 

Example 4.5. Let L(x, D) be as in Example 4.4. Since L(x, D) is not essentially maximal, 
the operator Q(x, D) = (L o L')(z, D) is not essentially maximal (cf. [12]). Hence one sees that 
there exists a formally self-adjoint, semi-bounded, second order differential operator Q(x, D) = 
E1I<2 6a (x)D' where the growth of the coefficients and their derivatives is at most (1 + x I ), ' > 
2 and which is not essentially maximal (cf. Example 4.1). 

Example 4.6. Let 9 be areal-valued function in C°(R) such that 8(x) = 1, for all x € 
(-1,1) and let a = -Ox. Then one sees that a is a real-valued function in C°(R) safisfying 
a(0) = 0 and a'(0) = -1. Define the second order differential operator L(x,D) by (here n = 1) 

L(x, D) = (aD + (aD)' + i)[(D + i)] for all E S. 

Since the operators P = aD + (aD)' and Q = D are symmetric, one sees that, for all Y € S, 

II L ( x , D )Ilo = II( P + i)(D + i) p IIo ^ II( D + i ) cp llo ^! I1(2IIo. 

Hence we obtain that the kernel N(L) is {0}. One the other hand we show that the kernel 
N(L') is not {0}, which implies that L $ L'. 

Let £ be in L2 defined by £ := F`
	
(note that fa II2d = fR j- yd < co and 

then £ E L2 ; recall that F is the Fourier transform). Then one sees that (in the distributional 
sense) (D + i)E = 5. Futhermore we get 

(E, L'(x, D)p)0 = E(L'(x, D)) = E(((P + i)(D + i))'p) 
= E((D + i)'(P + i)') = 6((P + i)') 
= ((P + 01 )(0) = ((P -
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Finally, we find that, for all V € S, 

((P - i)p)(0) = ((aD + (aD)' - i),](0) = [aD + (Da) + aDço - i](0) 
= 2a(0)(D)(0)+ (—ia'(0) - i)(0) = 0, 

since a(0) = 0 and a'(0) = —1. This completes the proof. 

Example 4.7. Similarly, as in Example 4.6 one sees that the pseudo-differential operator 
(here n = 2) 

L(z, D) = (a(x 1 )D1 + ( a(x i )D 1 )' + i)(((D+ Di)" + i)]	(,c > 1/2) 

is not essentially maximal in L2(R2). Note that the symbol L(z,) of L(x,D) belongs to the 
Hörmander class 
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