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On the Nakano Individual Convergence

R. Zaharopol

Abstract. We have recently defined the notion of individual convergence for a sequence of
positive elements of an Archimedean Riesz space E. In the note we complete.the-definition
(i-e., we define the individual convergence for sequences of not necessarily positive elements
of E), and we prove that our notion of individual convergence is a.natural extension of the
individual convergence as defined by Nakano: we will prove that if a sequence of elements of
E has an individual limit in the Nakano sense, then it converges individually with respect to
our definition. )
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1. Introduction

In [8]) we defined a notion of individual convergence of a sequence of positive elements
of an Archimedean Riesz space in order to extend the ergodic theorem of Hopf (3] (see
also Krengel’s book (4]):

Let E be an Archimedean Riesz space, and let (uy)nesnv be a sequence of (not
necessarily positive) elements of E. We say that (un)nen converges individually if both
sequences (u} ),epn and (u] )nemn converge individually.

In 1948 in his pioneering work [6], Nakano also defined a notion of individual con-
vergence for sequences of elements of a countably order complete Riesz space in order
to extend an ergodic theorem of Birkhoff [2). Our goal in this paper is to show that
our definition of individual convergence of a sequence of elements of an Archimedean
Riesz space is a natural extengion of Nakano’s notion of convergence of (6]. More pre-
cisely, we will extend Nakano’s individual convergence to sequences of elements of an
Archimedean Riesz space, and we will show that given an Archimedean Riesz space E
and a sequence (un)nenv of elements of E, then (4n)nesv converges individually in our
sense whenever it converges in Nakano’s sense.

Unless explicitly stated otherwise, the terminology used in this paper can be found
in the books of Aliprantis and Burkinshaw [1], Luxemburg and Zaanen [5), Schaefer [7),
and in our papers [8, 9].

In the next section we will recall several notions and results of [6] and [9] which
will be needed throughout the paper; thus, we will review the definitions of the Nakano
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individual convergence and the Nakano individual limit in the more general setting
of Archimedean Riesz spaces (rather than countably order complete Riesz spaces in
which Nakano originally stated his definitions). and we will describe briefly the notion
of individual convergence of (9], as well as the results which make our definition possible.
In Section 3 we will define the individual limit of a sequence (uy,)ne v of elements of an
Archimedean Riesz space, and we will show that if there exists an individual limit of
(Un)nem, then (un)nemw converges individually. Finally, in the last section (Section 4) we
will show that the individual limit as defined in Section 3 is nothing but a reformulation
of the definition of the Nakano individual limit, as stated in Section 2.

2. Preliminaries

Let E be an Archimedean Riesz space, and let E be the Dedekind completion of E.
Let (un)nemnv be a sequence of elements of E, and let u € E. We say that the sequence
(un)nevn N-converges individually to u (converges individually to u in the sense of
Nakano) if

limsup ((un A1)V e2) =liminf ((un Ac1)Vezr) =(uAcy) Ve

for every cy.c; € E, ¢; < ¢; (naturally, the limsup and the liminf are taken in E‘) If
a sequence (up)nep N-converges individually to u, we call u the sndividual N -limst of
(tn)nen. By Lemma 1.3 of Nakano (6] (note that although the lemma was stated for
countably order complete Riesz spaces, it is clearly true for elements of any Riesz space),
it follows that the individual N-limit of a sequence is unique whenever it exists. Using
Theorem 32.2 of (5], we obtain that if E is a countably order complete Riesz space, then
the individual N-convergence is exactly the individual convergence defined by Nakano
in [6]. '

Now let (u, )ne v be a sequence of elements of E such that u, > 0 for every n € IN.
Asin [9], let Boo((2n)nemv) be the largest band in E on which (#n)nem 1s unbounded.
Set (see [9]) :

BOS((un)neﬂV) =
u =0, or u # 0 and, for every v € E with 0 < v < ul, v # 0 there exist

= wGEwithOSva,zvaéOmda,ﬂERwith0<ﬂ<asuchthat

u€EE
(limsup(((u" — Bw)7) /\lw)> A (limsup(((u,. —aw)t)A w)) #0
n : n
and .

Bnos((un)nenv) =
u=0, oru#0and, foreveryve Ewith0<v<|u, v#0 )
there exists w € E with 0 < w < v, w # 0 such that

{ueE

v /
(limsup(((&,, - fBs)7)A .s)) A (]im sup(((up — as)t) A s)) =0

for every s€ Ewith0<s<wanda,f€ Rwith0< B <a

7
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By Proposition 2 of [9), Bos((un)nen) and Byos((un)neav) are projection bands in
E, and E is the order direct sum of Bos{(tn)nen) and BNnos((tn)nen). Asin 19}, let
Ba((un)nenv) be the projection band in E generated by Boo((%n)netv )UBos((tn)nen)-
We say (see [9]) that (un)nem.converges individually on E if B4((tn)nen) = 0.

As we mentioned in Introduction, if (u,)neav is a sequence of (not necessarily pos-
itive) elements of E, then we say that the sequence (up)nepv converges individually if
both sequences (u} Ynew and (u] )nev converge individually.

3. The Individual Limit of a Sequence

As in the previous section, we assume to be given an Archimedean Riesz space E and
its Dedekind completion E. Let (un)nen be a sequence of positive elements of E. We
say that (un)nepnv converges individually to zero if limsup,(u, Av) = 0 for every v € E,
v > 0 (lim sup,(u, Av) is evaluated in E, and it exists always since E is order complete).
Now let (4n)nemv be a sequence of (not necessarily positive) elements of E. We say that
(un)nem converges individually to zero if the sequences (u} )env and (u;; Jne v converge
individually to zero. Given a sequence (un)nesv of elements of E and u € E, we say that
(un)nemnN converges individually to u if the sequences (u} —u*),em and (u; —u ™ )penv
converge individually to zero. ‘

Proposition 1. Let (un)nemv be a sequence of elements of E, and let u € E. If the
sequence (un)nenv converges individually to u, then (un)nemv converges individually.

Proof. We have to prove that (u}),env and (u )nepv converge individually; that
is, we have to prove that Bs((u})nen) = 0 and Ba((u] )nenv) =0

Clearly, in order to show B4((u} )nenv) = 0, we have to prove that Boo((u} )new) =
0, and that Bos((u,, Jnen) = 0. Assume that Boo((u} )new) # 0. Taking into consider-
ation that Beo((un)nenv) is a band in E, we obtain that there exists v € Boo((u} nenv),
v > 0,v # 0. Let B(v) be the principal (projection) band in E generated by the
singleton {v}. Then, the sequence (u})nem is unbounded on B(v). By Lemma 3
of [9], the sequence ((u} — ut)*),emnv is also unbounded on B(v).” By Lemma 4
of [8], it follows that the sequence ((u} — u*)*)n>x is unbounded on B(v) for ev-
ery k € IN. We obtain that sup,>(((u} — u*)*) Av) = v for every k € IV;
hence, limsup,(((u} ~ u*)*) Av) = v # 0. We have obtained a contradiction since
((uf —u*t)*)nemv converges individually to zero. It follows that Boo((u} )nen) = 0.

Assume now that Bos((u})nenv) # 0, and let 0 # s € Bos((u})new)- Then there
exist w€ E,0<w< |s|,w # 0 and a,8 € R, 0 < < a such that

(tmsup(((u - )y ww)) A (tmsup(((u - aw)*) A w)) £0.

Using a consequence of the decomposition property in Riesz spaces (see [7: Corollary
on p. 53)), and taking into consideration that (un)neav converges individually to u, we
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obpain
0< (liénsup(((zt: - pw) ) ww)) A (limsup(((u - aw)*) A w)
< (lir_nnsup(((ﬂw —ut)t 4 (ut —uh)h) /\.w))
A (umnsup(((u: —ut)t 4 (ut - aw)t) A'w))
< ({msup(((B = ) )+ (0 =) Aw))
A (limnsup(((u': —ut) Aw) + ((uF — aw)t A w)))
= <(.(u+ - Bw)™ A w) + (limnsup((ui —.u+)_ A w)))
A v(((u'+ - a-w)f Aw) + (limnsup((uj —ut)t A w)) )

= (ut - Bw)” AwA (ut — aw)*
< (ut —ow)T AwA (ut — aw)t
= 0.

It follows that
(lim sup(((ut — fw) ™) A w)) A (lim sup(((ﬁ:.— aw)*t)A w)) =

that is, we have obtained a contradiction. Accordmgly BOS((u+)n€W) =0. We have
therefore proved that By(( +)nEW) =0.

Clearly, in order to prove 194((21,1 )nelN) =0, we have to prove that Beo((uy )nC—W) =
0 and Bos((un )nEW) =0.

Assume that Boo((u] )nenv) # 0. Then there exists v € Boo((u; Jnen), v 2 0,v #
0. Let B(v) be the principal (projection) band in E generated by the singleton {v}
Taking into consideration that (u Jnemv is unbounded on B(v), and using Lemma 3
of 9] and Lemma 4 of [8] ( (like in’ the proof of the fact that Boo((u} )nenw) = 0), we
obtain that sup,~.(((u; —u~)*) Av) = v for every k € IN. Thus, it follows that
lim sup,, (((u, — u- )*) Av) = v # 0; hence, we have obtained a contradiction.

Assume that Bos((u] )nenv) # 0. Then there exists s € Bos((u] Jnen), s # 0. We
obtain that there exist w € E, 0 < w < |s],w #0and a, 8 € R, 0 < 8 < a such that

(smsup(uz - s A w) A (imsup((u7 - aw)*) ) 0

It follows (by arguments similar to the ones used in order to prove that Bos((uf )nen) =
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0) that

05 (lmsup((az ) A ) ) & (Bimsp(((45 — an)*) )’
< (Bmsup(((Bw ~ u)* Aw) + (@ )" A )
 (tmsup(((uz —u)* Aw) + (” - aw)* A )
= (0 -y A+ (Bmsupiuz ) w))
A (((u- —aw)* Aw) + <limnsup((u.,_, —uT)t A w)) )

= ((Bw - u )" ) Aw A ((u™ — aw)*)
S (v~ —aw)")AwA ((u™ - aw)t)
= 0.

‘We have obtained a contradiction; accordingly, Bos((u; Jnen) =0 8

4. Individual convergence and N-convergence

As mentxoned in Introduction, our goal in this section is to discuss the relationships
among the various types of individual convergence described earlier. As always in this
note, E is a given Archimedean Riesz space, and E is the Dedekind completion of E.

Proposition 2. Let (un)nemv be a sequence of elements of E such’that u, > 0 for
every n € IN. Then, (un)nenv converges individually to zero if and only if (u,.),.ew
N -converges individually to zero. .

Proof. Assume first that .(u,.),.ew converges individually to zero. Let ¢y,cy € E be
such that ¢; < c;. The sequence (unAcr)nem is order bounded since —¢c; < upAc; < ¢4
for every n € IN; hence, lim sup,,(u,, A ¢1) exists in E. Let B(|c1]), B(c}), B(cy') be
the principal projection bands in E generated by the singletons {|c,|}, {cl b {eT ),
and let P, P, o P be the band projections associated with B(|c,|), B( (ch), B(cy),
respectively. Smce () <P e U’ < uy, for every n € IV, and since (u,.),.ew converges
individually to zero, it follows that

0 < limsup((P+un) Acf) < limsup(u, A ¢f) = 0.
n ! n .

Therefore, - .
lim sup((PcTu,,) Ach)=0. (2.1)
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Taking into consideration P,| = Pct + P~ and using (2.1), we obtain
limsup(up, Acy) = limﬂsup(P|Cl (un Acy))
= lim sup ((Pcl+ + P, )(un A(ef — c;))) |
= limnsup (Pcl+(u,, Aey —er)) + Pe-(un A (cf - cl_)))

= limsup (((Pcru,.) Ael) + (P (ua A (—cr))))

(lim Sup((Pc;fun) A CT)) -
= —Cl_.
It follows that

limsup ((un A cy) Vc2) = (limsup (un A c1))Vea=(—cy)Vez=(0Ac))Vey.

Note that u, A ¢y > —c; for every n € IN; hence, liminf,(u, A ¢1) > —cy . Taking into
consideration limsup,(un A ¢;) = —c], we obtain liminf,(u, A ¢;) = —cy .
Accordingly,

liminf ((un A c1) Ve2) = (liminf (un Ac1)) Vea = (—c])Ver = (0A 1) V.

It follows that (un)ne v N-converges individually to 0. Conversely, assume that (uy)ne
N-converges individually to zero. Then :

limsup (u, Av) = limsup((un Av)V0)=(0Av)VO =0

for every v € E, v > 0. Let.v € E, v > 0. Clearly, limsup,(un A v) = 0 whenever
v =0. If v # 0, then by [5: Theorem 32.6/p. 195] there exists w € E, v < w. Thus,
0 < limsup,(un Av) < limsup,(u, A w) = 0. We conclude that limsup,(u, A v) =0
for every v € E, v > 0. Accordingly, the sequence (un)nen converges individually to
zero : )

Lemma 3. Let (un)nem be a sequence of elements of E, and let u € E. Then
(un)newv as a sequence of elements of E converges individually to u if and only if
(Un)nemv, thought of as a sequence of elements of E, converges individually to u.

Proof. The proof is obvious in view of the definition of individual convergence to

a givep element, and in view of the fact that the Dedekind completion of E coincides
with E.

Lemma 4. Lemma § remains true if we replace the individual convergence by the
individual N -convergence.

Proof. Let (un)nenv be a sequence of elements of E, and let u € E. Clearly, if
(tn)nemv, thought of as a sequence of elements of E, N -converges individually to u,
then the same is true of (un)n,epv as a sequence of elements of E.
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Conversely, assume that (up)nen N- converges individually to u as a sequence of
elements of E. Thus,

limsup((un Ac1)Ve2) =liminf ((up Ac1)Ver) =(uAc1) Ve

for every c1,¢2 € E, c2 < ¢1. We have to prove that

limsup((un Az)Vy)=liminf((un Az)Vy)=(uAz)Vy

for every z,y € E, y < z. To this end, let z,y € E, y < z. Clearly.

sup{('u/\c,)Vch c,c2€FE, 1<, 22y, 2 Scl.}

< sup{(u/\cl)\/ql c,e2€E, ¢y Lr, 2% y}

(naturally, the suprema are taken in E). Now, let ry,r € E, r; < z and rp < y. Set
ry =71 Vre. Then r{ < z, so it follows

(uAm)Vry < (uAT))V T
Ssup{(u/\cl)chIcl,cz €FE, c;<z,¢c25y, ¢ Sc,}.
We conclude that
sup{(u/\c,)Vz:gI c,e2€E, i<z, 62 < y}
Ssup{(u/\cl)ch|c1,cQ€ E ¢, <z, <y, 2 Scl}.

Accordingly,

SUP{(U/\CI)V62|ClyC2€E, a <z, CzSy} '
(4.1)
=sup{(ul\c1)V62. ¢, 62 €E, <z, 25y, ¢ Scl}.
For every r;,r2 € E, ry > z and r; 2 y, it follows that
inf{(u/\d,)vdgl d,ds €E, dy >z, dy >y, dy < d,}

S(uAr)V(riArsg)
<(uAr)Vry.

Therefore,

‘ lnf{(‘u/\dl)\/dgl dy,d; € E, d|>.l' d; 2 vy, d2<d|}
<mf{(u/\d,)vd2\d.,d2e5 d >, d2>y}
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Since the converse inequality is obviously true, we obtain

inf {(uAdi)V | didy € B, i 20, dy 2y, dy <}
: (4.2)
=inf{(u/\d1)Vd2‘d],d2€E, dlzm, d22y}

Set

L(a,b) = liminf ((un, A a) V b) and L(a,b) = limsup((un Aa) Vb)
for every a,b € E, b < a. Then, using (4.1) and (4.2), we obtain

(u/\a:)Vy:sup{(u/\c;)'V02| c,2€E ¢, <z, ¢ Sy}
=SUP{(u/\c|)VC2‘ c,e2€E, 1<z, 25y, ¢ 561}

= SUP{L(Cl,Cz)I c,e2€E, 1<z, 2y, 2 < 01}
<liminf ((un A z) Vy)

< limsup ((un A z) Vy)

<inf {I(di,da)| di, s € B, di <z, dy <y, dy <}
=inf{(u/\d.)vd2| di,dy €E, dy <z, dy <y, dg < d,}
| =inf{(g/\d,)vd2| di,d; € E, di < 7, dy <y
=(uAz)Vy.
Thus the statement is proved &

The results discussed in this section enable us to show that the definition of the
individual convergence to a given element is just a reformulation of the definition of
individual N-convergence.

Theorem 5. Let (un)nemn be o sequence of elements of E, and let u € E. Then
(un)nemv converges individually to u if and only if (up)nesv N-converges individually to
u.

Proof. In view of Lemma 3 apgd Lemma 4, it is clear that we may assume E to be
an order complete Riesz space (that is, we may assume E coinciding with its Dedekind
completion E). The sequence (u,)nepn converges individually to u if and only if the
sequences

(e} =) new,  (uh =u") nem

(up =) )nenv,  ((ug =) )nen
converge indiviaually to zero. By Proposition 2, the four sequences (5.1) converge
individually to zero if and only if they N-converge individually to zero. By Theorem
1.4 of [6], the sequences (5.1) N-converge individually to zero if and only if (un)nemn

(5.1)
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N-converges individually to u. Indeed, if all the sequences (5.1) converge individually
to zero, then

(“:. —ut)pew = ((“: —ut)t - (u': - “+)_)n€lN

(up —u )nen = ((ug —u7)* = (ug —u7) Inenw

N-converge individually to zero. Therefore,
(wn)aenw = ((ug —u¥) = (47 —u7) + u)nen

N-converges individually to u. Conversely, if (un)nemn converges individually to u, then
(u})nen and (u; )nemw N-converge individually to u* and u~, respectively. Hence, the
sequences (5.1) N-converge individually to zero ®

Theorem 5 and Proposition 1 have the following obvious consequence.

Corollary 6. Let (un)nen be a sequence of elements of E, and let u € E. If
(un)nerv N-converges individually to u, then (un)nemnv converges individually.
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