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Quadrature and CollocationMethods for the Double Layer Potential on Polygons

M. COSTABEL, V.J. ERVIN and E.P. STEPHAN

This paper is concerned with approximation methods for Neumann’s integral equation on cur:
ves with corners. Necessary and sufficient conditions for the stability of the piecewise con-
stant ¢ - collocation and.for the quadrature method, using the rectangular rule, are given.
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0. Introduction
We consider for f € L*(T) N R(T") the second kind integral equation
Aru:=(I—K)u=fonT | 1)

where - 4 : 3 ’ .
Ku(z) = - [(u(y) 5 loglz — ylds, | @
v .

and 8/8n denotes the normal derivative with respect to the outer normal n which exists
except at the corners of the polygon T, consisting of straight line segments I'7. The double
layer potential (2) can be rewritten as ’ :

1 .
Ku(z) = -~ [ u(y)do(v) @
where 0.(y) denotes the angle between y — z and some fixed direction.

Many boundary value problems in physics and engineering can be reduced to the
equation (1) where u is the unknown solution. For the numerical solution of (1) spline
approximation methods are widely used, especially collocation and quadrature schemes.
For T being a smooth closed curve a fairly complete error analysis of collocation methods
for (1) using smooth splines has been established (see [1, 5, 10, 11]). For I' being a polygon,
convergence of point collocation for (1) with piecewise linear trial functions is shown in [4)
by rewriting the collocation scheme as a Petrov-Galerkin scheme with delta-distributions
in the break points as test functions.

In the following we prove convergence for the collocation method of (1) with piece-
wise constant trial functions by first analysing a quadrature scheme. Our analysis follows
closely and uses heavily the analysis by Prossdorf and Rathsfeld [9] which prove conver-
gence of collocation and quadrature schemes for singular integral equations with Cauchy
kernel on closed, piecewise smooth curves. i '

For the collocation method with piecewise constants on the grid A, = {y1,---,¥n}
we need a finite set of collocation points {r,f"),k =0,...,n =1} C T where ré") ¢ An
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and approximate the exact solution u of (1) by the piecewise constant functions u, on A,
satisfying
(I = K)un(ri™y = f(+1), k=0,...,n— L. )

In order to solve this system one has to compute (K u.)(r{™) which in the case of a
curved polygon I' has to be done by the use of quadrature rules. This leads to quadrature
schemes which are another numerical method to solve (1) approximately.

Our quadrature and collocation methods both replace the equation Aru = f by a
discrete operator equation A,u, = f, where A, is an approximate operator of A acting
in the space X, of piecewise constant functions on a quasiuniform mesh and f, € X,
is an interpolation of f. Such a numerical method is called stable if A, is invertible for
n sufficiently large and sup||A;}|| < co. If the method is stable, f Riemann integrable,
and A, converges strongly to A, then the approximate solutions u, converge to u (see
[8]). Thus, the crucial point is the proof of the stability of the scheme. This is done
by showing stability of a corresponding model problem on an angle, making use of a
localization principle by Gohberg and Krupnik. Following Prossdorf and Rathsfeld we
apply Mellin techniques from Costabel and Stephan [3] to handle the model problem.

We now introduce some notation used below :

I — unit circle {z € C: |z} = 1}

R(I') — class of bounded Riemann integrable functions on T

PC(T) — class of piecewise continuous functions on T

I — Hilbert space of sequences {{,}2,, & € C

2 — Hilbert space of sequences {£,}2___, &, € C

X — an abstract Banach space. .

Xn — linear space of column vectors of length n with entries from X
Xnxn — linear space of n x n matrices with entries from X

T(a) — Toeplitz operator generated by a € PC(IT)

£(X) — Banach space of continuous linear operators on X.

1. Quadrature methods on an angle

We are interested in quadrature methods for approximating the solution of (1) on poly-
gons. We shall give local conditions which are necessary and sufficient for the stability
of the methods. For simplicity we consider only the case of T being an infinite angle
I, = R* U R+ with opening 0 < w. < 2r. The general case of a polygon T follows
then by localization arguments. We fix n € N,0 < ¢,6 < 1 and for k € Z choose the
quadrature points ¢ as follows. Following Prossdorf and Rathsfeld [9) we introduce

k _k_nL&ew “for k-< 0 n Sk .—,_"—#e“‘" fork<0 - ()

Then using the rectangular rule as the quadrature formula we obtain for a discretizai,ion
of (1) the system (k€ Z)

o (n) ;l e(n) i
n 1 f 1 { —e'v
&Y+ = 1Im Y oot Y 2 = sz, 6

7r, ) j=0 t;n) - Tk(") n j==-00 t;n)— Tk(n) -n . (k ) ( )
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If there exists a solution ( ,(, ))kez, (") € R, then we obtain an approximation u, for
the solution u € L}(T,) of (1) Au = f,f € R(T,) N L*(T.), by setting

un =3 & (7
kel .
where (n) 1, iffgtgid
xi(t)=4 o ro = n (k=0,1,2,...)
0, elsewhere (8)
gy L S —eme <A -1
xi~(t) = 0, elsewhere (k=-1,-2,..)

Let A, denote the matrix of the system (6), 4, ,(:') = f(T,E")). We define the interpo-
lation projection T, by

Ty = L y(r")x{” (v € R(T) 9)

kez -.
and denote the orthogonal projection onto imT, N L*(T',) by L,. In the following we
1dent|fy the continuous linear operators on tmL, with their matrices corresponding to the

base {x,, , kK € Z}. Due to

= n"?||{& ezl (10)
L3(Ty)

> Eex™

keZ

these matrices are considered to be operators in 2. In particular, since the matrix A, €
.2’(17) is independent of n, the sequence {A,} (A, € £(imL,)) is stable if and only if A4,

1s invertible.
Theorem 1 : The operator A, € £(?) is invertible for all 0 < w < 2.

To prove this we need some results on Toeplitz operators which are due to Gohberg
and Krupnik [6, 7. Let A C £(I*) denote the smallest algebra containing all Toeplitz
operators T'(a) with @ € PC(IT). Then Apxn C ZL(I*)nxn is an algebra of continuous
operators in /3. There exists a multiplicative linear mapping %Anx» 3 B — & into
the algebra of bounded n x n - matrix functions over I x [0,1]. The symbol &% of
B = (Bk ;)i j=1» Brj € 9, is equal to (&, ;); ;—, and the symbol 271,y with a € PC(IT)
is given by dr(a)(r g) = pa(r+0)+(1- p)a(T 0), where (7, p) € T x{0,1]. Furthermore,
B € .4, is a Fredholm operator if and only if det &5(r,u) # 0 for all 7 € IT and
0<pu<l ) o '

By virtue of I @ [* = [? we can identify £(I?) with £(I?)3x2. In order to prove
the assertion of Theorem 1 we show A, € A;,; and inder &4, = 0. First we need the
following result by Ratsfeld [10].

Lemma 2 : Letz € C, —1/2 < Rez < 1/2, A* := ((k+1)*6s)0;- and a €
PC(II). Suppose that there ezists w; € (0 27),wp = 0,wi41 = 2w, such that the restriction
ofa to {e*,w; <z S wjn} (G =1,...,k) is twice dtﬂerentxable Then the following
assertions hold.

(i) The matriz A=*T(a)A* belongs to % and ( =0,...,k)

a(1) if T # e
p-sT(a)as(Ty 1) = { palr$O1(1=pla(rO)emme Lo iy - (11)

p+(1-p)e="37s
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(ii) The function z — A™*T(a)A* is continuous on {z,—1/2 < Rez < 1/2}.

Now we are in the position to prove Theorem 1. )
Proof of Theorem 1: Firstly, the expression (3) shows that the equation (1) on T,

takes the form ! K P
- u
w=( e 1) (0)=(2) 2

where o
1 1
Klgu(x) = Kyu(z) = ;‘/o Im P yu(y)dy (13)
and u; = u|g+, u2 = ten+ . Fix mesh width n = 1. Then A, € £(I?);,, takes the form
o Ky Kia
4, = [ K K, 14
! ( Koy Kag ) (14)
where Kl,l = Kz'z = [ and
Koo L ( 1 1 )°°
M T NGO+ (—k—1+ev T G+ 8 +(-k-1+ee ),

1 1 1 . *©
Ki3=—-—— - — — — - .
YT T om ((—J —1+8)+(k+ee™ (—j—1+6)+ (k+c)e‘”)k’j=o
In the following we show that A, € ;42 is a Fredholm operator by computing its
symbol making use of the Mellin transformation and Lemma 2.
For -1 <v <1, v#0, we set

s o3xv(1-2zx)
v i2%z e
== ,0<z<1. 15
F(e) sin mv sE< (15)
Then computation shows f* = Y,z fit* where f! = —1/im(k + v). Now let us prove

K3, € . The residue theorem togcther with the formula [3]

11 1 .| —ietitemme
_— = 2 z ——3dz
1 %9 1 — ze~w nt Rez=1/2 siInnwTz

1- 1-— ;iu . ;i(u—r)x -
i = ; / IR AR F PR (16)
1—ze v Rez=1/4 smnwz

Rewriting K3, as

gives

1 l_ki.l—c 1
Ky = —— 9
' 21 1—"—%e‘“(]+6)—(k+l—e)
k41-c o
1- 5 1 )

C1-Hew (46 -(k+1-¢

(17)

kj=0
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and setting z = L‘% in (16) we have K, = K}, + K5, with

ki, o L (lme [ et (89)7
BT o 2 Re s=1/4 sinwtz  (j—k)+(e+6-1)
= k,j=0
1 o f 1 °°
— W 18
27'{8 ((j_k)+(‘+6‘l))k_j=o . e
K- - 1 [l=e / —ietitemns  (MH5)™ dz
21 T T o~ 3 ; -
2mi 2 Reszije SIDTZ G-k)+(e+6-1) e
1 1 =
- v 19
2“ie ((J‘_k)'f(f'*'&_l))k,,':o’ 19

. +
Thus following Prossdorf and Rathsfeld [9, p.204] we obtain K3, € A by Lemma 2 and

sinmz

+ . ;i(u—r)z 1 -.
d,((;z =—= / o #ds — Ee*“"zfo (20)
' Re:=1/4
where &7 = &p-s7(s0--9)a: - Analytically extending z — &% to a 1-periodic function,

we have

: "
Hy = —yetal’

1 - ;i(u—t)x . ;i(u-r)x
- / o #dr - / o ad:|. ()
4 Rer=1/4 sinwz Rer=s/a 510 .1

In the strip {z : 1/4 < Rez < 5/4}, the function z — &/*(7, ) is constant if 7 # 1
and has a pole at zo = } + 35 log(7;) at 7 = 1 . With Lemma 2, this can be seen as
follows: Using

[ a(7) ifr#1
Dp-sT@)A (T 8) = pa(r+0)+(1-p)a(r=0)e=37+ frel (22)
wt(1-w)e—7Tns nr=

with a(7) = f17°%(7), 7 = €*"* and

a(l+0)= :‘e"“’ and a(1—0)=lf3 uu,u:l—c—&
sinTy sinmy
we obtain ’
pa(r +0) + (1 — pa(r — 0)e=2=s isin(m(v+1/2) + 7z — §log i) (23)
p+ (1 — p)e-izms sinmv cos(7z — 3 log T :

On the other hand a(r) = f'~*~%(7) is continuous for 7 # 1. Consequently, the residue
theorem yields (0 < ¢ <1)

) 1 Yiw_n1
dK:,](l‘l‘) = .-'56 d(l'i#)

. Fi(w-r) : ;i(w—r)zo s gt
~2mi (—‘e ) #'(1,p) — 2mi (“’ LLLICE; 1)) (24)

4r 4sinmzg -—7sinwv
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ie;i(u-x)

* 1z, :
%) (r,8) = —§e+‘“dl(r,u) — 2mi (T) &V (r,p)=0, 7#1 (25)

sin(w — )z

Sy (1) = B (L) = ) (Lp) = = =2 i 7 = 1. (26)

Similarly we can show K,; € 2 and compute its symbol &, ,. Finally we have
altogether A

1 0) frpnogn
dA, (T, l‘) = 1 _uin!.u—r!xo (27)
sin{w—7)z0 i o ifr= 1, 0 S B S 1.
T Tsinnzo
Now we observe for all 0 < w < 27 with zo = } + %log(ﬁ),o <wu<l,
. 2
sin(w — )z .
det 2y, (1,p) =1 = (ﬁ—zo)—q) #0, (28)
det Ay, (r,p) =1, T #1. (29)

Hence &4, is a Fredholm operator of index zero for all w with 0 < w < 27. But forw =
we have A; = I, hence A, is invertible. Therefore A; is invertible on 13 for all w with
O<w<2r |l

Now, let I be a polygon having a parameter representation vy which is twice continu-
ously differentiable outside the vertices. Let us assume that the vertices are grid points
and that grid points and collocation points are chosen such that a quadrature scheme
corresponding to (6) is given on I'. Before presenting the stability result for this scheme
we introduce some notation. For 7 € T, let us define w, € (0,27) by

or = arg (-2

and set
AT=1+Kr,,_ .

The model problem for the quadrature problem on I' is the method (6) applied to the
operator A™ € #(L*T,,)). The matrix of the corresponding system of equations we
denote by A]. In the proof of Theorem 1 we have shown that A] € ;4 is invertible on
.

Applying a local principle for spline approximation methods given in Prossdorf and
Rathsfeld [9] we obtain Corollary 3 as a consequence of Theorem 1. Note that the proof
follows from the analysis given in the proof of Theorem 1.2 in [9].

Corollary 3 : We have the following assertions.
(a) The method (6) is stable if and only if the operators Ar = (I + K) € £(L*(T)) and
A] € Z(B) for all T € T, and are invertible.

(b) If the quadrature method is stable and if f € R(T'), then (6) is uniquely solvable for
n large enough and the approzimate solutions u, converge tou = (I+K)™'f asn — 0o .

Since I + K : L}T) — L*T) is continuous and bijective, and the invertibility of
A] € £(?) for all T € T follows from Theorem 1, we have

Theorem 4 :. The quadrature method (6) is stable and has a unique solution u,
for n sufficiently large, and u, = u asn — oo .
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2. Collocation methods on an angle

For simplicity we consider only the collocation method for (1) with piecewise constant
trial functions. We establish the stability of the model problem on I' = I',. With this
result one can prove convergence of the collocation method for (1) on general curves with
corners following the arguments in Prossdorf and Rathsfeld [9]. We omit the corresponding
details.

For the e-collocation method (0 < € < 1), we look for an approximate solution u, =
ez £ € imL, C L*(T,,) satisfying the equation

(Au)(r™) = f(+{V), ke Z. (30)

The latter system we rewrite as Aqu, = T,.f where A, := T,A|imL, € £(imL,). Again
A, € £(1?) and A, does not depend on n. Hence the sequence {A,} with A, € £(imL,)
is stable if and only if A; € £(I?) is invertible.

Theorem 5 : The operator A, € Y(l’) is invertible in I? forany 0 < w < 27.
Proof: Firstly, we show A, € 2,2 and det o, is independent of w. For the sake

of brevity we consider only ¢ = 1/2. Then one of the typical terms in the collocation
schemes is given by (forn = 1,5 > 0)

) o N 1
Im =Im + dé 31
/; T — T(I) [ {tf - T,El) t}'5 - ‘r,sl) } ( )

wherefor 0 < § < 1

j+$6 if7>0 )
t = { —(j +6)e™ ifj<0. (32)
Let
1 .
M;, = (W) (33)
b5 =T ) jez+.kez-

and consider the operator-valued function
-1 [P —
5= Kaa(6) = o— {(M5, + M35 — (M, + M33%)} (34)
defined on [0,1/2]. The proof of Theorem 1 shows A,(§) € Azx2 C £(i?) where

A(e) = ( ;{mw) f’-‘(é) ) : (35)

Moreover as in (9] one verifies the continuity of the function § — A(6). Furthermore (31),
(34) show for A, given by (30)

1/2 1/2
Al =/o A1(6) dé € ngxz ) dA] =./° dAl(s) dé

where &, (5) is given by (27). Hence the invertibility of A, follows in the same way as at
the end of the proof of Theorem 1 I
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Quadrature Method Collocation Method
6 = .50 §=.25
b €e=.25 | an | €e=0.50 | an €e=.25 | ay | €=050 | an

3/2 || .4598E-0 .4629E-0 .2087E-0 .1040E-0
: 0.58 0.33 1.01 1.00

3/4 || .3078E-0 .3682E-0 .1035E-0 .5203E-1
0.55 0.37 1.01 1.00

1/2 || .2465E-0 3174E-0 .6869E-1 .3471E-1
0.53 0.38 1.01 1.00

3/8 || .2114E-0 .2843E-0 .5135E-1 .2604E-1

Table 1: Relative L? error and experimental convergence rate for Example 1

3. Numerical Results

Below we present two examples which illustrate the quadrature and collocation methods
discussed above. In both examples we seek the solution of the Laplace’s equation in
the exterior domain R?\ Q1. Explicitly, consider the following Neumann problem: For
g € H™V*(I) find u € H]} (R?*\ Q) satisfying

du

Au=0inR*\T, =

=gon [ =09, (36)

and

u(z) ~ Alog |z| + O(1/|z]) as |z| = oo
where g—: denotes the normal derivative of u on I'. The function u satisfying (36) can be
represented as the solution of the second kind integral equation

(I-Kju=fonT (37)
where

f(x)= ~Vo(z) and Vg(z) =~ / o(y)n |z = ylds,.
r

Example 1 : T is the triangle with vertices (0,0), (3,0), (0,4). Here we take for the
true solution u(z) = Re(log(z — (0.5,0.5))).

Example 2 : T is taken to be the square with vertices (-1,-1), (1,-1), (1,1), (-1,1). For
the true solution we use u(z) = Re(v/z2 -1 —z).

Given in Table 1 (Table 2) is the relative L? error for Example 1 (Example 2) for the
quadrature methods with parameters ¢ = 0.25,6 = 0.5, and € = 0.5,6 = 0.25, as well as
for the collocation method with parameters ¢ = 0.25, and ¢ = 0.5. Also given are the
experimental convergence rates ay.

In Example 1 the solution u is analytic on I, whereas in Example 2 it has singularities
at the points (-1,0) and (1,0).

The numerical results given in Tables 1, 2 indicate convergence of the quadrature and
collocation method as was proven in Sections 1 and 2. Chandler and Graham give in [2]
that the optimal order of convergence in the uniform norm for the 'Nystrom’ interpolant
of the collocation method for (37) is 0.5, when piecewise constant trial functions on a
uniform grid are used.Theoretical estimates for the asymptotic order of convergence of
the L? error are not proven.
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Quadrature Method Collocation Method
6 =.50 6=.25

h e=.25 | ay | €=0.50 | ay €e=.25 | an | €e=0.50 | any

1/2 || .-2908E-0 .3037E-0 .2878E-0 .2378E-0
0.77 0.69 0.79 - ]0.82

1/4 | .1708E-0 .1884E-0 .1667E-0 .1346E-1
0.81 0.66 0.84 0.86

1/8 || .9760E-1 .1189E-0 .9323E-1 .7425E-1
0.82 0.63 0.86 0.88

1/12 | .7007E-1 .9200E-1 .6567E-1 .5202E-1

Table 2: Relative L? error and experimental convergence rate for Example 2
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