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Asymptotic Formulas for Small Sessile Drops 

E. Miersemann 

Abstract. We will prove asymptotic foriiulas for the wetted disk of a drop with small volume 
resting on a horizontal plane which is in a vertical gravity field. These formulas are general-
izations of results of Finn. There is a non-uniformity in the asymptotic behaviour depending 
on whether the boundary contact angle is near if or not. If the contact angle is different from 
ir we get a complete asymptotic expansion of the wetted disk in powers of the volume. These 
results are consequences of the strong non-linearity of the problem. 
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1. Introduction 

We consider a connected drop of liquid of volume V resting on a horizontal plane H 
in a vertical gravity field g directed downward H. We suppose the plane to be of 
homogeneous material so that the contact angle y will be a constant, 0 <	7r. 

Let S be the surface which defines the drop, N1j the unit normal on S directed 
toward and NS the unit normal on S directed into the fluid (see Fig.1.1). The surface 
S satisfies the following boundary value problem (see Finn [1] concerning the derivation 
of the equations and for historical remarks):	- 

2H=,cu+.)	on S	 (1.1) 
Ns Nfl = cos 7	on SflH.	 (1.2) 

Here H denotes the mean curvature of S, r. >.0 the capillary constant, )-some other 
constant (Lagrange multiplier) and u the height of S above H. 

The symmetry of S was proved by Serrin [8], provided S is a graph over H, and by 
Wente [9] without this restriction. Because of Wente's result, we may restrict attention 
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to axially symmetric drops (see Fig-1.1). 

Fig. 1.1 Sessile drop 

P.S. Laplace [ 5] gave a formal formula for the height of a large drop. No contribution 
to the analytical theory seems to have appeared prior to the paper [3] of Finn in 1980, 
in which upper and lower bounds for the height and for other quantities are given for 
small as well as for large drops. 

The further discussion is based on the following two results due to Finn [3, 41. 
Theorem 1.1. There is a unique symmetric sessile drop with prescribed volume V, 

which meets 11 in a prescribed constant contact angle 7, 0 <)' ir. The solution curve 
(r, u) can be parametrizied by the inclination angle ti', where r(0) increases strictly in 
', 0 < 0 < 7r/2, and decreases strictly in t ' when t > 7r/2 and u() increases strictly 

in 0. Moreover, r(7r) = 0,u(ir) = u 0 and a.,. = r(7r - 7) is strictly positive (see Fig. 
1.2).

a1 

Fig. 1.2 Inclination angle
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Theorem 1.2. Let R = r(7r/2) for -y ^! 7r/2 and R = r(ir - -y) for y < 7r/2. Then 
R = O(V' /3 ) as the volume V -, 0, uniformly in 7, 0 < o 7 

The first Theorem 1.1 shows that we can decompose S into two parts S+, S which 
are graphs over the plane H . Our proofs of the asymptotic formulas in the following 
sections are based on this decomposition. In the next sections we prove asymptotic 
formulas for (small) volumes V as R - 0. At this point we need the above Theorem 1.2 
of Finn which asserts that in fact R will be small for small V. This expansion implies 
expansions for R and for the radius a = r(ir - ) of the wetted disk. 

In particular, we are interested in asymptotic formulas of the type 
a = F(-y, V) + O(V) 

as V - 0. where F(, V) is an explicitly known expression and the remainder O(V), 
/3 > 0, is independent of the boundary contact angle , 0 < 10 15 7 ir. This property 
is caused by the strong non-linearity of the problem. Thus, we can use these formulas 
for measurements of the unknown boundary contact angle . 

We have shown such asymptotic formulas for the height rise of a fluid in a narrow 
capillary tube (see [61). The method and results in this note depend strongly on the 
paper [6]. An inspection of the proofs in ( 7) shows that the remainder in the asymptotic 
expansion of the rise height in a narrow wedge is independent of the boundary contact 
angle, too. 

In a later note we will make some asymptotic formulas more precise by calculation 
of the constants in the estimates for the remainder. 

In this paper we obtain for the radius a of the wetted disk the existence of a complete 
asymptotic expansion uniform in when is in an interval (7o,7l) where 0 < 7o < 
-y <ir:

a =	/3,(),1V21+1) + R+,	 (1.3) 

if V < V0 , where IR +i I < CVl(23), C = C(K,o,,,Vo). The constant /3() is 
given by

/3o (_ 
s. n	I 

sin 3OdO 

-1/3 

m 
\  

Near = ir we will prove that 

a
= (i-) 

1/3 
V"3 ( 

+ t2 + 2 ( 3 ) 2/3
V 2 /3 ) + R	(1.4) 

if t	sin -y <to and V < V0 , where IRI < C(V + V2/3 t + V 1/3 t 2 ), C = C(K, to, V0). 
These formulas are generalizations of results of Finn [3, 4] . He proved that, for fixed 
with 0 <7< ir,

a = flo(-y)V' t3 + o(V'13) 

and, if -y = 7r, then

a= (2N)1/2 . 2/3

('V2"3 +o(V2"3) 
 \4irj 

asV-40.
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2. Drops without an overhang 

In this section we assume that the contact angle satisfies the inequalities 

0<y<7r/2.	 (2.1) 

According to Theorem 1.1 there exists an Ii for each given V and because of (2.1) the 
surface S: z = u(x) is a graph over the supporting plane fl (see Figure 2.1). 

Fig. 2.1 Drop without overhang 

Thus we can write the boundary value probleiii (1.1) - (1.2) as
/ 

dzvTu = ktz +A	in BR 
v Tu = - sin y	on OBR 

where
Tu	Vu=

\/1+1Vu12 
BR = z E R2 x +X2 <R} and u is the outer normal at OBR . After the mapiiigs 

A	 ix 
U = v - - and v = Rw ( - K 

the above problems change to 

dzvTw = Bw	in B 1	 (2.2) 
v Tv) = - Silly	oil an1 .	 ( 2.3) 

Here B = KR2 is the Bond number and u is given by 

u = Rw () -
	 ( 2.4) 

provided w is a solution of the boundary value problem (2.2) - (2.3). 
There exists a complete asymptotic expansion of w in powers of B. More precisely, 

we have shown in [6] the following
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Lemma 2.1. For each non-negative integer n there exist n radially symmetric func-
tions 14'l(x,7) analytic in B 1 and bounded on the closed disk, such that 

n 
- 2sin7 

+>2T,bz(x,7)B' +O(B'') - B
l=0 

holds uniformly in B 1 and -y, 0 <y <ir/2, as B - 0. 

The crucial point here is that the remainder is uniformly bounded with respect to 7 
in 0 < :5 ir/2 despite the fact that IVwI becomes unbounded if -y - 7r/2. The reason 
for this behaviour is the strong non-linearity of the problem. The proof of Lemma 2.1 
is based on a maximum principle of Concus and Finn [1). The functions 01 can be 
calculated by using the formulas in [6]. In particular, one obtaines for 0 0 the upper 
hemisphere

o(x,)	2(1 -cos37) + --__/
	rsin2 

3sin	sin -y 

where r - /x? +X 2 
 From Theorem 1.2 we see that the asymptotic expansion in Lemma 2.1 makes sense 

for sufficiently small volume of the drop since R is then small and hence also B = ,cR2. 
Formula (2.4) and Lemma 2.1 imply 

2sin7 u(x,7,R)=	B +>tb:(x7)B'+O(B'+i)) - 

Since u(R, , R) = 0, we have 

n 
u(x,7,R)	(V"- 01(l, -y)) 'R 2 1+ 1 + O(R2'"3) 

1I=0 

From this expansion we obtain for the volume 

V 
= j u(x,7,R)dx 

the asymptotic expansion
n 

V =	c:(7)c'R21 + O(R2 ' 5 )	 (2.5) 
l=0 

uniformly in , 0 <	7r/2, as R - 0. The remainder depends on the capillary 
constant K. In particular, one has 

co(7)= 
7r  a fsin3 sin	0 d 

7
0
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and co(7r/2) =	c1(r/2) = —ir 
From (2.5) and an inverse function lemma for asymptotic expansions one obtaines 

the asymptotic expansion of R in powers of V 

R = + o (V2n+3))	 (2.6) 

uniformly in y. 0 <70 <7 7r/2. as V - 0, where, for example, 

co(7) /3	and	üi()	_c0(7)_2c1(7) 

3. Drops with an overhang 

In this section we are interested in asymptotic expansions analogous to those of the 
previous section, when the boundary contact angle satisfies

(3.1) 

The question as to what happens if - 7r/2 will be discussed in Subsection 3.3 (the 
other borderline case - ir is considered in Section 4). 

According to Theorem 1.1 the drop has an overhang if the boundary contact angle 
satisfies (3.1); the free surface S can then be decomposed into two graphs S+ and S 
over the supporting plane H. Let u and u be the graphs of 5+ and S, respectively. 
Then

	

divTn =	+'\	in jxj <R 
Tu+ = —1	on lxi = R 

and
—divTu=,u+A	in a<lxi<R 
v Tu = 1	on lxi = R 

zi . Tu =sin 7	on jxj =a. 
After the mapping

= 
Rw () -	 (3.2) 

we are led to the following boundary value problems where we again denote x/R by x: 

	

divTw = Bw	in lxi <1	 (3.3) 

	

Tw = —1	on lxi = 1	 (3.4) 

and

divTw = — Bw	in q < 1XI < 1	 (3.5) 
TwT	sin	on jxj = q	 (3.6) 

v . Tw1	on 1 x l =1.	 (3.7)
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Here B = icR2 is the Bond number and q is defined by q = aIR (see Fig.3.1). 

Fig. 3.1 Transformed drop 

We split the proof of the existence of the asymptotic expansion into seven steps: 
Step 1. There is an asymptotic expansion w+ w + O(B") of w as B - 0. 
Step 2. There is an approximate solution w; in the sense that 

divTw = —Bw + O(B")	in p < lxi < 1 
vTw=1	 on -lxi=1 
vTw=sin -y	 on 

for a given p,0<p< 1. 
Step S. Determine a p = q such that w = w; on lxi = 1. 
Step 4. Show that w = w; + O(B"') on qn - e < lxi < 1 for an e > 0 
Step 5. Prove that zi . Tw = zi . Tw; +O(B fl+) on qn - e <x <1 
Step 6. Asymptotic expansion q = qn + O(B"') of the wetted disk. 
Step 7. Asymptotic expansion of V in powers of B and, finally, expansions for a 

and I? iii powers of V". 

3.1 Asymptotic expansion of w. The following lemnia was shown in the paper [6] 
on the asymptotic expansion of the hight rise in a circular capillary tube. 

Lemma 3.1. The solution w of problem (5.8) - (5.4) satisfies 

w(x,B) = w(x,B) + O(B'') 
iTL lxi < 1 as B . 0, where

2 
w(zB) — - -: + ::,ii(r)B' 

1=0
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r = /r + .r. The function. /,,(r) are analytic in jxj < 1 and bounded on the cloqed 
region. 

In particular, one has 

o(r) = - + 1 - r 2	and	i(r) - - In (i +Vrl- r2) 

aiid, for the boundary behaviour of i.bj (1 > 1), 

sup I'i(i)l < 00 

sup ((1 - r)112IJ(r)I) 

SI	I' sup ((1 - 7 . ) 3/2 I, Cr) i ) <cc 

where the suprernurn is taken over 0 < r < 1 

Fig. 3.2 Approximate drop 

3.2 Approximate solution for w. In this subsection we will show that an approx-
imate solution to the boundary value problem (3.5) - (3.6) exists in the sense of the 
following definition. 

Definition. A function w; is said to be an approximate solution to w if w: E C 
Oil p < jxj < 1 for a given  in 0 <p < 1, and 

divTw = —flu': + O(B'') 
holds uniformly in x on p < lxi < 1 as B . 0, and 

urn v Tw; = 1 
II—i

Tw = Sifl)'	if lxi = p.
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By the same method as in [61 one obtains the existence of such an approximate so-
lution. The crucial point in this result is that the remainder O(B) remains bounded 
if r —* 1. The reason for this behaviour is the strong non-linearity of the boundary value 
problem (3.5) - (3.6). In contrast to Section 2 we have here an additional dependence on 
p. Therefore we have to pay attention to the limits —* 7r/2 and y 7r (see Subsection 
3.3 and Section 4). 

Lemma 3.2. For each t, 0 < t < 1, and for each non-negetive integer n there exist 
a positive constant 77 and n + 1 functions y(r,p.t), t sin-)', I = 0.1.....n, analytic 
in t — ij <r < 1 and bounded on the closed interval, such that 

C...i(p,t) w(r,p,t,B) = —	+ B
1=0 

defines an approximate solution to w, where 

C— 

j(p,t) — 2(1—pt) 
 1—p2 

Proof. Let
C

= +

1=0 

be an approximate solution. Then the functions 0 1 satisfy a recurrent system of bound-
ary value problems. This follows from the expansion 

	

(1	fyI 
r divTv 

= \ yi _+ V 12 

d(rt/(1 

	

= —	 2)_h/2 (i + 2g	1B'+	iB1)2)_u/2) 

	

dr	 1+2 

—( r4  
— y1 +2)

'
+ E(_1	)'	

(3.8) 
k=i	

+)3/2 Bk+


n 
+E (rfk(,... ))'Bk + (rJn+i(B,,...,)B"' 

k=2 

From this calculation we see that fk and fn+1 are bounded on p — i < r < 1, provided 
for I = 0,1,... ,n the inequalities

sup

	

<0O	 (3.9) (1 +012)1/2 

are satisfied, where the supremum is taken over r in p — tj < r < 1. Moreover, if we 
assume

sup
A11 WI 

L A'2\3/2 00 
"	vol
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then f and f,1 are also bounded. This follows from the formulas 

rv' 
divTv (Vi + V12) 

= v to + v2)/2 + rv"(1 + v'2)312 

VI	/	2q5 
= /i + 2 (' +	

0',B' +	B1)2) 
—1/2 

1+012 

rv' 
(1+ 2)3/2 (1 + 2

	, B' + (=, Bl)2) —3/2 
+ 1+2 

The expansion (3.8) and a similar expansion for vTv show that v defines an approximate 
solution to problem (3.5) - (3.7) if the functions 0 1 (1 = 0.1.... ,rm) satisfy (3.9) - (3.10), 

sup loll <00	 (3.12) 

and if 

are solutions of the following recurrent system (3.13) - (3.18) of boundary value prob-
lems:

rV 
(° 

i+ 2	
= —Cr	 (3.13) 

j 

on p < r < 1 with the boundary conditions 

	

= sin -y	and	urn	 = 1	(3.14) 

	

/i + W I (p)2	 r-1 /1 +	r)2 

rV 
11

 

(1+2)3/2) =r0 

on p < r < 1 with

p(p)=0	and	urn =0, 
r-. I (1+2)3/2 

and, for 2 < k <ri,
I	SI 

	

/	
rck	\ 

+	)3/2) + ( rfk) ' = Tk_I 

on p < r < 1 with the boundary conditions 

A(P) =	and	lim	 =0 
r-1 (1 + a'2)3/2

(3.11) 

/	
(3.15) 

(3.16) 

(3.17) 

(3.18)
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From the boundary value problem	(3.13) - (3.14) we conclude that 

=	
= 2(1 - t	sin y (3.19) 
'  —p 

and
1—p2 —(1 —r2 )(1 —pi) '(r,p,t) = (3.20) 1/2 

(r2(1 - p2 )2 —(1 - p2 — (1 - r2)(1 - 
pt))2) 

We define

p, t) = _f(sp,t)ds . (3:21) 

where	is given by (3.20). Then
po = ,3 + CO (3.22) 

with  

Co(p,t) 
= _	

fsco(sPt)ds. (3.23) 

This follows from	the boundary value problem (3.15) - (3.16). We continue this proce-
dure and obtain from (3.15) (3.15) - (3.16) 

= —r'(l + y)3/2
I s

vo(s , p.t)ds (3.24) 

Set

= _f(s,pi)ds. '(3.25) 

Then
=	i + C 1 (3.26) 

with

Ci(p,t) =	1 (3.27) 

For k > 2 we have the formulas 

V A, = —r(1 +	l2)3/2 (I' ds + (3.28) 

= _f7O'k(SPi)dS (3.29) 

=	+ Ck (3.30) 

Ck(p,t) = _i	I S l̂ k( S , P, t )ds. (3.31) -
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The functions f1k are analytic in their arguments, and 
fIk((0,(1,",1)0	 (3.32) 

if (m = 0 for at least one m 2 1 (see the expansion (3.8)). Let to, t 1 be fixed positive 
constants such that 0 < t0 <t1 < 1. We consider here all t with t 0 <t <t 1 . From the 
formula (3.20) one concludes that there exists a constant i = 77(t0,t1) > 0 such that, 
for p with I t - i1 < ,j and r from the interval t - q <r < 1, 

	

ci(1 - r)- 112 < ço(r,p,t) <c2 (1 - r)_h/2	 (333) 

	

:5 C 3 (1 - r)_3/2	 (3.34) 
with positive constants cj depending only on t i and t2 . Because of (3.33) the function 

is well defined by (3.21) and (see (3.21) - (3.23)) we have with a constant depending 
only on to and t1

kool <C. 
These and the following inequalities in this subsection hold on the interval t - j 

r < 1. From (3.34) and (3.33) we conclude 

II :5 c(1 - r) - ' 12 .	 (3.36)
For the second derivative we obtain from (3.24) - (3.26) the inequality 

<C(1 r)_3/2 

Equation (3.28) implies

(1+4)3/2 = 0(1 —r) 

as r - 1 since f remains bounded if r - 1. This last property follows from the formula 
(3.11) and from the inequalities (3.33) - (3.34) and (3.36) - (3.37). Then we obtain by 
induction for I = 1, . . . , n the inequalities 

p u	C	 (3.38) 
IPI	c(i - r)-' /2	 (3.39) 

< c(l - r)_3/2.	 (3.40) 
Consequently, according to our previous discussion, the function w; of Lemma 3.2 
defines an approximate solution if the boundary condition 

lim ii Tv	1	 (3.41) 
'Il-I 

holds. The proof follows from the expansion 

v•Tv 
= V1+4	(1 +2)3/2B +>.IfkB k +f+1 B	 (3.42) 

where the functions 1k, /n-f-I are bounded on the interval p - r < r < 1 and f are 
uniformly bounded with respect to B <B0 . Thus, there exists a subsequence r -^ 1 
such that fk( r,) - 1k . Set k = 1 in (3.42). Then 

0 = >fkfik + O(B) 

as B -+ 0. Hence lim_. 1 fk(r) = 0 for k = 2,... ,n. Then (3.42) implies that 
lilflr_i fn+i(r,B) = 0 holds. Induction over  completes the proof of equation (3.4 1) I
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We will need the next lemma for an estimate of w — w in Subsection 3.4. The 
first part is a direct consequence of the previous Lemma 3.2. 

Lemma 3.3. There exist positive constants r 0 , Co, c 1 such that on r0 < r < 1 

co(1 - r)_ h 1 2 < W,,,,.	CIO— r)_1/'2	 (3.43) 
co(l — r ) "2 <	< c 1 (1 — r) 2 .	 (344) 

Proof. The inequalities (3.43) follow from Lemma 3.2 in conjunction with the 
estimates (3.33), (3.36) and (3.38) - (3.40). We derive the second inequality as follows. 
From

( 
rw 

\Ji +(w)2J 

it follows
W. ( r )	= 

(1+BJsw—(ss) G(r). + (w(r))2	r 

Thus
G(r) w(r) = _______ 

1—G2(r) 

We have
1 —	= 2G'(1)(l - r) + o(1 — r)	 (3.45)

as r — 1, and from the definition of G(r) we will see that 

G'(l) = 1 + 0(B) (3.46) 

as B -4 0. Thus the inequalities hold. Concerning (3.46), we obtain from the definition 
of G that G(r) + rG'(r) = —Brw(r). This implies G'(l) = —1 — Bw(1). Since 
w(1) = w(1) and w(1) = —2/B + 0(1) as B —* 0 (see Lemma 3.1) we obtain 
formula (3.46) U 

3.3 Approximation of the wetted disk. Now we determine a p near t sin -y such 
that w+ = on lxi = 1. According to Lemma 3.1 and Lemma 3.2 p has to be a 
solution of the equation 

2	 C_i(p,t)	n 
 + B 

1=0	 1=0 

Because of the definition of C,(p, t) (compare Subsection 3.2) we have C, = p,(1, p, 
1 > 0. We recall that C_ 1 = 2(1 - pt)(1 — p2 )' . Set At = 1 (1) and 

f(p, t, B) =2p2 - 2pt 
-

(—(1 - P2 )At + (-1)'(1 - p2 )C,(p, t)) B''.	(3.47)



222	E. Miersemann 

Since f(t, t, 0) = 0, f(t, t, 0) = —2t and Ck(p, t) is in C' in a neighbourhood of p = t 
we have	 .

n+ 1 

p = p(t, B) t +	at(t)B' + 0(B'2) 

as a solution of (3.47). The properties of al (t) and of the remainder R(t, B) as t -+ 1 
listed in the following lemma follow after some calculations by using the formulas (3.20) 
- (3.31). 

Lemma 3.4. For any fixed constant to, 0 < to < 1, there exist constants a t(t) such 
that, for p = q(t, B) defined by

n-H 
qn = t +
	

a l (t)B' + R(t, B), 

the equation n = w; hold on lxi = 1 as B - 0, where 

a i (t) =	(1 - t2) (3.48) + (1 - i2)1/2)	 (348) 

a l (t) = 0(1 - t), 1 < I < n, and R(t, B) = 0 ((1 - t)B 2 ). The functions a t are 
independent of to. If

n+1 
P = Qn+i = t +

	
al(t)B', 

then w =w+0(B'). 
Concerning the behaviour if t - 1 we obtain from the formulas (3.19) - (3.32) after 

some calculations the following 
Lemma 3.5. For any given t0 , 0 < to < 1, there exists a B 0 such that for 77 = 

—2a 1 (t)B, 0 < B < B0 , where a 1 is defined by (3.48), the inequalities (3.83) - (3.40) 
and therefore (3.9) - (3.10) and (3.12) hold on the interval (t - p7(t), 1) uniformly in t, 
to <t < 1. 

One important consequence of this lemma is that for p = i the remainder 
0(B') in the definition of an approximate solution (see Subsection 3.2) is independent 
of t and therefore it remains bounded if t -4 1. 

3.4 Estimate of w - w;. On Ixl = 1 we have according to Lemma 3.1 
=	+ 0(B'") 

and (see Lemma 3.4)
w = w + 0(B'), 

when we choose p = q,, where qn is defied in Lemma 3.4. Combining these equations 
with w+ = w on lxi = 1, we find that 

	

;;- =w+0(B'')	 (3.49) 
holds on Ix  = 1. Let = (B), such that w(r,t,B) = Oat r = and w(r,t,B) >0 
if 4 < r < 1 . According to a result of Finn (see Theorem 1.1) there exists such a q> 0, 
even if t = 0. From (3.49) we obtain the following estimate, where m = max(q, t -
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Lemma 3.6. There ezists a constant r7 > 0 such that 

w(r, t, B) - w(r, Qn+i, t, B) < cB' 

for r E [in, 11 and 0 < B <B0 , B0 small enough, where Q+ = t +	t1 ' a,(t)B' (see
Lemma 3.4). 

Proof. We have djvTw = —Bw on (, 1) and from Lemma 3.2 divTw 
—Bw + O(B 1 ) on (t - ij. 1). Thus 

divTw - divTw = —B(w - w) + O(B'') 

on (in. 1), or
I	rw	 rw 

__________ -
	fir	

I = rF(r) ,	 ( 3.50) 
\/1+(w)2	J1+(w;,r)2) 

where F(r) —B(w - w;) + O(B''). We write (3.50) as 

	

(rp(r)z')' = rF(r)	 (3.51)
on (m, 1), where z = w - w and p(r) = (1 + ( 2)_312 with ( = w + €(Wn,r - 
0 <e < 1. From Lemma 3.3 we obtain 

p(r) = po(r)(1 - r)" 2 (3.52) 
where co < p0(r) < c 1 on in < r < 1 with positive constants co and c 1 . Integration of 
equation (3.51) and the boundary conditions on r = 1 yield 

—rp(r)z'(r) = J sF(s) ds	 (3.53)

on(m,1). Set

g(r) = fsF(s)ds. 

Then we conclude from the definition of F that 

Ig(r)I J (Bsw - w1 + O(B 1 )) ds < (B mar IzI + Q(fl')) (1 - r) 

where the maximum is taken over [m, 11. From (3.53) we have 

z'(r)	 g(r)
= ( 3.54)

and since r > t - r7 > 0 for a given sufficiently small i, we obtain from (3.52) 

Iz'I < c(1 - r)_12 (B max IzI + O(B'')) 

This inequality implies
iz(r)I 15 iz(1)I + cB max IzI + O(B). 

Since z(1) = O(B'') the assertion of Lemma 3.6 follows •



224	E. Miersemann 

3.5 Estimate of ii . Tw - z' . Tw;. By using the maximum estimate in the previous 
lemma we have 

Lemma 3.7. The estimate 

u . Tw  — iiTw = 0(B') 

holds uniformly on(rn, 1) as B -* 0. 
Proof. From divTw - divTw = —B(w - w) + O(B"') and Lemma 3.6 we 

see that u - Tw - v - Tw; = rO(B") on (m, 1). Since r is bounded from below, 
the lemma follows immediately. At this point we need a more careful consideration if 
t sin -y -+ 0 (see Section 4) I 

3.6 Asymptotic expansion of the wetted disk. We will conclude from the previous 
lemma that qn is an approximation of the radius q of the wetted disk up to 0(B'1) 

Theorem 3.1. The radius of the wetted disk is given by 

q = q(B) + 0(B'') 

where qn is defined in Lemma 3.4. 
Remark. According to this result, we have q = sin -y+ 0(B) for fixed y, 7r/2 < 

< it. If -y = it, then (see Section 4) q = ./B1/2 + 0(B). 

Proof of Theorem 3.1. We will split the proof into a series of lemmas. 
Lemma 3.8. Set

A(r) = (m'.Tw)(r,p,t,B) 
There exist positive constants Y1 , co and c 1 depending only on to, t 1 and B0 such that

co < A'(r) < c1 

holds on I - 77 <r < 1, uniformly in p and B, when I - t < 77 and 0 < B < B0. 
Proof. The proof follows from the properties of the functions p,(r, p, I). The crucial 

point here is the special non-linearity of the problem. Set 

V(r) =	(-1)'ço,(r,p,t)B'. 

Then
V'(r)	 ,	Vol 

A(r) =
	+ VI(r)2	

and	A (r) = (1 + V)3/2 

From the properties of ij and an expansion analogous to (3.11) we conclude that 

A'(r) =	(r,p,t)	
+ 0(13)

(1 +(r,p,t)2)3I2 

holds. The assertion of the lemma is then a consequence of the equation 	 )31! 

i-pt	AP-0 
r2(l-p2)



4(B) q(B)	q(B)	I	r 

W

1,t,B) 
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From  result of Finn (see Theorem 1.1), the function 

v-Tw-
	w(r.i,B) 

iv,- (r, t, B)2 

increases strictly in r	(B) < r < 1, where (v . Tw )() = 0 with a 4 > 0. Thus, we 
have (B)	q(B), where (v Tw)(q) = sin. More precisely, we have (B) < q(B)
since 7r/2 < -y < ir is assumed iii this section. 

Fig 3.3 Proof of Theorem 3.1 

Lemma 3.9. There exist positive constants 'i and B0 such that 

(B)	sin -y -	 (3.55)
for all B, 0 < B B0. 

Proof. We will prove this lemma by contradiction. Let 
(B) > sin .)' - 1/	 (356) 

for each ij. 0 < q iso, and for a sequence B = B - 0. Because of (3.56) the number 
(B) belongs to the interval fm, 11 where V(r) is defined (see Lemma 3.7). We recall 

that in = mnax((B). t - ii). Then Lemma 3.7 implies 
(Ii . Tw)(,q,t,B) = O(B")	 (3.57)

and from the mnonotonicity property (see Lemma 3.8) we obtain 
v Tw(,q,1,t,B) ^ ii. Tw(sin-y -	 (3.58)

We have
v•Tw (qn - T1qn tB) O(B''),	 (359) 

which is a consequence of (3.57) - (3.58) and of the inequality qn -	< sin -y — 7/. From
Lenuna 3.8, the mean value theorem and v - Tw;(q, q,t, B) = sin there follows 

v . Tw(q, +,q,t,B)= sin 7+O(e) .	 (3.60) 
Combining (3.59) - (3.60), we obtain sin 'y c(T/ + B"+ ' ) which contradicts the asswnp-
t.ion sin 7> 0 if r and B are small enough 0
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Thus, we have shown that the interval sill -y - i	r < 1 is a subset of [m, 1) for a
(small) 77 > 0 

Lemma 3.10. There exists a (small) positive constant ij such that 

sin —1	q(B)	 (3.61)

holds for any B , 0 < B < B0 
Proof. If not, then we have for each fixed t, 0 <ij <, i > 0 small enough, the 

inequality q(B) <sin y — i for a sequence B = B3 - 0. From Theorem 1. 1, Lemma 3.7 
and Lemma 3.8 we obtain with t sin -y the following sequence of inequalities: 

sin= v.Tw(q,t,B) 
<v . Tw (sin 7—,t,B) 

Tw,(simi y - t, q,,, t, B) + O(B'') 
<ii . Tw (q - 7/2, qn, t, B) + O(B"') 
< 

with a positive constant c. Since z.' • Tw;(q,q,t,B) = sin -Y, it follows q = O(B'') 
which is a contradiction because 71 > 0 is fixed U 

Expanding (ii . Tw;)(q + (q - q,)) , we get from Lemma 3.8, Lemma 3.7 and since 
q belongs to the admissible interval (see Lemma 3.10) that 

sin + p(q — qn) = (ii.Tw)(q,q,t,B) + O(B'') 
= sin 7+O(B"'), 

where co 5 p < c 1 with positive constants co and c 1 . Thus, we have q = qn + O(B') 
which proves Theorem 3.1.. 

3.7 Asymptotic expansion of the volume. From the asymptotic formulas for u+, 
u and q of the previous sections we derive an asymptotic formula for the volume of 
the drop. Then an inverse function lemma implies asymptotic expansions for R and for 
the radius a of the wetted disk in powers of V 1t3 as V - 0. For the volume V+ of the 
upper part of the drop defined by 

= {(x,z) E R 3 : x E BR, u(R) <z <u(z)} 

we get from Section 2 

V =—	+	() c 1 R23 + O(R25 )	(3.62) 
1=2 

as R —+ 0. For the volume of the lower part of the drop we have 

V = 2 / s(u(R, t, B) — u(s, t, B))ds + a(u(R,t, B) — u(a, t, B))
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or

V = 27rR3 f r (w(1,t,B) - w(r,t,B)) dr 

+ 7rq3 R3 (w(1,t, B) - w(q,t, B)) .	 (3.63)

According to Lemma 3.4 we have 

w(1, t, B) - w(r, t, B) = w(1, q, t, B) - W. (r, q, t, B) + O(B")	(3.64)

on t - r <r < 1, rj > 0 small enough, and from Theorem 3.1 

	

q = q(B) + O(B'"') ,	 (3.65)

where qn is defined in Lemma 3.4. From the formulas of Subsection 3.2 for w we obtain 

jr
/ 

V = 2R3 J (_ (-1)'B' J (s,qn ,t)ds + O(Bn+1 )) dr 
q	\ '=° 

+ q2 R3 J	(-1)(s, qn, t)B' ds ± O(B''). 
q l=0 

Integration by parts yields 

V = 7rR3
Ir

2 ((_1)1 (r qn, t)B' + O(B 1 )) dr. 
q 

From the above formulas (3.63) - (3.65) we obtain for fixed y in the interval 7r/2 < < ir, 
that

V = 7rR3 ((1 - sin  7)1/2 - (1 - S1fl2 7)3/2) 
n 

+ > c()iR23 + O(R2' 5 ) .	 (3.66) 
1=1 

Combining (3.66) with (3.62), we finally arrive at 

V = 7rR3 J sill  0 dO + >2 c,(7),'R213 + O(R2'45) 
1=1 

as R - 0. Then we obtain an expansion of R in powers of V 1/3 from an inverse function 
lemma for asymptotic expansions. Since the radius a of the wetted disk is given by 
a = Rq and q = Q1+i + O(B 2 ) where Q+ = t + al(t)B' and B = icR2 , we 
obtain an asymptotic formula for a (see formula (1.3)).
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4. Expansion near y = IT 

In this section we will sketch the case that the contact angle y is near ir. There is a 
non-uniformity in asymptotic behaviour as volume V -i 0, depending on whether or not 

= 7r. The proofs of the following lemmas require some elementary calculations which 
we omit. The main part of the proofs consists in a careful inspection of the formulas 
which define w; (r, qn, t, B) , where qn is given through (4.2). Moreover, we restrict 
our considerations to the leading term in the expansion and we let the question open 
whether or not there exists a complete expansion near y = 

After some calculation we obtain (for the definition of Al and C, (1 2 1) see Sub-
sections 3.2 and 3.3) that A0 = —2/3, Co(0,0) = 2/3, Co(p,t) = Co(0,0) + 0(1(1) as 
( -+ 0, C,(p,t) c if (I < Eo, where ( = (p,t). Thus we have for the function I 
defined through formula (3.47) of Subsection 3.3 the expression 

	

f(p,t,B) = 2p2 - 2pt	B + 0(B2 ) + 0(I(I) + 0(I(l)B. 

Since C,(p, t) and the remainder in the above formula for CO are continuous in their 
arguments, we conclude that

	

t	/t	2 
pqn = + \/+ B+0(t2 +B)	 (4.1) 

holds as t, B - 0 for the solution of f(p,t,B) = 0 near t = 0, B = 0 . For the next 
lemma we recall that w is defined on 11 and it is easily seen that w is defined on 
[qn, 1], where qn is given through (3.67) (for the definition of q compare Subsection 
3.4).

Lemma 4.1. Set m = max ( , qn) . Then 

max l w (r, t , B) - w(r,q,t,B)I <cB', 

where the maximum is taken over r e [m, 11. 
Proof. We obtain this lemma analogously to Lemma 3.6. The difference here is 

that we have now r 2 co(t + W I2 ) as a lower bound for r in the formula (3.55) of 
Subsection 3.4. Thus, we obtain (see Subsection 3.4) 

Iz'I <	'	 (B max Izi + 0(B'')) 
- 

which implies
max 1w(r, t, B) - w(r, qn, t, B) = 0(B'"2) 

We replace n by n + 1. Then 

	

= w + 0(B' 312 ) = w + (-1	B' + 0(B"3/2)
=w+0(B') 

which is the assertion of the lemma •
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Lemma 4.2. We have the formula 

(11 . Tw)(r,t,B) - (v Tw)(r,q,t,B) = O(B'') 

asB —*O. 

Proof. We argue analogously to the associated Lemma 3.7 where we here use the 
same lower bound for r as in the proof of the previous lemma. Thus, we obtain 

v Tw - v Tw, = O(B"2) 

on (m, 1) Replacing n by n + 1, we have 

v - Tw -	 = O(B'3"2). 

Then the lemma is a concequence of the formula 

v . Tw^ 1 = zi•Tw +O(B"') 

on (m, 1) which follows from the properties of Wn ,r and n+1,r near r = 1 and from the 
special non-linear structure of the boundary condition: 

ii TW I = (W—,r + (-1)'B"'con+i,r) 

(i + (w;,r + (_1)IB1n+I,r)2)/ 

= (W
 

, r + (1)''B"'n+i,r)(1 + (W,r)2)2 

>< 

(1 +

+ (Pn+ir)2B2h142) -1/2 
1 + (wn,r)2 

Thus the lemma is proved U 

From these two previous lemmas we obtain the following theorem by considerations 
analogous to those of Subsection 3.6. 

Theorem 4.1. The radius q of the wetted disk is given by 

q = q(t,B) = q + O(Bt2+) .	 (4.2) 

In particular, we have

t	it2	2 
q= 

Proof. For
A(r)	(LI .Tw)(r,q,t,B) 

where 0 < i to , 0 < B 110 and q/2 < r < 1 , we obtain after some calculation the 
same result as in Lemma 3.8 that there exist positive constants Co and c 1 such that 

co < A'(r) < C1.	 (4.3)
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Moreover we need the inequality

q. (t, B) <4(t, B)	 (4.4) 
if t < t 0 and B < B0 . For the proof let (t.B)	(t. B) — (0.0) for a sequence such
that (t, B) < q(t, B). Then, because of the strict inonotonicity of il Tw(q, t, B) 
with respect to q, we have

qn 0 = v . Tw.t,B) <v Tw (,t.B) = v Tw (qn — ,t,B) + 0(B'). 

From Lemma 4.2 and Lemma 4.4 we obtain 0 = t — pqn + 0(B) and finally the 
equation q = 0(t) + 0(B'') which is a contradiction to the definition of q. This 
means, we have in = j and uç, w are defined on the interval [, 1]. Then Lemma 4.2 
implies

(v Tw )(q, t, B) — (v . Tw )(q, qn, t, B) = 
We recall that q E [m. 1] since	q holds. It follows 

t — (ii Tw )(q ± (q — q). q , t, B) = 0( B'') 

where co < p < c 1 . with positive constants (see (4.3)). We filially arrive at q — 0(R l + I ) since (v . Tu;)(q,q.i.B) = t and the proof of Theorem 4.1 is completed I 
As in Subsection 3.7 we find for the volume of the lower part of the drop 

V =7rR3Jr2(r,qfl,t)dr+Q(R5) 

as R —* 0, which implies 

V = 7rR3 (_2 + 0(R)+ 0(t)) + 0(R5). 

Then the volume of the drop is given by 

V=irR+ OW) +0(tR). 
This implies that

1/3 

R = (-) 
v 113 (i + 0(t) + 0(V h/3)) (4.5) 

as V — 0. Combining (4.5) and (4.2), we obtain for the radius q of the wetted disk of 
the transformed drop

t	It	2f3\2'3  
V2/3+0(t2)+0(V2/3) 

as t, V — 0. We recall that t sin -y. Since the radius of the wetted disk of the drop is 
a = qR, we finally arrive at the asymptotic formula (1.4) for a. 
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