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Generalized Solutions to Conservation Laws
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Abstract: In this paper we study generalized solutions in the sense of Colombeau to the
Cauchy problem for hyperbolic conservation laws and their parabolic approximations. We obtain
existence and uniqueness results both in the scaler case and for systems. The relation of the
generalized solution to the classical solution, when the latter exists, is established. An application
of our results is to the p-system of gas dynamics with artificial viscosity. :
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1. Introduction

This article is devoted to the study of generalized solutions to hyperbolic conservation
laws in one space dimension A _
{u,+f(u)g=0 , forze R, t>0 (’1 1)
tt]ico = uo(z) forze R ' o
and.the corresponding parabolic approximation

{u‘z + f(u): = pu,; forze R, t>0 (1 ‘2)
que=o = uo(z) - forzre R At
with g > 0. We study both the scalar case, u : R =Rx [0,00) — IR, and the case
of a system u : R’ — IR". We are concerned with the construction of solutions in the
algebra G,(IR3) of generalized functions, a' modified version of the algebras introduced
by Colombeau {4, 5] to deal with the multiplication problem for distributions. We note
that G,(IR) contains the space of bounded dJst.nbutnons 'D’L..,(R), 8o that hlghly smgular
initial data can be considered in this setting.

This article is a continuation of the study in [2], where the Burgers equatlon was
investigated, i.e. f(u)= Ju?. It was observed there that (1.1) cannot have solutions with
equa.ht.y in G,(IR) in the shape of shock waves, but should be replaced by

Cfuct fw)e R0 B
{u|t_0 =wuo(z) - - - (13)

whei'é' denotes the assoc:a.txon relation on G,(R%). On the other hand "the Burgers
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equation with viscosity coefficient 4 > 0 was shown to have unique solutions in Go(IR%). It
was demonstrated that shock wave solutions to (1.1), with f(u) = Ju?, could be properly
modelled by means of generalized solutions to (1.2) with an infinitesimal generalized
coefficient u ~ 0. These solutions were seen to actually satisfy (1.3) and to behave (in the
sense of association) just as the weak entropic L®-solutions to (1.1), if the initial data
belonged to L*(IR). For a discussion of various aspects of this approach we refer to the
introduction of [2].

In this article we extend these results to problems (1.1) and (1.2) with general flux
function f, only required to be smooth and polynomially bounded, together with all
derivatives. Both in the case of a scalar equation and a system we show that there exists
a unique -generalized solution of (1.2) for arbitrary data in G,(IR) when f’ is globally
bounded. In the case of a system this remains true when f’ is globally bounded on an
invariant region for (1.2) which contains the initial data. For scalar equations, we’get
existence and uniqueness also for unbounded: f/, but a link between the growth of f’ and
the type of the initial data is required (this becomes only relevant when' the initial data
are singular; no restriction appears when ug € L®(R)).

Further, in the scalar case we show that when uy is a classical bounded function and
p = 0, the generalized solution to (1.2) is associated with the weak entropic L®-solution
to the conservation law (1.1). What concerns systems, our results can be applied, for
example, to the p-system of gas dynamics with artificial viscosity

{ Uy — Uz = Uz, U+ P(U)z = Uz (1 4)
(v, u)le=0 = (vo(z), uo()) ' ' o
with p(v) = kv, k>0, y> 1.

The plan of exposition is as follows. In Section 2 we recall the definitions from the
theory of generalized functions needed in the sequel and introduce some supplementary
notions. In Section 3 we state and prove the existence-uniqueness results in the scalar
case, and we study the associated distribution when the initial data are classical L°°-
functions. Section 4 contains the extension to systems.

2. Algebras of generalized functions .

In the seqﬁel, we let IR? = R x (0,00) and R2 = IR x [0,00). The algebra of smooth
functions on IR (resp. IR} ), all whose derivatives are bounded, will be denoted by C°(IR)
(resp. C°(IRY)). Further, we let :

C5°(IR) = {u € C¥(I2)| ulmx(ary € (IR x (0,T)) for all T > 0}.

We remark that each element of C{°(JR%) has a smooth extension up to {t = 0}, so that
CP(RY) = C°(IRY), similarly for Cge.

For simplicity, we introduce only the two algebras of generalized functions G,(IR?)
and G,(IR) which we are interested in; for the general definitions we refer to Biagioni (1:
Chapter 1], Colombeau ([4: Section 3.4] and [5: Chapter 1}) as well as [8: Sections 9 and
12]. We denote by £[IR?}] the set of all maps u: (0,00) x R% — IR such that

(z,t) — u(e, z,t) € C°(IRY) for all ¢> 0.
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Next, 5M,,[R+] comprises those elements u of £[IR? ] that, for all (a, ﬂ) € IN2 and T > 0
there is N € IN with

sup  |028u(e,z,t)| = O(c'N) as e — 0.
(z)ERX(0,T) .

Finally, Ng(IR}) is the subset of all u € £[IR?] such that, for all (a, B) € W’,q € IV and
T > 0, it holds

sup  |0%8Pu(e,z,t)| = O(cq) as € —.0.

(.)€Rx(0,T)

We note that Epr (R3] is a differential algebra, t,he opera.tlons deﬁned componentw1se at
fixed e, a.nd Ny(IR%) is a differential ideal.

Deﬁmtlon 2.1: The differential algebra g,(m ) is the factor a.lgebra, g,(lR+) =

Emo(IRL) [N (IRY).

The representatives of an element u € G,(IR%) will be denoted by the symbol {u.}.>0
or {u(z,t)} 0. The one-dimensional version G,(IR) is defined in complete analogy, based
on

&IR) = {u :(0,00) x IR — IR such that z —s u(e,z) € C§’°(R) for all € > 0}.

We have noted above that Cf°(IR%) = C°(IRZ). Accordingly, we can define the re-
striction of a generalized function to {t = 0} as follows. .

Definition 2.2: Given u € G,(IR%), its restriction u|i—o € gg(m) is defined as the
class of {u.(x,0)}.50, where {u(z,t)}.>0 is a representative of u.

Concerning nonlinear functions of elements of the algebra Gy(IR3), we introduce the
following notion.

Definition 2.3: A smooth function .f : R* — R" is called slowly increasing at
infinity, if for all @ € IN" there are N, € IN and C, > 0 such that | f(@)(u)| < C (l+|u|)N°
for all u € R The number Ny is ca.lled the order of f . .

If f is slowly increasing and u € (G,(/R%))" we can define f(u) € (Q,(HZ )" on
representatives. Thus all operations involved in systems (1. 1) or (1.2) have a well- deﬁned
meaning in the algebra G,(IR?), given ug € G,(R). e

We now specify an imbedding of D}« (RR) into G,(IR). Fix an element p € S(R), a
rapidly decreasing smooth function wnth ' )

/p:c)dx=1 and /x‘*p(;)d::o for all a € N (2.1)
and set p.(z) = ¢~ 'p(e7'z) for z € R and € > 0. The map

tp: w—+class of {w*p.}e>0 (2.2)

defines an imbedding of D} (IR) into G,(IR). It is obvious that «, commutes with deriva-
tion. Further, if w happens to belong to C{°(IR), it may itself serve as a representative
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for ¢,(w), as follows easily from (2.1) and Taylor expansion. Thus'¢, turns C°(IR) intoa

subalgebra of G,(IR).

Definition 2.4: An element u € G,(IR}) is said to be associated with a distribution
w € D’(R ) if for some (and hence every) representative {u.};50 of u it holds that
u, — win D'([R}) as ¢ — 0. We denote this by u = w.

This concept says the following: If u has an associated distribution w, then it be-
haves like w when regarded on the level of information of distribution theory (on which
approximations with the same weak limit are identified).

Definition 2.5: An element u € G,(IR) is called a generalized constant if it has a
representative {4, }.>o0 which is a constant for each ¢ > 0. In case g, is also bounded away
from zero, more precisely there is N € IV such that ¥ < u, < ¢V for all sufﬁmently
small € > 0, we shall call 4 a generalized positive number.

. If u is a generalized positive number, then so is 1/u. Clearly, all positive real numbers
are also generalized positive numbers. Further p is associated with zero, p =~ 0, if and
only if g — 0 as e — 0.

Definition 2.6: We say that u € G,([R%) is of y/Tog-type if it has a representative
{uc}eso0 such that, for every T > 0,

sup  |u.(z,t)| = O({/|loge|) as € — 0.
(z.)€Rx(0,T)

It is called of bounded type if

. sup - |uz,t)]=0(1) ase— 0.
(.)€ Rx(0,T)

A similar definition applies to elements of G,(IR). We note that if uo € L>(RR), then
- t,(up) is of bounded type. On the other hand, taking p as in (2. 1), the map (¢,z) —
\é log €| p(1/]log €| z) is of v/Tog-type and defines an element of G,(IR) associated with the
irac measure.
The motivation for Deﬁmtxon 2.6 is the vahdlty of the followmg result, which follows
immediately from the definitions.

Lemima 2.7: If f € C*(RR) is slowly increasing at infinity of order r, andu € g,(m’ )
is of /log-type, then exp f(u) € G,(IR2). More precisely,

sup _exp|f(u(z,1))| = O(1/e)

(z.t)eRx(0,T)

as e — 0 for each T > 0.
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3. The single quasilinear parabolic equation

This section is ‘devoted to problem (1.2)-in the scalar case. We assume throughout that
f € C*(IR). For the time being, 4 > 0 is considered a classical real number. We begin
by recalling a Gronwall-type inequality which will be frequently needed in the sequel (for
a proof, see (2, Lemma 2.2]).

Lemma 3.1: Let w be a nonnegative, continuous function on [0,00) and assume that

w(s)

\/Ts

for some contants a,b > 0 and every t 2 0. Then

w(t)<a+b/

w(t) < a(1 + 2bV't) exp(mb?t). “(3.1)

Néxt, we summ'arize the ciassicai résults concerning proBlcm (1.2) which we need:
Lemma 3.2: Given uo € C°(IR), problem (1.2) has a unique solution u € Cf" N
L*(IR}). Moreover,
lullzo(rzy < ||uo||1,°=(n) ‘ (3.2)

Proof: Estimate (3.2) is ‘just the maximum principle for classical solutions. The
existence of a solution can be inferred as follows. Let '

1
2/mut

be the fundamental solution of the heat operator. We rewrite(1.2). by means of Duhamel’s
principle as the integral equation ~

e 4t

E(z,t) =

wa0=Em*w—/E@ﬁf@»@J—Qa

[}

=%£ V’uo(z‘—‘wmy)dy."‘ 69
+ / \/:T / ve™ f (u(z — 2/isy, t - 9)) dyds

where the derivation with respect to z has been placed on the heat kernel by an integration
by parts. The operator. on the right-hand side of (3.3).is easily seen to determine a
contraction in a suitable ball in the space C([0,T%] : Cf,(IR)) for every k- € IV. and
sufficiently small Ty > 0, where C,(IR) denotes-the space of functions with bounded
and uniformly continuous. derivatives up to order k. Thus a local solution u exists.. It is
not difficult to see, say with k = 2, that this function u is a distribution solution to ( 1.2),
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from which the regularity of u; follows, so that uis also‘a classical solution. Now the
maximum principle (3.2) applies, giving an a priori estimate entailing that the existence
is global and producing a solution u € C([0,00) :. C{°(IR)). Its smoothness properties
with respect to t can be obtained by successively differentiating (1.2).

Finally, uniqueness follows by applying Lemma 3.1 in the situation of (3. 3) |

We now turn to generalized solutions to problem (1.2).

Theorem 3.3: Suppose that the function f is slowly increasing at iriﬁnity,~'|f’| is
bounded, and p > 0. Then for any given uo € G,(IR), there ezists a unique solulion
u € Gy(IR%) to problem (1.2).

Proof: We fix some representative uq, of ug, and consider the problem

{ua + f(Ue)r = ez

u¢|t=0 = ‘u°¢($) .

(3.4)

By Lemma 3.2, there is a unique solution u, € C{°(IR}) of this problem. Using the fact
that uo. € Epy[IR)], the inequality (3.2) immediately implies that there is Ny € IV such
that the solution u, satisfies

sup |u(z,t)| = O(e™™) as ¢ — 0. " (3.5)
(=t)ER}, .

Now we estimate u... Replacing u by u, and ug by uge in (3.3), differentiating with
respect to z and taking the supremum gives

"uct(" t)"L‘”(R)

t

C 1
< 00 masent ! 00 . o — exT " oo . .
< locellzmmy + = (e / s et lmim 69
Employing Lemma 3.1, this inequality implies

e, t)"L“;(R)

< Moclimea (14 221 om0 (s M) 31)

Since |f’| is bounded, (3.7) implies that, for any T' > 0, there is Ny € IV such that

sup  |ue(z,t)|=O0(e™) as e— 0. (3.8)
(z.t)eRx[0,T] ’ :

We can similarly prove that the same type of estimate is still valid for the higher derivatives
of u, with respect to z, noting that the highest order derivative of u always goes with
the factor f'(u.). Concerning the ¢-derivatives and the mixed ones, using the differential
equation (3.4) and by differentiation we can successively get a similar estimate. That is
to say that {u.}.>o belongs to £M,9[R ], its class in Gy (IR%) deﬁn&e a generahzed solutxon
to problem (1.2).
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To prove uniqueness, suppose that u;, u, € G,(IR2) are two solutions to problem
(1 2). Then there are N € N(IR}) and n € N(IR) such that

{ (uk - uh)‘ + f(ul‘): - f(uz‘)’ = /‘(ulc - u2¢)z:z: + Nc
(t1e — u2¢)|e=0 = nc(z)

(3.9)

with uy.,uz. being representatives of uy,us, and N,,n, defining N,n, respectively. It
follows that the difference (u;. — u2.)(z,t) equals

1 T a2 :
- - -9 d
‘/’7_!; ne(z - 2V/uty) dy

.t 00
+L// e'"’N,(z—?,/psy,t — 5)dyds
0 —oo

m

ol
+!ﬁ%
—f (u2(z — 2\/pisy, t — s))] dyds

[ v s - 2Bt - )

‘

which implies .

(w1 = w2 ) (s )llzeory < Inellzeo(ry + tl NellLoo(rxfo,1))

C .., 1
- = oo —— ¢« e\ oo d .
+ ISl / Tl = w2, 9)lmryds
Again using (3.1) it follows that
e = 420+ )iy

2C . =C? \
< (Indlamom + N smcntomy) (1 + 2207 m V) oxp (ZZurir)

which means that

sup  |(ure — uz)(z,t)] = O(M)  as e — 0 (3.10)
(z.t)e Rx[0,T] v

for any T'> 0 and M € IV since n € N(R), N GN(RQ) and |f'| is bounded.

For the derivatives of u;, — u;, with respect to ‘(z,t) we can similarly prove that 'the
same type of estimate as (3.10) is still valid by using the arguments of the ex1stence pa.rt
Hence, u, — u; € Ny(IR%) which completes our proof Il

Theorem 3.4:' Suppose that f is slowly increasing at mﬁmty'an'd f' is of order r.
Then for any given uo € g,(m) of Y/Tog type, there'is a umque solution u € g,(EZ ) of
Y/Tog-type to probIem (1.2).

‘Proof: Under the above assumtxons, we have that the representatlve g, of ug sa.tlsﬁes

||u0c||L°°(R) <C 2\/llog € . (3.11)
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with C >.0 being a constant. Using (3.2) it follows that the solution u. to (3.4) satisfies

lucllzeogmzy < C 3/ log €l (3.12)

which implies that
[ . ||f'(uc)||z,w(n2 < Ciy/|log | (3 13)

with C; > 0 being a constant. The mequaht.y (3.7) gives rise to the assertlon that the
solution to (3.4) still satisfies (3.8). For the higher derivatives of u, with respect to (z,t)
we can easily establish the same type of estimate by using the method of Theorem 3.3
and (3.13). That is to say that the class of {u.}c>0 € G4(IR%), which is of %/Tog-type, is
a solution of the problem (1.2).

Now we prove uniqueness. If u;, u; € g,(R ) are two solutions to problem (1.2) with
representatives uj, and uz, both being of %/Tog-type, then there are N € N,(R?%) and
n € N,(IR) such that

{ (ulc - u2¢)( + f(ulz)x - f(uh)z = /-‘(ulz - u2¢)z:z: + Nz

(u1e = uh)lc:o =n,(z)

where N, and n, are the defining sequences of N and n, respectively. Since u;, and us,
both are of 3/Tog-type, we know that, for a.ny T 20,

/f Oure(z,t) + (1 — O)uadlz, t)) dé| < Cry/llog €l

: '(z: ¢)enx[o T]

with C7 > 0 being a constant. Therefore, we can easily obtain that the class of {u;, —

U2 }e>0 belongs to the set Ng(R'i) by using the same method as in the uniqueness part
of Theorem 3.3 )

Formally setting r = oo in Theorem 3.4 we get the following stronger result for initial
data of bounded type.

Corollary 3.5: Suppose f is slowly increasing at infinity. Then for any given uo €
Gy(IR) of bounded type, there is a unique solution u € G,(IR3) of bounded type to problem

(1.2).

Proof: By a.ssumpt]on, ”"Dt”L‘”(R) < M for some M umformly ine > 0; by the
maximum principle (3.2), Juelis ‘majorized by M as well, so | f'(u.)| is uniformly bounded
independently of € > 0. The same arguments as above go through il

Remark 3.6: Concerning the generalized solutions constructed in Theorem3.3, The-
orem 3.4 and Corollary 3.5, we can immediately assert the folluwing consistency property:
If the initial data uo actually belong to Cs°(IR), then the generalized solution coincides
with the classical solution in G,(/R%). Indeed, as noted after (2 2), uo may itself serve as
a representative for ¢,(ug), so-the classical solution in C§° (IR%) is a representative for-the
generalized solution. The relation with the classical solution when uo € L*®(IR) will be
discussed below. ' o



Generalized Solutions to- Conservation Laws 15

We now-study problem (1.2) when u is allowed to be a generalized constant. In order
not to complicate matters we just give a typical result, corresponding to Corollary 3.5.

Theorem 3.7: Suppose that p is a generalized positive number such that 1/u is of
log-type. Let f be slowly increasing at infinity and let uo € Gy(IR) be of bounded type.
Then there isa umque solutxon u € Q,(R ) of bounded type to problem (1.2).

Proof: As in Corollary 3.5, we have that |f'(u.)| is bounded mdependently of e > 0.
The rest follows as in the previous theorems, noting that u,~! = O(log(1/¢)) in the
inequalities of type (3.7) B

We remark that the hypothesis requires u, to converge to zero rather slowly, if at

all. Various improved estimates can be obtained if f is homogeneous of degree p: Then
2-2p

the change of variable ve(z,t) = ue ™" u,(y/Hcz,t) reduces problem (1.2) to the case with
pe =1, thus the previous estimates apply, and the factor pl/(2=20) determines the type of
Ve.

We now undertake a comparison of the genera]ized solutions obtained so far with
classical solutions, when the latter exist. First some preparatory observations: Lax (7;
Section 5] introduced the following pseudo-norm, defined on locally integrable functions
g on IR, but possibly infinite:

|lgl. = sup
. z€R

j -9(€) d¢j,
3 ».

and showed that if u, and u, are two classical solutions to problem (1.2) with initial data
ug; and ug2, then [(u; — u2)(:,t)[. < 2|ug; — ugz|. for any ¢ > 0. We also note that if
|gele — 0 as € — 0, then g. — 0 in D’'(IR). Further, letting uo € L*(IR) and p, as'in
(2.1), (2.2), it holds that |uo — ug * pJl. — 0 as ¢ — 0. For proofs of these assertions
we refer to [2, Section 3). '

We now take initial data up €. L°(IR) and let 4 be a positive number or a generalized
positive number such that 1/u is of log-type. According to Corollary 3.5 or Theorem 3.7,
the problem

(et

tle=o = tp(uo)

has a unique solution u € G,(IR%) of bounded type ‘Let {g.}e>0 be a representative of u
and consider the problem -

{ Vg + f(vz):: = ﬂgvu:: (315)

Velt=0 = to(z). .

In order to avoid additional regularity cons:derat.lons, we just assume that o € CL(R 5 (IR).
According to the arguments sketched at the beginning of this section, problem (3.15) has
a unique classical solution v,. Finally, let {}.>0 be the representative of the generallzed
solution to problem (3.14) constructed i in Theorem 3.7 and tiie precedmg results, i.e. U
solves the problem
» { U + f(uc)z = Belezz | (316)
Uelt=o0 = U * Pc(z)'



16 M. Oberguggenberger and Y.-G. Wang

.Lemma 3.8: The difference u, — v, converges to zero in 'D’(IR ) as e — 0.

Proof: According to the observations above, supsq [(ve — u)(+ t)le < 2Juo — uo * pel.
tends to zero with €, and this entails the distributional convergence of u, — v, to zero i

Proposition 3.9: Let f be slowly {ncreasing at infinity, p a positive real number and
uo € C,(IR). Then the generalized solution u € G,(IR%) to problem (3.14) is associated
with the classical solution v to the problem

v+ f(v)r = WVzz, vlt=0 = UO(I).

"~ Proof: Since u is a classical real number, we may set y, = g in (3.15) and (3. 16)
Thus v, = v in (3.15), and the assertion follows immediately from Lemma 3.8 1

Propos:tnon 3.10: Let f be slowly increasing at infinity, p a generahzed posmve
number such that 1/u is of log-type, uo € C2, N L'(IR). If u = 0, then the generalized
solution u € G,(IR%) to problem (8.14) is associated with the weak entropic solution
w € L*(IR}) to the conservation law

Wy + f(w)z = 0) w|t1=0 = ‘U()(x)-'

Proof: With v, and u, as in (3.15) and (3.16), we have u, — v. — 0 in T'([R%). On
the other hand, the solutions v, are known to converge in L},.(IR%) to the weak entropic
solution w as . — 0 (see, e.g., DiPerna [6: Theorem 4.3]). Thus u, — w in D'(IR})
ase— 0,soux~wl

We point out that in the situation of -Proposition 3.10, the generalized solution u €
G,(IR3) is also a solution to problem (1.3), more precisely,

u, + f('u)_., ~ 0, ulizo = uo.

This follows from the fact that u is of bounded type'and u = 0, so pu, =~ 0.

4. Systems of conservation laws

We turn to the case where (1.2) is a system of equations, that is, u = (uy,...,u,) and
f = (fi,..., fa)- The constant u is taken the same in each component. The integral
equation (3.3) now turns into a system of integral equations, valid for each row with
u, ‘ug, f(u) replaced by u;, ug, fi(u) (: = 1,...,n). The existence of a local classical
solut.lon is established easily by the same arguments as in Section 3. However, as opposed
to the sca.la.r case, no maximum principle is available in general. Thus further ingredients
are needed to enable the extension of the local solution to a globa] one. We begin by
discussing a simple situation where an a priori estimate is nevertheless valid, namely
when |f'| is globally bounded. In this situation one can write

fw = [ f(oudo - u+ 5(0)
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and apply the Growall-type inequality of Lemma 3.1 to obtain an a priori estimate of t.he
form ,

lullze(rxio,ry < C (T, I lle(Rn))-
On the one hand, this implies global existence of a classical solution, as in the scalar case.

On the other hand concerning generalized solutions in G,(/R} ), Theorem 3.3 carries over
literally.

Proposition 4.1: Suppose thatf : R® — IR™ is slowly increasing at mﬁmty and
|f'| is bounded, u > 0." Then for any ug = (uoy,. - .,uom) € (G,(IR))", there is a uniqie
solution = (uy,...., un) € (G,(IEL))" to system (1.8).

. A more interesting situation arises when system (1. 2) admits an | invariant region on
which |f’| is bounded. A subset £ of R is called an invariant region for (1.2) if, given
any T > 0 and a classical solution u to (1.2) on IR x [0,T), uo(:t) € Xforallze R
implies u(z t) € £ for all (z,t) € R x (0,7).

Definition 4.2: Anelement u € (G,([R%))" is called of type £, if for any representative
{uc}i>o there is € > 0 so that u.(z,t) € £ for all z E R t>0, a.nd € < €. A similar
definition applies to Uo € (Gy(R))".

Theorem 4.3: Suppose thatf: R* — IR is slowly tncreasing at infinity, p > 0,
and system (1.2) admits a convez invariant region £ on which |f'| is bounded. Then for
any to = (Uo1, ..., Uon) € (G,(IR))" of type T, there is a unique solution u = (uy,...,u,) €
(Go(IR%))" of type L to system (1.2).

Proof: Fix some point z €. Thén we have for every u € T that

()l =

/f’(au +(1=0)z)do- (u—2) + f(2) , (4.1)

< sup £/ (MI(Jul + 2] + If(2)]-
nexr

Inserting this in'the system of integral equations (3.3), applying Lemma 3.1 and observing
that ¥ is an invariant region gives an a priori estimate. Consequently, classical solutions
exist globally, provided the initial data take values in . Uniqueness of classical solutions
with values'in £ is obtained by applying a similar argument to f(u) — f(&).

Next, let ug € (G,(IR))" and take a representative {ug}¢>0. According to the consider-
ation above', there corresponds a unique classical solution u, € C°(IR3 ) with u.(z,t) € ©
for all z € R, t > 0. Substituting u, in the place of u in (4.1) a.nd inserting this in the
integral equations, produces for every T > 0 the estimate ||u||pe(Rrx(0,r)) = O(e™V) for
some N € IN. The estimate on u.; follows from (3. 6) (3.7) .and the fact that u, € .
Higher order derivatives are estimated inductively as in Theorem 3.3. Uniqueness of so-
lutions in G,(IR2) of type’ % is proved along the same lines, noting t.hat. ou. + (1 - o)a,
belongs to E for 0 <o <1, ifu, and 4, belong toZ §

Remark 4.4: An extension of Theorem 4.3 to include the case where s is a generahzed
positive number such that 1/u is of log-type is similarly valid, provided T is an invariant
region for all u, defining the generalized constant u. We leave the details to the reader.
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Example 4.5 (The p-system of gas dynamics with artificial viscosity): This is system
(1.4) with p(v) = kv™", k > 0 and v > 1. According to Smoller [9, pp. 211 - 212] (see
also Chueh, Conley and Smoller [3]), an invariant region is given in terms of the Riemann
invariants

r(v,u) = u—21/ky(1 — ) w2 s(v,u) = u 4 2/ky(1 — )"t (-M/2
by £ = {(v,u) € R?* : r < ro,s > so}. Taking in particular ry = —so > 0,(v,u) €
implies that |u| < ro and v > ((4ky)™' (7 — 1)r0)¥~" — 0 as ry — oco. For fixed
6 > 0, X eventually contains the region [u| < 1/6,v > §. In addition,

Flv,u) = ( o) (1))

is clearly bounded on X for fixed ro. Therefore, if the initial data (vo, uo) € (G,(IR))? are
such that uo is of bounded type and vo has a representative satisfying vo, > 8 > 0 for
all ¢, then Theorem 4.3 applies and so there is a solution (v,u) € (G,(R2 ))?, which is of
corresponding type ¥ and unique with this property.
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