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Abstract. We consider a Kreln space isometry whose defect subspaces are Hilbert spaces and 
we show that its minimal unitary Hilbert space extensions are related to one-step isometric 
Hilbert space extensions and Schur parameters. These unitary extensions give rise to moments 
and scattering matrices defined on a scale subspace. By means of these notions we solve the 
labeling problem for the contractive intertwining liftings in the commutant lifting theorem for 
Kreln space contractions. 
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Introduction 
Let V be an isometry in a Krein space 15 with domain 1) and range 91 such that the 
defect subspaces 'IL = 1) and D1 = 15 e 91 are Hubert subspaces of S. In this paper 
we describe the class U(V) of all minimal unitary Hubert space extensions of V. A pair 
(U, 55) consisting of a KreTn space $5 and a unitary operator U E L($5) is called a unitary 
Hubert space extension of V if S) is a regular subspace of $5 such that i) e 55 is a Hubert 
space, and U is an extension of V, and it 18 called minimal if $5 coincides with the closed 
linear span of all subspaces U"$5, n = 

The study of the set U(V) is carried out by means of a Schur type analysis. The 
approach leads to the set V(V) of all one-step isometric Hubert space extensions (V1, .) 
of. V. In Section 1 we show that there is a one-to-one correspondence between V(V) and 
the set of contractions in L(fl,R). Each (U,S5) E U(V) yields a sequence of continuous 
isometries {Vm} acting in nested KreTn spaces .,,, such that, for all m > 1, (Y., &) E 
V(Vm_j), V0 = V, and a sequence of contractions {7m}, with yi E L(9t,fl), the so called 
Schur parameters. The "degrees of freedom" in the construction of each (U,S5) E U(V) 
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are given by its Schur parameters, in the sense that the construction can be carried out 
step by step starting from a contraction E L(91, 9Y1) and choosing in the m-th step a 
contraction Ym In Section 2 we describe this stepwise construction and we show that the 
pair (U,) E U(V) is, up to isomorphisms, uniquely determined by its Schur parameters. 
A subspace 0 c J5 is called a scale subspace for V if it is regular and Z + 0 and 9 + 0 are 
dense subspaces of $5. In Section 3 we associate to each (U,$5) E U(V) the sequence of 
moments {PU")g} relative to the scale subspace 0, where P is the projection from $5 
onto 0. We describe a Schur type algorithm which determines if a sequence of operators 
on a scale subspace 0 is the sequence of moments relative to Q3 of a pair (U,$5) E U(V). 
In Section 4 the notion of a scattering matrix with scale subspace is extended to the KreYn 
space situation. A model due to D.Z. Arov and I.Z. Grossman ([51 , [6]) for the Hubert 
space setting is generalized to the Krein space case. Finally, in Section 5, the methods 
discussed in the paper are applied to the study of the contractive intertwining liftings in 
the commutant lifting theorem for Krein space contractions. The data in the commutant 
lifting theorem determine a Krein space isometry V with the adequate properties such 
that there is a one-to-one correspondence between U(V) and the set of all contractive 
intertwining liftings. 

In the Hilbert space case these methods were developed by R. Arocena ([2], 
[3)) in connection with a lifting problem for a class of translation invariant forms (see 
also [4]). For a detailed account on commutant lifting theorems in Hubert spaces we refer 
to [141. 

Familiarity with operator theory on Krein spaces is assumed. We refer the reader to 
[l),[7),[8],[13] and [15] for more details about indefinite inner product spaces and to [13) 
for the Krein space extensions of the Hilbert space notions of defect operators, minimal 
isometric dilations and minimal unitary dilations. We refer to [12) for various preliminary 
results. 

In the sequel the standard Hubert space notation is reserved for Krein spaces and 
operators on them. So all notions are to be taken in their Krein space versions, unless 
otherwise mentioned. We use the following notations: / and C stand for the set of all 
integers and for the set of all complex numbers, respectively, while N = (0, 1, 2, . . . }, and 
D = {z E C I JzJ < 1). If S5 are linear subspaces of a Krein space $5, ) € A, their linear 
span is indicated by l.s. {$5 I ) € A}. The symbol c.l.s. denotes closed linear span. 

We recall that a weak isomorphism from a Krein space $5 into a Krein space . is a 
densely defined linear mapping from $5 onto a dense subspace of . that preserves the 
scalar products. A weak isomorphism does not necessarily have a continuous extension 
to all of $5. We will however frequently use the fact that an isometric linear mapping, 
densely defined in a closed subspace D of a Krein space $5 with values in a Krein space 

can be extended by continuity to all of D if either the orthogonal complement of its 
domain or the orthogonal complement of its range is a Hubert space. 

A Krein space colligation is a quadrupled = {$5, , ; T, F, G, H), where J5,,3, ® are 
Krein spaces and the operator matrix 

(T	
*	)

 F):
	

($5'\ 
G H)  

called the connecting operator, belongs to L($5 ED 3, $5	). A colligation is said to be
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unitary if the connecting operator is unitary. The characteristic function of LI is the 
L(,3, 0)-valued holomorphic function &4 (z) = H + zG(I - zT)F defined for those 
z E C for which (I - zT)' E L($5). Two colligations LI = {55,,;T,F,G,H} and 
LI' = {$5',,;T',F',G',H'} are said to be weakly isomorphic if H = H' and if there 
exists a weak isomorphism Vo from 55 to 55' such that 

(y OT F'\(T' F"\( 0 0 
o !)

(
G H)G' H') 0 I 

on domo ED J. If Wo can be extended by continuity to a unitary operator from 55 onto 
5)', then LI and LI' are called isomorphic. 

1 One-step isometric Hubert space extensions 
We assume that V is a continuous isometric operator acting in a Krein space 5) whose do-
main D and range 91 are regular subspaces of $5 and that the defect subspaces 91 = S59 
and 931 = $5 e 91 of V are Hubert subspaces of 55. In this section we label all one-step 
isometric Hilbert space extensions of V in terms of contractions from the Hubert space 
91 into the Hilbert space 971. 

A pair (V1 , . 1 ) is called a one-step isometric Hubert space extension of the isometry 
Vif

(a) A, is a KreTn space which contains $5 as regular subspace such that . e 55 is a 
Hilbert space, 

(b) V1 is a continuous isometric operator in . with dom V1 = $5 such that V C V1, 

(c) .i = c.l.s. (55, ran V1 }. 

We denote by 911 =	e dom V1 and 931 =	e ran V1 the defect spaces of the isom-
etry V1 . Then 91	e $5, 91 and 0 are Hilbert spaces, and V1 91 1 91, so that
V1 91c (.1e 5)) ED 931. Hence 

it (1.1) PIA Vi=P'ViIsy. 

The condition (c) is a minimality condition. Obviously, we have 

l.s. (55, ran V1 } = Ls. (55, Vt), V1 01} = l.s. {5), V91} 

and

l.s.{fj,ranVi } =l.s.(971,91,ran V1 } = l.s.{931,ranVi} 

Therefore 

(1.2) A, = c.l.s. (55, V1 91} = c.l.s. (9)1, ran V1}.
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The class of all one-step isometric Hubert space extensions of V is denoted by V(V). 
With each ( V1 , . 1 ) E V(V) we associate an operator E L(91,9)1) defined by 

-fly p1jy=p11y, yE9l, 

where the equality is due to (1.1). For all y E 91, 

= (P'VIy,P'VlOx, 

(VI y,Vi y), - (P 'e V1 y , P. 'e,VIy)Ri '!5 (y,y),, 

since V1 is an isometry and A, e 1) is a Hubert space. This shows that	E L(91, 931) is
a contraction, and we have 

PA, V1 = P' V (P + P) = VP + 'yP. 

There is a connection between the defect spaces 91 and 9X I of V1 and the defect spaces 
of	We recall (see [17] and alsoJ13}) that by a defect operator for the contraction 
Yi we mean an operator D,, e	, 91), where D, is a Hilbert space, called a de-

fect space, such that D,, has zero kernel, or equivalently, ran is dense in s,,, and 
I - '7ii = L). , D,. We denote by D,, E L(D. 1 ,9)1) a defect operator for the contraction 
-t,* E L(9.R, 91). These defect operators are unique up to isomorphisms. 

Proposition 1.1 Let (Vi ,. i ) belong to V, (V) and let-'y1 E L(91,9)1) be the corresponding 
contraction. The defect spaces of the isometry V1 are given by 

(6) 9Jl = (I - V'yfl931. 

Let D.,,, € L(D.n , 91) and D, 1 € L(),, ,931) be defect operators for y and 'yr, respectively. 
Then the mappings 

(c) ( Vi —'yi)y_+ö;y, yE91, 

(d)(I—V1')x-D;,x, XE931, 

can be extended by continuity to unitary operators from 91 onto D,, and from 9X I onto 
v,,, respectively. In particular, 91 i = {O} if and only If -y-y, = I, and 9%, = {O} if and 
only if 7 1 -11 = I 

Proof. By (1.2), (a) follows from 

To prove (b) we observe that 

((I - V1 7)9fl, VI D) A, = (9)1,91) - (Vt -y9)t, VI ) R1 = { O}, 

since 931 and 91 are orthogonal to 91 and V, respectively. Also, on account of (a), 

((I - V1'11')9)l , VI91)R, = OR, ( VI --y)91) = {O}.
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These equalities show that (1 - V1 )9Jl is contained in (ran V1 ) 1 = A. To see that it is 
dense in 931 k we let z E 931 k be orthogonal to (1 - V1 7)9)t. Then, for all x E 971, 

( X , Z ) = ( ( I - VI71* )x , z ) Ri = 0, 

that is, z is orthogonal to 931, which by (1.2) implies that z = 0. Hence (b) holds. It 
is easily verified that the mappings in (c) and (d) are isometric. By (a) and (b), these 
mappings are weak isomorphisms, and, since all spaces involved are Hilbert spaces, they 
can actually be extended by continuity to unitary operators. This completes the proof of 
the proposition. 0 

The following result shows that each contraction in L(91, 9R) can be obtained in the 
way described above. We say that (V1 , . 1 ), (V11,) E V(V) are isomorphic if there exists 
a unitary operator p : A, - . such that	= 1 and çoVi = Vço. 

Theorem 1.2 The formula 

(Vi ,. 1 )EV(V)i—+yi =PV1k1EL(9l,9Jl) 

establishes, up to isomorphisms, a one-to-one correspondence between V(V) 
and-the set of all contractions in L(91,931). The inverse is given by 71 s— (Vi,.i).with 

Vih=(	D;1P.h	hE$5, 
1 VPh+-,Ph)' 

where D. E L(,, ,91) is the defect operator for the contraction - E L(91, 931). As to the 
defect subspaces of V1 we have 91 = D and 9X I is isomorphic to the defect space Z, of 

. In fact, 

931i = {{x,u} E 9)lV,, I -yx + 5,1 u = 0), 

and the mapping 

X, U) E 9Jl	D,x - 71u E s,,, 

where D., 1 E L(D,, ,931) is the defect operator for	is unitary. 

Proof. If (V1 , .i) is a one-step isometric Hilbert space extension of V, we have shown 
before that the operator y j is a contraction. Suppose that (V1,.1),(V1,.) E V(V) are 
such that y' = P V1 and -y,' = P' V1' I gi are equal. Since V1 and V are isometric 
operators and 7i = 

(h + V, y, h + VI y)R, = ( h + V11y, h + V11y) . , h E $5, y E 91. 

It follows from (1.2) and the corresponding version for (V11,.) that the mapping 

o(h+Vi y)=h+V11y, heSj, yE91, 

is a well defined weak isomorphism from A, into X. Since $5 g dom 0 and A, e $5 is a 
Hilbert space, V =	is a unitary operator, and (V1 , . 1 ), (V11 ,.) are isomorphic under
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If -fl E L(91,9J1) is a contraction then the pair (V1 ,. 1 ) defined in the statement is 

an isometric extension of V and it is minimal since the defect operator has zero kernel. 

Moreover, Yi = P V1 Im. Hence the second assertion holds. Clearly, 9l and the 

defining formula for V1 implies that 9X I coincides with the kernel of the operator 

That 9)7 and £ are isomorphic follows from the fact that the operator 

/11 D,\ (fl'\	(9)1" 
1\D 

 
\ 

is unitary (see [17]). This completes the proof. 0 

2 Schur parameters 
As in Section 1 we assume that V is a continuous isometric operator acting in a KreTn 

space $5 such that Z) = dom V and fl = ran V are regular subspaces .of $5 and the defect 
subspaces 91 = $5 e ) and 9R = $5 e 91 are Hilbert subspaces of 55. We recall that a pair 

(U,55) is said to be a unitary Hubert space extension of V if $5 is a Krein space which 
contains $5 as regular subspace such that $5 e $5 is a Hilbert space, and U E L(55) is a 
unitary operator such that V C U. The symbol U(V) denotes the family of all mini-
mal unitary Hilbert space extensions of V, that is, the unitary Hubert space extensions 

(U,$5) of Vforwhich $5 c.l.s.{U'55 I n E 7) (minimality property). We say that 

(U, $5), (U', $5') E U(V) are isomorphic if there exists a unitary operator W : $5 - 55' such 
that 4 = I and cpU = U'çø. 

Let (U,$5) belong to U(V) and set, form E N, 

= C.I.S. {U'55 10 < n <m}. 

Then JA, } is a sequence of nested Krein spaces between $5 and $5: 

Since $5 e $5 is a Hilbert space, it follows that, for all m 2 1, .	e	_i is a Hilbert
space. Set

V=V. 

For m 2 1, an operator Vm acting in. is defined by setting 

domVm irn-I, Vm = U_1. 
It turns out that, for all in 2 1, Vm is an isometric extension of Vm_i to all of	such
that

= c.l.s. {., i ,ran Vm) = c.l.s. {$5, ran V1 ,. . ,ran Vm}.
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The above discussion shows that a sequence {(Vm,fl.,n)} can be associated to each 
(U,55) € U(V) in such a way that, for all m	1, (Vm,) belongs to V(Vm_i). 

Form € N, let ¶YL, and 931m denote the defect spaces of Vm. That is, 910 
9Jlo = 931, and, form > 1,91m = J	9Jlm = A, e U&1 . Clearly, 'YL and 931,. 
are Hubert spaces, and Vm91._ i J Vm_ i ._ 2 , so that 

Vm91m1 

Define 7m E L(91m. 1 ,931m_ i ) by 

i'm PA-_2 Vm 91m-i = PA'" Vm I'31m-, m 21, 

where the equality is due to the above inclusion. Then, for all m 2 1 and y E 

(7m y ,7mY).m = (PjVmy,PA"',Vmy) 

= (Vmy, Vmy), - ( frOR, VmY, ::eRm, Vmy)p. 

Since Vm is an isometry and . e	is a Hubert space, i'm is a contraction. Further-
more,

DAm If	II	DAmi 
I Am Vm - Vm_l	+ 

The defect spaces 91,,. and 9J1m of Vm, m 2 1, satisfy 

(2.1) 91,,. = .,,.	= (Vm i'm)91m-i, Ti. = (I_ Vm7)9Jlm_i. 

We adopt the same terminology as in [2) and we say that {i'm} is the sequence of Schur 
parameters of (U,55) E U(V). 

Now we consider the converse process. Let -Y t € L(91, 931) be a contraction. According 
to Theorem 1.2, a one-step isometric Hilbert space extension ( V1 , . 1 ) of V is uniquely 
determined by -y, up to isomorphisms. Denote by 91 and T1 1 the defect subspaces of 
V1 and choose a contraction '12 € L(91 1 ,931 1 ). Another application of Theorem 1.2 leads 
to a one-step isometric Hilbert space extension ( V2 , . 2 ) of V. We proceed inductively: 
assume that, for some m 2 1, (V,,,, F1,) € V(Vm_ i ) is defined. Let ¶fl,,. and 931,,, be the 
defect subspaces of Vm. Choose a contraction i'm+i € L(91,,.,93L). Then there exists a 
one-step isometric Hubert space extension (Vm+i,.,n+i) of Vm. In this way a repeated 
application of Theorem 1.2 leads to a sequence of contractions {'ym} . The main result of 
this section is contained in the following theorem. 

Theorem 2.1 For any choice of contractions {-f.) there exists, up to isomorphisms, a 
unique pair (U,) € U(V) whose Schur parameters are 

Before proving Theorem 2.1, we consider some special cases of sequences {'ym}. It is 
straightforward to show that VP-" is a bicontractive isometric operator on b. Therefore 
its minimal unitary dilation (Uv,$5v) is unique, up to isomorphisms, and hence can be 
identified with the canonical one (see [12)). Clearly, (Uv,5v) belongs to U(V).
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Proposition 2.2 The minimal unitary dilation (UV , f v) of VP is, up to isomorphisms, 
the unique element in U(V) whose Schur parameters are equal to zero. 

Proof. The Krein space 5v is given by 

Ob ED
( 010 

and the operator UV is of the form 

•••OJO 0 000... 
0 0 t 0 0	0 UV
0 0 0 P 0 0	0 

•••000 0 100... 
•••000 0 010...

where to is the inclusion mapping from 9)1 into 5. Note that, for all m E N, 

= c.l.s. {U	tO < n <m} =	(i) 

91m+i( Uv) = .m+ i (Uv) e fl.m(Uv) = 

and

9)1.+1 WO = fl.m+i(Uv) e Uvfl.,,,(Uv) = 9)lm(U). 

Hence we have that, for all m> 1, 
PA- (UV)

sJ,,,.,(Uv)UvI!1L_I(Uv) = pm)Um I = 0. 

This completes the proof. 0 

The pair (Uv,v) is, up to isomorphisms, the unique element in U(V) if either 
91 = {0} or 9)1 = {0}. If, for some m > 1 either 91,,,- = {0} or = {0}, then, by 
Proposition 1.1, either Y,,,7m = I or 7m7,, = I, respectively. In both cases the element 
(U,$) in U(V) that is obtained by means of the step by step construction is isomorphic 
to the canonical minimal unitary dilation of V,- , Pt-'. Its first m Schur parameters are 
{71,1'2," ,7m), and, for all n m, -y,, = 0. By Theorem 1.2, any other pair in U(V) 
with the same Schur parameters is isomorphic to (U,5) and, in this sense, (U,) is the 
unique element in U(V) with this (finite) sequence of Schur parameters. For m = 1 the 
above discussion is summarized in the following result. 

Proposition 2.3 Let -y' E L(91,9.J1) be a contraction such that either	= I or
= I. Then there exists, up to isomorphisms, a unique element (U,f) in U(V) 

with first Schur parameter equal to	and such that, for all n 2, y = 0. 
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The proof of Theorem 2.1 will be given in the following series of lemmas. Assume that 
a sequence of pairs {(Vm,..,,)} is defined, starting from the contraction y' E L(91,93t). 
Each Vm is a one-step isometric Hubert space extension of Vm_i to all of 

which acts in .,,, =	91,,. and satisfies 

= c.l.s.	ran Vm) = c.l.s. {5), ran V1 , -,ran V,'}. 

Moreover, each Vm was obtained from Vm_ i via a contraction 7m E L(91m_ i ,9)1m_i) in 
such a way that 'y,,.	P j Vm I i ,,,_ i , and 91m, 91m are isomorphic to the defect spaces 

respectively. Consider the Krein space 

55 ED (91). 

The following result is an immediate consequence of the construction. 

Lemma 2.4 We have A = c.l.s. {.,,. I m E N} 

From Lemma 2.4 it is easily shown that a densely defined isometry Wo in the Krein 
space A is obtained by setting 

(2.2) WOIm = Vm+ i , rn E N.	 - 

Since Ij C dom Wo and	is a Hilbert space, it follows that W0 is continuous. Therefore 
W = W is a continuous isometry defined on all of .Q 

Lemma 2.5 W E L(.) is an isometric extension of V, it is a bicontraction and 

= c.l.s. {$5, ran W}. 

Proof. Since 91 C ran V1 g ran W and A e 91 is a Hilbert space, we have that A e ran W 
is a Hilbert space. For all k E ., 

(Wk,Wk)R = (WWk,k) R = (P,k,k) ra 

= (k,k) R - (P ri,j,wk,P;erpj,wk> R < (k, k). 

This shows that W is a contraction. Since 

ft,,1=c.l.s.{5, ran V,,IO<n<m}, mEN, 

Lemma 2.4 implies that 

= c.l.s. {, ran V,. I n E N) = c.l.s. {, ran W}. 

This completes the proof. 0
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Since dom W = ., the minimal unitary Hubert space extension of W is unique up 
to isomorphisms and hence can be identified with the canonical minimal unitary dilation 
(U, F)) of W giveI1 by 

(2.3) =ftEi3 ((.eranw)) 

and
W 1fl.eranW o o o o 
0	O10O0 (2.4) 

U-	 0100••• 

where 1 er, W denotes the inclusion operator from A e ran W into A. 

Lemma 2.6 For all m E N, 

ran Vm+i c c.l.s. {ran Vm, U-+ ' F), UmY , . , U55}. 

Proof. The lemma is easily checked for m = 0. For m 1 we notice that 

ranVm+i	Vm+i..,,Vm+i(Vmfl.m_i93lm) 

Vm+ i Vmfl.mi Vmi9)tm 

= Vn+l V. V1	@ V̂  +I Vn ... Vn +I On 

= um+ss (vm+ivm.vn+i9tn). 

From (2.1) it follows that, for each n, 1	n m, 

Vm+ i Vm Vn+IM C Vm+ i Vm V 1 (I - Vy)93l_1. 

SinceV1 CV2 C ... C VmCVm+ i and9Jlk _ I 9 . k_1 =domVk,k=1,2,,weget 

Vm+iVm ... Vn+i9Jln_i VmVm_ i	V93t_ 1 ç ran V,.. 

Also, since Y 931ni ç g_1 ç	the inclusion 

Vm+ i VmVn+ i Vn9J_ i 9 Vm.. 1 Vm" V4.1V1 

holds true. As .	c.l.s. {5, ran V1 ,• . ,ran V_1 }, this inclusion implies that 

Vm+ i Vm	V^ 1 V9Yt. 1	c.l.s.{Um+J,,UmS,. . 
.nYn 

Consequently we have that, for 1 <n < m, 

Vm+i Vm	V, 1 9)1, 9 c.l.s. {ran Vm, U'+'$5 , Um,5 , . . . , 

and the lemma follows. 11
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Lemma 2.7 For all n E N, J = c.l.s. { Um$5 10 m n}. 
Proof. Since . = c.l.s. {, ran VI ) and ran V = Ufj, the result holds for n = 1. Now 
assume that 

=c. l.s.{ Of) I0<j<m}, 0mn. 
We show that the result also holds for in = n-f 1. Let k E	be such that (k,U'5)) = 
{0}, 0	j	n + 1. Then the induction hypothesis implies that	= {0},
0 < j < n, where Jo = Y5. Consequently, (k,55) = {0} and (k, ran V,)R = {0}, 
1	j	n. Hence (k,fi.) = {0} and (k, ran Vn ) . = {0}. From these equalities, the 
equality	= c.l.s. {., ran V+ 1 } and Lemma 2.6, we conclude that k = 0. 0 

Lemma 2.8 We have 5 = C.I.S. f UnI5 I n E 

Proof. Suppose that h E is such that, for all n E 7, (h, U'55) 3 = {0}. By Lemma 2.7, we 
get that, for all n E N, = {0}. Hence, according to Lemma 2.4, = {0}. 
From this relation and the definition of (U,) given in (2.3), (2.4), we conclude that 

E	ran W). That is, = {0,zi,z2,.. .}, where {z} g AE) ran W. We claim that, 

for all n 1, z = 0. According to Lemma 2.5, .e ran W = IerW5• So, to prove the 
claim, it is enough to show that each Zn is orthogonal to	Since 

W*	000... 
'3ROranW 0 0 0

	

U- '=	0	I00••• 
0	0 1 0 

we have that, for all h E S5, (Zi,PIür,,Wh) = (,Uh) = 0. In a similar way it can 
be seen that, for all n> 1 and h € 15, (Zn,P r ,wh)j = 0. Hence h = 0. 0 

The following lemma provides the proof of Theorem 2.1. 

Lemma 2.9 The pair (U, S5) is, up to isomorphisms, the unique element in U(V) whose 
Schur parameters are given by the sequence {7m}. 

Proof. The Krein space 5 contains 5 as regular subspace and 

where 

are Hubert spaces. The operator U E L() is  unitary extension of V, since, for all 
h E Z, Uh = Wh = Vh. By Lemma 2.8, (U,55) is minimal. Hence (U,55) belongs to 
U(V). Clearly, is the sequence of Schur parameters of (U, j). The uniqueness easily 
follows from the construction. 0
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3 On a Schur type algorithm 
We still assume that V is a continuous isometric operator acting in a Krein space $5 such 
that 0 = dom V and 9R = ran V are regular subspaces of i5 whose orthogonal complements 
'YL and 901, respectively, are Hilbert subspaces of $5. A subspace 0 of $5 is called a scale 
subspacè of V if it is regular and if 

(3.1) $5 = c.l.s. {, 01 = c.l.s. {9, }. 
In the sequel we fix a scale space and denote it by ®. The minimality of (U, $5) E U(V) 
can be expressed in terms of 0 in the following way. 

Lemma 3.1 We have i5 = C.I.S. {, Uno I n E Z} = C.I.S. {R, Uno
I n E Z}. 

Proof From (3.1), it follows that, for all n 2 1, 

U"$5 c C.I.S. {$5, Us,... , UTh} 

and - 

U55 ç c.l.s.{55,U,. .. ,U}. 

Since $5 = C.I.S. {U"$S I n E Z), these inclusions imply the lemma. 0 

If (U,$5) E U(V), then the sequence {Gm} c L() defined by 

(3.2) Gm =	m> 1, 

is called the sequence of moments of U relative to the scale space 0. 

Proposition 3.2 The mapping (U,55) E U(V)	{Gm} c L() is one-to-one, up to 
isomorphisms. 

Proof. Let (U, b), (U',5') E U(V) be such that 

Gm = PØU = P'U" = G, m 1. 

Then we have that, for all g, 9' E 0 and n,m E Z, n > m, 

= (U" mg,g'), = 
= (Gn_ mg, g') = (U'g, um')-. 

From this and (3.1) it can be seen that, for all h E $5, g E 0 and n E Z, 

(U"g, h), = (U"g, h). 

Hence the linear mapping defined by 

p0(h+U'g)=h+U"g, hE$5, g E, nEZ,
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is well defined and isometric, and, by Lemma 3.1, Wo is a weak isomorphism from 5) into 
55'. Since 55 ç 15 and 5) e 5) is a Hilbert space, it follows that wo is continuous and hence 

= To is a unitary operator from 55 onto 5)'. By construction (U,5)) and (U',5)') are 
isomorphic under W . 0 

In general, the mapping in Proposition 3.2 will not be surjective: not every sequence 
{Gm} C L() can be "realised" as the sequence of moments of some (U,5)) E U(V) with 
scale subspace 0. This gives rise to the following problems.. 

The moment problem with scale subspace or the M- problem: 
Given a sequence {Gm} c L(), determine if it is the sequence of moments of some 
(U,55) E U(V) relative to 0. If this is the case, find all solutions (U,5)) E U(V). 

The truncated moment problem with scale subspace or the Mm-problem: 
Given {G 1 , G2 ,. , G } ç L(), determine if there exists a pair (U, 5)) E U(V) such that 

G=PU", 1<n<m. 

If this is the case, find all solutions (U, 55) E U(V). 

Proposition 3.2 implies that the M-problem either has no solution or, up to isomor-
phisms, a unique solution. 

The above problems can be treated by means of a Schur type algorithm, which is the 
same as the one given in [2] for the corresponding problems in the Hilbert space setting. 
We reproduce it here to make our treatment selfcontained. 

To relate the moments of (U,5)) E U(V) to the associated Schur parameters ',,j, we 
recall the following definitions: 

.Q 1 =D, .=5), V0 =V, 9l=fl, 9)t0=931, 

=c.I.s.{U'5)IOnm), Vm UI i , m>1, 

= A. e fi.m-i, tin,,. = fl.m e U.,,,. 1 , m 2 1, 

(3.3) 7m = P	Vmgy1, =PA— , Vm lm_-,, M 21. 

We consider Vm as an isometry acting in the space .,,.. The following properties are easily 
checked: 

(Vm,.) E V(Vm_i), 

.' = c.l.s.{,ranVm} = 

(3.4) tiL =	 931,,. =



246	A. Dijksma, S.A.M. Marcantognini and H.S.V. de Snoo 

Lemma 3.3 Let (U,5j) belong to U(V). Then the associated isometries V1 ,. , V. and 
Schur parameters -yl; , -y,,, are, up to isomorphisms, uniquely determined by its moments 
G i ,,Gm. Moreover. for j = O,..,m— I, 

5 I(G, + ig -	
2 

(a)2i '

	

	 2	
%/2ggl)	(P'VJg,PV/g)x 

x(Pg', P , g'), 9, 9' E t, 

and

(b) 1 Cj+1 - P-'(VP ', +-,+iP')l"I. -  
Proof. The uniqueness of the pairs (%',.,), up to an isomorphism, can he proved in a 
similar way as Proposition 3.2, and by (3.3) these pairs determine the 's. The formula 
(a), 1 follows from (b), +1 and the Cauchy-Schwartz inequality. Finally, (b), 1 follows 
from the definitions of l/ and	0 

Suppose the operators C i ,. .. ,Cm ,Gm + i ," in L() are given. To describe the 
(rn + 1)-step of the algorithm we assume that the Mm-problem is solvable. By Lem-
ma 3.3 the data give rise to the isoinetries V1 , .. , V,, and Schur parameters 

Yj, 

There are two possibilities: 

(a) the defect- subspacesof Vm are nontrivial, or 

(b) at least one of them is trivial. 

In case (b) the algorithm terminates after the m-th step: the Mm-problem has, up to 
isomorphisms, a unique solution; this is also the only solution of the Mm+ j -problems and 
the M-problem if and only if its moments match the data Gm+i," , Gm+j,. 

In case (a) the Mm+ i problem is solvable if and only if (a)m+i holds. The necessity 
follows from Lemma 3.3. If (a)rn+ i holds then, by property (3.4) above, the formula 

PV,g,Pj'g'}	(Gm+ig - 

defines a bounded sesquilinear form Cm+1 : 91m (D 9Rm - C, and there exists a contraction 
1,.+i E L(91,n,901m) such that 

Em+j{Ym, Xm} = (Ym+1Ym, Xm)Rm, Ym E 9L, Zm E 9JL, 

and (b) m+i is valid. From 7m+i E L('YLm,YJm) and Theorem 1.2 we obtain a pair 
(Vm+i,fl.,,,+i) E V(Vm) such that (3.3) is valid with m replaced by rn+ I. It is unique up 
to isomorphisms. Again by (b)m+i and Theorem 1.2, we get 

= (Gm+ig,g')g, g,g' E Q, 

and the Mm+j-problem is solvable. 

Proposition 3.4 Assume that the M m -problem is solvable and that the isometry Vm has 
nontrivial defect subspaces. Then the Mm+ i -problem is solvable if and only if (a)m+i 
holds. In this case the solutions are given by the pairs (U, f) E U(V) with first m Schur 
parameters equal to { y1, 72, , 7m } and (rn + I)-Schur parameter )'m+I determined by 
Gm+i by means Of(b)m+i.
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Proposition 3.5 1f 7m = 1 and Ym7,n = I never hold, every M m -problem has infinitely 
many solutions and the M-problem has exactly one solution, namely, the pair (U, f) E 
U(V) with Schur parameters {7m} determined by {Gm} Vfli (b)m. 

4 Scattering matrices with scale subspace 
In this section we introduce scattering matrices for isometries and their unitary exten-
sions. We present a parametrization for the scattering matrices associated with unitary 
extensions. This parametrization is due to [5] (see also [6]) for the Hubert space case. 
Here we treat the KreTn space case. We assume that the isometry V has the same prop-
erties as in the forgoing sections and that ® is a scale space for V. 

Corresponding to the defect spaces R and 9)1 of V we introduce the Hubert spaces 
91 and 9)1 and the output and input isornetries F 91 - 5 and f' 9.71 - with the 
properties ran F = 91, ran = 931, so that kerf = Z, kerI = 91. Then {),9)l,9l; W} 
with

(p'v 	r) (-:5)
	f.5\ 

	

=	
C0	997	91 

is a unitary colligation, whose characteristic function is usually called the characteristic 
function of the isometric operator V. 

Corresponding to the scale space 0 we introduce the KreTn space Q5, and the isometry 
Fe : 0, -+55 with the property ran r, = ®, so that kerf' = sse5. Rewrite Was a 3 x 3 
block matrix with respect to the decompositions 

e(J, 15 ED m =(s5e)EDED91. 

With W we associate the unitary operator defined by 

	

/1 0 o\	fI a o\ f55e\	f55e 
we = ( o r': o)i(o Fe 0):(	e J( te 

	

\oo 1/ \ooIJ \9nJ	\91 ) 

For We we introduce the following block decomposition 

	

we= (To p0 \f55e\	f sse'!'\ 
)Go He	 i' 

where

(a) To =	 : 55e5 - 

(b) Fe'P VPF p1 f.'. 
(TO  -sse, ee	a,	s.. 

(r*
cVPI,,ee)p 

(c) Go =	IIsee	 (s),
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(d) H = (F:vPF. F:FI\	 (5 
'	FI'	0 )	93tJ	'\l 

Observe that W} is a unitary colligation of operators on KreI'n 
spaces. Its characteristic function (9 V,0 is the scattering matrix of V with respect to the 
scale subspace Q5. It is an L(5Ef39.3t, Q5, ED91)-valued function defined and holomorphic for 
those z E C for which (I - zTs) E L( e ). For each z in the domain of holomorphy, 
6v,(z) can be represented as a 2 x 2 block matrix 

(19,21(Z)
6 (z) Oi2 (z)

	

\(te( 5 e
 022(z)) '\ 9)t)	\fl 

Write T = VP. We obtain the following expressions for the 03k's: 

I 61(z) 
(4.1)	0ii (z) = T'T(I - zPR® TY' ['e = r,- (I - zTP0)-1Tr, 

(42 •	J 612(z):—*, 

1 e12(Z) = F(1 - zTPRo'fl, 

(4•3) f 621(Z): (	-9 91, 
1 021 (e) = F;(I - zPeT)'Fe, 

(44 •	6(z) = z['(l - zP e T)' P efl = zF:PRe0(! - zTP0'F1. 

Next we consider a pair (U,f) E U(V). Since, by definition, 5 c 5is a regular 
subspace, we may interpret F0 , f' and re as isometries To : 01 - , Fj : 931 -+ $5 and 

- $5, so that F,, F' and 1 are bounded linear mappings from $5 to 91, 9)1 and 
®, respectively. The operators F,,f', FF' and fF are the projections from $5 onto 91, 
931 and 0, respectively. Also, with these interpretations, we have 

(4.5) U - TPR = rju. 

The unitary operator U E L($5) can be regarded as an isometric operator with zero 
defect subspaces. Consequently, also for U a scattering matrixrelative to 0-is well defined. 
More precisely, set S5 U = e S5 and I5u, = S5 e e =	( e ). Then U admits a 
2 x 2 block matrix representation with respect to the decomposition	 0. Let
XU,O be the unitary operator in S5u, e ED 0, obtained from U by 

(I o\ ) (I o\ 
1.U0 Fe)' 

that is,	 -	 - 

Xu = ( u i6 PUFe" : (55u
\	 J';UFC ) 
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Then is  unitary colligation and its characteristic function &,.,, is 

the scattering matrix of (U, 5'j) E U(V) with respect to the scale subspace 0 . A straight-

forward computation gives 

(4.6) eu,( z ) = f',U(I - zP	U)1 = I(I - zUP	)UTe, $5u,e 

for those z E C such that (I - zPRu U Iue) E L(S5u, ). This formula implies that the 

scattering matrix determines (U,55) E U(V), up to isomorphisms. 
We associate another operator-valued holomorphic function to the pair (U, 5) E U(V). 

The unitary operator U E L(J5) admits the 3 x 3 block matrix representation 

	

/Tu Fu O\ f5u\	(bu)
U=(Gu Ho O):(flJ—*9Y1

\o o vJ \J	 !R 

and {55u, Yt, 9R; Tu, Fu, Cu, 11U) is a unitary colligation of operators in Hubert spaces. 

Its characteristic function eu( z ) = Hu + zGu(1 - zJj)'Fu belongs to the Schur class 

S(91, 931) of all L(91, 9R)-valued functions e which are defined and holomorphic on,D and 
such that, for each z E 0, e(z) is a contraction. The function eu has the following 

representation: 

&U(z) = P(J - zUP ) U I rji = PU( J - zPU) 	z ED.bu flu
The operator block 

(?	

)
u Pu\ (1 O\(ikj F0\ ) (' O'\ ( fiu\	(fu 

\GU flu = o J'') 1\cU iio p):4 

defines a unitary colligation {u,'3l,9Jl ; Tu, P0, Cu, Hu) with characteristic function 
= f':19(z)1, z E D. The main result of this section is the following theorem. 

In the Hilbert space case it can be found in [5], Theorem 2; for proofs see [6]. 

Theorem 4.1 There exists a neighborhood V0 C D of 0 such that the formula 

(4.7) &u,ø(z) = 9ti(z) + &12(z)e(z)(I - &22(z)e(z))921(z), z EV0, 

with e(z) = CU( z ), z E D, sets up a bijection between S(t, i) and the set of all scattering 
matrices {&u,e I (U,fj) E U(V)}. 

The proof of Theorem 4.1 is given after the following lemmas. In the remaining part of 
this section, we freely use the notations introduced above. 

Lemma 4.2 If(U,i)) E.U(V), then 

(4.8) 1 - ZP 0e U = (I - zTu - zPe1'iGu)Pu+

zEC. beo
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Proof Let (U,) E U(V). The 3 x 3 block decomposition of U gives 

(4.9) U = 'P0 P + Fu P + Gu P' + Hu P44 + V P h, P 

= Tu P + F0 r0 + F, G,	+ r H0 r,,' + TP. 

Hence

P UTuP+FuI;+PReerGuP+P eef'. flu F:+PIee TP ' 
and this implies (4.8). 0 

Lemma 4.3 There exists a neighborhood V0 c 0 of 0 such that, for all z E Vo and 
(U,Ij) E U(V), 

( I - 0(z)0()) E L(Yl). 

Proof. By (4.4), we have 022(0) = 0. Therefore, given 0 < r < 1, there exists a 8 > 0 
such that, for z with Izi <6, we have 11 622( z ) II < For all (U,)E U(V) and z with 
Izi < 6, it follows that 

(022(z)eu(z)I, &22(z)EU(z),7) < r(I,	E 61. 

This means that, for all (U,	E U(V) and z with IZI < 6, 1922 (z)eu(z) is a strict con-
traction in the Hubert space M. Clearly, Vo = { z E 0 I IzI < 61 verifies the claim. 0 

We may suppose that Ov is holomorphic in Vo and that, for all z E V0 , (I - zT) E 
L(F) e ). We also have, for z E Vo, (I - zTu' E L(u). 

Lemma 4.4 For all z E V0 and (U,) E U(V), 

(I - zP u e U Iu,e)' E L(5u,e). 

Therefore, for all (U,5) E U(V), 19u,e is defined and holomorphic in Vo. 

Proof. First we show that, for each z E V0 , I - zPU is an injective operator on 
Assume that, for some h E Jju ,o, (I - zPU)h 0. Since Iju, = iu ED (jj e ), we 
obtain from (4.8) and our assumption that 

(4.10)0= Pu(1_ZPRueU)h=(J_zu)P_zjF[h 
and 

(4.11)0 = ee( - zP ue U ) h = zPoeflGuPh+ 

+ P ee(I -	 PzI 	+ 'ee("o - zPR00IH0)['h. 
From (4.10) we obtain 

(4.12) Ph = z(1 - zT(J ) -'P(Jrh.
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In (4.11) we observe that, since h E 

V J5 +	=	= e" TPP'h = TP,'h = TP0h. 

Hence, by (4.12) and (4.11), 

(I zP e T)Pe h = zP e 1,E Hij + zcu(1 - zTu)FuJ['h. 

Thus we get 

(4.13)	= z(1 zPeT)-1Per'icu(z)1;h. 

As fju C kerl', this equality and (4.4) imply !'h = e22 (z)eu(z)r;h. that is, 

(I - e22(z)eu(z))r:h = 0. 

By Lemma 4.3, ['h = 0. From (4.12) and (4.13) it follows that h = Ph +	= 0. 

Therefore I - zPRueU is injective on 

Next we show that, for z E Vo, the operator I - zPfJ maps onto	Let 

h E 5u,ø . Then h = hu + h with hu E Iu, h E 5 e o. We treat the elements hu and h 
separately. First we consider the element h E S5 e e5. Since ranI c 9L, by Lemma 4.3, 
there exists an element j E 9 such that 

F(I - zP 0 T)'h = (1 - e22(z)Eu(z))uI. 

It follows from (4.4) that j = i';f, where 

f = (I - zP 0 T)'(h + zP 8 [u(z)) E 55 e 

We also define 

fu—z(!—zu)uyE55u, ff+fuE55u,. 

As S5u C kerf', we have f'f= j. From (4.8) we obtain 

(I - zP(J)f = (I - z'iu)fu - zP0I0Cufu+ 

- zP 'e T)f - zi j Pf— zPef'iHulf, 

which after substitution of f, fu and Ff leads to the equality 

(4.14) (1 - zP 6 U )f = h. 

We now consider the element hu E 55u . Again, since ran F c L by Lemma 4.3, there 
exists an element i E ¶fl such that 

z1(I -	 - z?kjY'hu'= (I— &22(z)u(z))i3. 

It follows from (4.4) that iZ = ':g, where 

g = z(! - zP, 0 TY'P e 'r1 tGej(I - zT,j) - hu+ ,(z)@1 € $5 e 0.
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We also define 

go = (I — z?u)' (ho + ZFU6) E tJu, = g + go € 

As 55U C kerr':, we have r'; = t. From (4.8) we obtain 

(1— zPRueU) = (1 - z?u)gu - zP0['jGugrj+ 

+([ — Z p eeb T)g — zFuJg— zPeef',uP, 

which after substitution of g,gj and i' leads to the equality 

(4.15) (1 — zP 0 U)g = h0. 

Finally, if we define the element k € -c)u, o by k I +, then (4.14) and (4.15) imply that 
(I — zPU)k = h. Hence the operator I - zPLU is surjective. This completes the 
proof. 0 

We recall the following result; see [9], Theorem 5 and [10], Theorem 1, and see also 
[11], Theorem I.I. 

Lemma 4.5 The mapping (U,) € U(V) — 6u € S(91,9)t) establishes, up to isomor-
phisms, a bijection between U(V) and S(91, 931). 

Proof of Theorem 4.1. First we show that the scattering matrix &u, of any (U, ) € U(V) 
can be obtained via (4.7) by setting e(z) eu(z). So let (U, .) belong to U(V). According 
to (4.6) and (4.1), we have, for all z E Vo, 

eu, (z) - &ii(z) = I'(I — ZUP Y'Uv - r:T( 1 - bee 
1(J - zUP)(U - T)(1 - zPeT)'1'e. 

From (U - 'I') = U(I — P) = UP k and P,,;, = 1[', in view of (4.3), we get 

(4.16) Ou,(z) — 19 11 (z)	r(i - zUPue ) - U 'To&2i(z) 

= r: U ( J - zPRU)-'r0e21(z). 

Now consider the term ['U(I - zP U)'J'0 . Since TPRFO = 0 and 7'PReeU 
TPs P U we have 

(4.17) 1'(J(I - zPRU)r0 

= ['e U(I — zPR U) - ' I 'O — 'e( I — zTP0TPRf', 

= I'(I , ZTP')'(U — TP')(I - zPU)'['0. 

From (4.5), (4.2), (4.16) and (4.17) we conclude that 

eu, (z) = 1911( z ) + e12 z1:u1 — zPr6UY'V0e2i(z).
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To show that i9uo is given by the formula (4.7) with e(z) -u(z) it remains to establish 
that, for all z E V0, 

(4.18) F'U(1 - ZP U e U )' f'o = eu(z)(l — &22(z)eu(z)). 

For z E V0 and j E fl, we define h = (I — zPU) [',yl E 5 and we set 

hu — P ,h,	 Pzb 	y=Ph. 

We claim that 

(4.19) j = (I — &22(z)eu(z))1y. 

Indeed, on account of (4.8), we have 

= (I - ZP ue U ) h = (1— zTo — zP0['.Gu)hu+ 

+(I — zPT) h + ( ['a — zFu zPI',Hu)Fy. 

Projecting onto 55u and onto J5 we obtain 

0 = (I — zTu)hu — zFuFy 

and

T0y1 = — zP 00 f'tGuhv + (I - zP e T) h + (F — 

respectively. The first equation implies that 

(4.20) hu z(1 — zTu)'FuT0y, 

and substituting this in the second equation and using To T Y = y, we get 

(I zP e T) h = 141+ zP 0 J',eu(z)f'0 y - 

Therefore 

h = (I - zPReTY'Foi+ 
+z(I - zPRoT)-PReI'ieu(z)I'oy - (I — zPReT)y. 

Since 7'I0 = 0 and, for y E 91, Ty = 0, we find that the first and third summands are 
equal to 

(I — zP0gT)1oyI= I°y, (1 zP e T)'y = y. 

Thus we obtain 

h = I+ z(I —	 — y. 

Projecting onto 91 and using (4.4), we get 

0 = IoI/+ I'Oe22 (z)u(z)r':y — y = 10 (Q+ &(z)eu(z)ry —
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which proves our claim (4.19). From (4.9), (4.20) and (4.19) we obtain 

(4.21) f'U(l - zPU)- 'ro = [',Uh 

= 1['I'h + (lu + IGu)hu + (u + r1H)r:] 
= T['1 [Hury + Gu hu] = Hu l y + Gjjhu 

= flu /-: Y +	- zu)?u['y = Eu(z)r:y 
=	- 922(z)U(z))y, 

which establishes (4.18).
Set 9(z) = fle(z)['. Since 0 belongs to S(1, 931), Now let e belong to S(91,931).  

by applying Lemma 4.5, we obtain a pair (U,5)) E U(V), uniquely determined by 6), up 
to isomorphisms, such that 0(z) = 19u(z) for all z E D. Since e(z) = [0(z)f'0 for all 
z E D, we have E(z) = E U( Z ) for all z E D. Hence the formula (4.7) applied to c(z) yields 
the scattering matrix 9u of (U,5)) relative to 0. 

To complete the proof it remains to show that (9U,O is uniquely determined by the 
function e. Assume that e,' E S(91,9)1) are such that, for all z E V0, 

(4.22) 0 11 (z) + 9 12 (z)e(z)(I - 022(z)t(z))'021(z) 
= 011 (z) + 012 (z)e'(z)(1 - 022(z)e'(z))'921(z). 

In particular, since 922 (0) = 0, we have 

912(0)E(0)02I(0) = 012(6)E'(0)021(0). 

Then, according to (4.2) and (4.3), we get 

r:r,(E (o ) - E'(0))1Pe = 0. 

This means that ran ['(e(0) - e'(0))V[' c h e t!5. Since T' 
' 
.(,-(0) e'(0))f'1' ç 9)1 and, 

by definition, 931 fl (5) e ) = { 0}, it follows that (e(0) - ?(0))['I' = 0. Note that 
55 = c.l.s. {, e5j, so that (e(0) - e'(0))F; = 0 on 55. We conclude that e(0) = e'(0). By 
taking derivatives in (4.22) we get 

0I2( 0)(0)02I (0) = 012(0)-(0)02 I (0). dz	 dz 

The argument used before to prove that c(0) = E'(0) now shows that 

d'e
dZn

= 

for n = 1, and, inductively, for n E N. Therefore e(z) and e'(z) coincide in all of D. This 
completes the proof of the theorem. 11
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5 On a parametrization of LIF(A) 
In this section we give a complete labeling of all contractive intertwining liftings in the 
commutant lifting theorem for KreTn space contractions. With the data of the coinmutant 
lifting theorem, we associate an isometric operator in a Krein space and a scale space of 
the type we met in Section 3. Our description is then obtained via the theory of scattering 
matrices in Section 4. In the Hilbert space case this procedure is due to Arocena ([2],[3]). 

In order to solve the above labeling problem, we first carry the analysis of Section 4 a 
little further. We assume that V is a continuous isometric operator in the Krein space $, 
whose domain D and range 91 are regular subspaces of 1), and whose defect subspaces 91 
and 931 are Hilbert subspaces of Ji. We also assume that 0 c $) is a scale subspace of V. 
Corresponding to Q5 we introduce a KreTn space 0, and an isometry [' : - with 
the property that ran[' = 0, so that kerJ= 55e. Let (U,1,) belong to U(V), and 
let {Gm} be the sequence of moments of (U,1) relative to 0. The operators Gm, m 1, 
are the Fourier coefficients of the function 

(5.1) Gu,(z) = P,'(I - zU)'UIe E L(0), 

defined and holomorphic in a neighborhood Vu c D of 0. 

Lemma 5.1 Let V0 be the neighborhood of 0 in D given by Lemma 4.3. Then we have 
that, for every (U, 5) E U(V) and z E Vu fl Vo, 

(5.2) eu.(z) = (I + zFGu,e(z)I)1Gu,g(z)Fe 

and 

(5.3) 1'(1 - zeu,e(z)) eu,(z)I = Gu(z). 

Proof. We recall that Fe is an isometry, and that fFis the orthogonal projection from 
f onto 0. Since j = , we have r, F = I - P. It follows from the definition 
(5.1) that, for z E Vu, 

(5.4) / + zFG,(Z)['e = I + zI(! - zU)UF = I',(I - 

and that, for zEVuflVo, 

(I + zI'Gu,(z)I'e)&u,e(z) - 1'Gu.e(z)Ie 

= ['(I - zU) - 'FFU(1 - zP ue U Y' Fe - I(J - zLY'UF 

F(I - zU)[P'U(I - ZPR U' - 

= F(I - zU)' 1 [P'U - U(I - zPU)RI - zP	Y U'F 

= 1(I - zU'(zU - I ) P 'ue U ( I - ZPrueU)-1r'= 0.   

Now (5.2) follows, since we claim that, for each z E Vu fl 1), the operator on the right 
hand side of (5.4) is invertible. First we show that this operator is injective. Assume
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that, for some g E, j,-(j - zU)Fege = 0. Then h = (I zU)'Feg belongs to 
5Su, Hence 1ege = (I - zU)h and 0 = (I - zP5 0U)h. Lemma 4.4 implies h = 0. 
Consequently, g = 0. This proves that f';(I - zU)'[' is injective. Next we show that 
it is surjective. For 9e E 0,, we define 

= g - zr: U ( I - zPU)' ['g. 

Then we obtain 

1(I - zU)'Ig 

r:( I - zU)f'g - zI(I - ZU)feFU(1 - 

= F(1 - zU)'feg. - zf':( J - zU)'(J(l - zPU)'Vegc 

+z1(I - zU ) -' Pt . e U ( I - zPU)Vege 

= i(1 - zU)' Tege - F ( 1 - zU)'(I - zP0U11'ege

	

—f(1 - zU)['eg. + I' ( 1 - zU)'(I - zP	U)Ige 

- zP' U)'Fege 

=	- zP	U)'J'ege. 

If we set (I - zP' U) - ' Fege = h, then h E -)U, and 

g =	=	- ZPU)h = r.- h. 

This leads to the equality 

(5.5) ['(l - zU)Veg = 9e 

Thus the operator f(1 - zU)' T'e is surjective. This completes the proof of our claim. 
Finally, it follows from (5.2) that 

(1 + zFGu(z)V)	I - zOu,(z), z E Vu fl V0. 

Therefore (I - e,())' belongs to L() for all z E Vu fl V0 , and (5.3) is clear. 0 

Now we briefly recall the main facts about the commutant lifting theorem, as presented 
in [12]. We consider two Krein spaces 55, and 552, two contractions Ti E L(55 1 ) and 
T2 E L(55 2 ) with minimal isometric dilations (W,,!5 1 ) and ( W2, Q52), respectively, and 
a contraction A E L(55 1 ,5) 2) such that AT, = T2A. The set LIF(A) of all contractive 
intertwining liftings of A is defined by 

LIF(A) = (A E L( 1 , 2 ) 1 A is a contraction, AW, = W2 A, P2A = 

where P1 and P2 denote the orthogonal projections from 0 1 onto 55 and from t2 onto 
552, respectively. The operator A can be factorized as follows; see [12], Lemmas 1.1 and 
1.2.
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Proposition 5.2 There exist a KreI'n space 0 and two continuous isometries
and 72:5j2 -4 O . such that Q5 = C.I.S. {r,$5,,T25)2} and A = rr1. 

Let (V2 , 2 ) be the canonical minimal isometric dilation of T. Consider the Krein 
space 55 = (, e 55) ( e 552). We define two continuous isometries 01 : 01 -+ 55 
and P2 : 2 - $5 by setting 

= Ti,	 = I, P215,2 = T21 P2kbO2 = 

Set D = c.l.s.	p2V22} and R = c.l.s.	p22}. Let V0 be the linear mapping 
determined by the relation 

Vo(a,g, + p2 V2f2 ) = 0` 1 W191 + P212, 91 E e, 12 E 2• 

Proposition 5.3 The spaces D and 9R are regular subspaces of $5 and V0 can be extended 
to a continuous isometry V with dom V = l) and ran V = 91. Furthermore, fl = $5 e Z 
and 0 = $5 e 91 are Hubert spaces, and 0 is a scale subspace for V. 

Thus the data of the commutant lifting theorem give rise to an isometry V with a 
scale spaces of the type considered in the previous sections. 

Let (U,55) be a unitary Hilbert space extension of V. Put 

= c.I.s. {U"r2 55 2 I n E N). 

Then 62 is a regular U-invariant subspace of 55 and (UI, 2 ) is a minimal isometric 
dilation of T2 . Consequently , there exists a unitary operator 01 :	such that 

= T2 and 0 2 W2 = U0`2. 

Theorem 5.4 Let (U, 55) belong to U(V). Then the operator A = a;or, belongs to 
LIF(0 1 , 2 ), and the mapping (U,55) i-p A is, up to isomorphisms, a bijection between 
U(V) and LIF(A). 

The fact that LIF(A) is nonempty was first proved by M. Dritschel in his doctoral 
dissertation (University of Virginia, May, 1989); a simplified version is given in [13]. The 
above results concerning the commutant lifting theorem can be found in [12), where ref-
erences to the relevant literature are given. Another proof can be found in [16]. 

At this point we are ready to consider the problem of labeling the set LIF(A). To 
each A E LIF(A) we associate a formal power series P by 

Pi(Z)=.2ZmAm, A=p2W;mAg,, m>1. 

For an operator-valued function W, defined and holomorphic in a neighborhood V, C D 
of 0, which is symmetric with respect to the real axis, it is convenient to introduce the 
notation #(z) =	z E Vt,,.
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Proposition 5.5 The mapping 

AE LIF(A)	{A m } c L(ij,i52) 

is one-to-one, up to isomorphisms. Moreover, if A E LIF(A) and (U,1:,) E U(V) are 
related via Theorem 5.1, then PZ is defined and holomorphic on Vu and 

(5.6) P(z) = zr'P,ç,2 G(z)ri , z E Vu. 

Proof. From the definition of the set LIF(A) it follows that, for all h 1 E 55, h2 E S52, 
n,mEN,

f (AT m h, h2 ) 2 , n 
(AW'h 1 ,W"h 2) = (W'Ah1,Wh2)2 = 

'1	 n <rn. 

Suppose that A, A' E LIF(A) satisfy 

Am = P2 W mAk = P2 w;m AhI, = A' m , rn> 1. 

Then, clearly, for all h 1 E 1 , h2 E p52, n,rn E N, 

(AW1T'h 1 ,W"h2 ) 2 = (A'W1"h1,Wh2)2. 

Since 0 1 = c.l.s. {W1'j1 I n E N} and 02 = c.l.s. {W)2 I n E N}, it follows that A	A', 
so that the indicated mapping is injective. 

To prove the last part of the proposition we observe that, for all h 1 E YJ 1 , h2 E 52, 
m>1, 

(Am h i , h 2 ) 2 = (A/ 1 , W"h2 ) 2	(TI h i , Umr2h2) 

= (TI hi,P)Umr2h2) = (TI h i , Gmr2h2), 

so that
- -1D	• - T2 'T252 m T1 m->_ 

This shows that the function PZ is defined and holornorphic in Vu, and is related to the 
function G,0 in the indicated way. 0 

The connection between the sequences {Am} and {Gm} and the Schur * algorithin 
described in Section 3 can be used to determine if the elements of a given sequence 
{Am} c L( 1 , 5 2 ) are of the form Am = P2 W m A I h,, rn > 1, for some A E LIF(A). We 
will not pursue this avenue, but concentrate on the labeling problem. 

Theorem 5.6 Let A E LIF(A) and (U,) E U(V) be related via Theorem 5.4. Then the 
function PX is given by 

(5.7) P-(z) = zrP ,1co# (z)(I - z#(z))_hr:ri, z € Vu fl V0, 

where 

(5.8) (z) = &ii (z) + &12(z)e(z)(J - e22 (z)e(z)y'1921 (z), z € Vo, 

and e(z) = CU (z) = [ 19()F0 , z E D. The mapping e i-i P;i determined by the formulas 
(5.7) and (5.8) yields a bijection between S('Yt,931) and the class { PA- I A € LIF(A)}.
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Proof. The first part of the theorem follows from (5.6), (53) and Theorem 4.1. Since 
every e E S(91,93t) is of the form e = cu for some pair (U,1) E U(V) (see Lemma 4.5 
and the observation halfway the proof of Theorem 4.1), the range of the map c '- P;i is 
contained in and coincides with the class (PX I A E LIF(A)}. By Theorem 4.1, the fact 
that an element in U(V) is, up to isomorphisms, uniquely determined by its scattering 
matrix, Theorem 5.4 and Proposition 5.5, we have that the mappings 

f-'	(U,) -* A-4 P 

are all one-to-one (up to isomorphisms as far as (U, 5) E U(V) is concerned). This implies 
that the mapping E. i-i P is injective, This completes the proof. 0 

Finally, we note that (5.7) can be written as a Schur like formula: 

P(z) = a(z) + b(z)p#(z)(J - c(z)co#(z))'d(z), z € V fl Vo, 

where

a(z)=O, b(z)=zrP 2 f, c(z)=z, d(z)=f':ri. 72
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