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The Smoothness of Solutions 
to Nonlinear Weakly Singular Integral Equations 

A. Pedas and G. Vainikko 

Abstract. The differential properties of a solution of a nonlinear multidimensional weakly 
singular integral equation of the Uryson type on an open bounded set G C IR" are examined. 
Showing that the solution belongs to special weighted space of smooth functions, the growth 
of the derivatives near the boundary is described. 
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1. Introduction 

The construction of effective numerical methods for solving weakly singular integral 
equations in a region G C 1R' is impossible without taking into account the singularities 
of the derivatives of the solution near the boundary ÔG. The presence of singularities 
is an elementary fact, but significant difficulties are encountered in describing them 
precisely and proving the corresponding assertions. The case of one-dimensional integral 
equations was analyzed by Richter [9] , Pedas [61, Schneider [10], Vainikko and Pedas 
[14], Graham [1], Vainikko, Pedas and Uba [15], Kaneko, Noren and Xu [2], and Kangro 
[3]. The case of multidimensional integral equation was analyzed by Pitkäranta [7, 81, 
Vainikko [11 - 13], and Kangro [4, 5]. 

In [11 - 131 estimates for derivatives of a solution to the linear multidimensional 
weakly singular integral equation are derived. In many cases these estimates are sharp. 
In [12, 131 the main results were extended to nonlinear equations, too, but the proofs 
were outlined only on the idea level. In this paper we present a full proof (Sections 4 
- 5); the formulation of the main result is given in Section 3. Note that we treat the 
Uryson equation which is more general than the Hammerstein equation considered in 
[2]. Compared to [2], our result is more complete. 

For a linear equation u = Tu + f, there are at least three different ideas how to show 
that the solution belongs to special weighted spaces of smooth functions. Pitkäranta [8] 
examined step by step the improving properties of the weakly singular operator T and 
obtained that a power of  maps L°°(G) (or even L'(G)) into a special weighted space; 
this idea may be implemented in the case of nonlinear equations, too. The authors of this 
paper (see [6, 11, 14, 15]) used another idea proving that T is compact in appropriate 
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weighted spaces; this idea does not work in the case of nonlinear equations. The third 
idea elaborated in [13] is based on the "smallness" of (Tu)(x) fo K(z, y)u(y)dy, 
x e Q, where Q C G is a small subregion; the integral over C \ Q is treated as a part 
of the inhomogeneity. This idea can be extended to the case of nonlinear equation, and 
we pursue it in the present paper. 

2. Integral equation 

Consider the nonlinear integral equation 

	

U(X) 
=IG	

+ 1(x)	(x E C)
	

(1) 

where Cc ff?n is an open bounded set. The kernel K = .&;(x,y,u) is assumed to 
be m times (m > 1) continuously differentiable with respect to x, y and u for x E C, 
Y E C (x 54 y) and u E JR whereby there exists a real number ii E (–oo, n) such that, for 
any k 	-- and a = (a l ,... ,a) E	= (/3,. .. 8,,) E	with k+IaI+I/31 
the inequalities

ak	 1	 ifv+IaI<0 DaDfl	(x,y,u)	bi(IuI){ 1 + log Ix – H if + a] = 0	(2) 
I x — y I I	ifv+kI>0 

and

ak 
DOD —K(x,y,ui) D°D -ftC(x,y,u2) a	 I X + y k X+y0k 

	

1 1	 ifz.'+IaI<O	(3) 
<b2 (max{]u 1 , 1 u21})I u l —uzi	1 + I log ]x –	I if v +]a] = 0 

1 Ix — yI	 ifii+IaI>0 
hold. The functions b 1 : JR+ -i 1 + and b2 : JR+ -i 1R+ are assumed to be monotonically 
increasing. Here the following standard conventions are adopted: 

lR+=[0,00),	+=.{0,1,2,...} 
I a] = a 1 + .. . + an	for a = (a 1 ,... ,a) E 

• IxI=x?+...+x2 • for x=(x1,...,x)EJR 
I\1 

D°- 1 - 1 ...1.___) '" 

	

axi

a	aY' ía	aY" D+	
+ 	 +ax,

Note that asymmetry of (2) and (3) with respect to x and y is only seeming: using 
the equality O/Oi = (ô/Ox, + ô/0y 1 ) – a/ax, we can deduce from (2) and (3) similar 
estimates for D;D+ak Ac(, y, u)/5u!c.
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Putting k = al =	= 0, inequality. (2) yields 

I

1	 ifzi<O 

	

I AC (x , y , u )I <b i(I u l) 1 +I logx — y	if v=0 
if u>0 

Thus the kernel AC may have a weak singularity (ii < n). In the case ii < 0, the 
kernel AC is bounded but its derivatives may be singular. In the case of a linear integral 
equation AC(x,y,u) = AC 1 (x,y)u, and conditions (2) and (3) reduce to a condition for 

= PC 1 (x,y) from [11, 131. 

3. Main result 

Introduce the weight functions 

11	 ifA<0 

	

W'\ (x ) =	(1 + I log p(x)I)' if A= 0	(x E C, A E JR)	(4)

if A>0 

where C C 1W' is an open bounded set with the boundary 3G and 
P(_) = PG(x)	inf Ix - I	(x E G)	 (5) 

yE OG 

is the distance from x to 3G. Define the space Cm"(C) as the collection of all rn times 
continuously differentiable functions u : C - JR (or u C -i C) such that 

IItL IIm,v := E sup (w IoI _(fl _ v) (x)ID o u(x)I) < 0O.	 (6) 
IaI<m zEG 

In other words, an m times continuously differentiable function u on G belongs tothe 
space C m '(C) if the growth of its derivatives near the boundary can be estimated as 

(1	 if IaI<n—v 

	

ID°u(x)I <const 1 + logp(z)I if lal = n - ii	(x E C, kI in). 
II p(x)"'_I°'I	if lal > n - 

The space Crn&(G), equipped with norm (6), is complete (is a Banach space). 
Our main result is contained in the following theorem. 
Theorem 1. Let C C 1' be an open bounded set, f E C m -"(C), and let the kernel 

AC = AC(x, y, u) satisfy conditions (2) and (3). If the integral equation (1) has a solution 
u E L(G), then u E C' "(C). 

This theorem was formulated and partly (for m = 2) proved in [13]. A full proof 
of Theorem 1 is given in Section 5. Section 4 contains necessary preliminaries for the 
proof. 

Remark. In Theorem 1 we have not assumed a global or local uniqueness of the 
solution to equation (1).
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4. Differentiation of the weakly singular integral 
We use the notations 

	

B(x,r) =	E lir: Ix - y < r}	and	S(x,r) {	: Ix - I = 

for an open ball and a sphere, respectively, in 11?". First we present some inequalities 

have the inequalities 

f 
GriB(x,r)

rn	 ifv+IaI<O	
(7) 

c 11 (d) r(1 + I log ri) if v+ lal = o 
rTHaI	ifO< v±fril<n 

and
11	ifi'+IaI<n 

/	 dy <c2 b i (d) 1 + logri if v + ku = n	(8) 
u	 i n--kI 

	

G\8(r,r)	 if ii	a > ri 

where the constants c 1 and c2 depend only on n, v and on ri, ii, diamG, respectively 
(by diamG we denote the diameter of G; we assume that r diamG).	- 

Let c C be a domain with a piecewise smooth boundary aci, u E C(l) n C'(1), 
au/ox 1 E L'(l), and let the kernel C = *C(x,y,u) satisfy conditions (2) and (3) with 
m = 1. Then (see [11, 13]), for x E 

- 
IIC(x,y,u(y))dy 

= J ( +	x, y, uy dy +1 (x, y, U(y)Wi(y)) dS
'9Yj )  

ap 
where (y) = ( ' (y),. .. ,w,(y)) is the unit inner normal to Oil at y e Oil. 

Now we fix an arbitrary point T E G and take a sufficiently small 8> 0 such that 
B(,8) C G. Le' t the kernel IC = K(x,y,u) satisfy conditions (2) and (3). Using (9) 
with il = B(, 8) we have for any u E Cm't'(G) 

- f )(x,y,u(y))dy 
fi(r,6).

f ((0	0\	 )I =
Xi	01/11 

B(r,6)	 Iuru(y) 

+ f	-,lx,y,u(y))0'dy
ayi 

+ f AC(x,y,u(y))w1(y)dS 
S(r,o)
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and

_- J 
K(x,y,u(y))dy 

B(6) 

= J 
K,(x,y,u(y))dy 

B(,o) 
I. 

+ j
(9  
–K2,'(x,y,u(y)) "U(Y) dy 

B(,6) 

+ J )C (X, ayi B(,6) 
p + J

52	
)Ou(Y)Ou(Y)d - j-K(x,y,u(y) 

I 
+ J (9	 u(y) 02

 
B(,6) 

+ J
K(x,y,u(y))wj(y)dS 

S(,6) 
'. 

+ J
a  –AC(x,y,u(y)) _	w(y)dS, 

S(6) 
•
	I+ —AC(x,y,u(y))w(y)dS 
S(6)

where

Ice	
(5	5\	15 

	

(x,y,u) = (— +
	( —  +—) K(x,y,u).	(10) 

We continue the differentation using (9). By induction we obtain the formula for higher 
order derivatives: 

op 
Ox,.Oxi 	I	(x,y,u(y))dy 

B(,6) 

= f V1)C(x,y,u(y))dy 

	

B(,6)	
(11) 

p
VI +	J	. . OXik+l 

5p-k 

	

=	Oxi	 ..	
(x, y, u(y)) wj (y) dS 

S(,6) 

(1 <p :5 ni). Here w(y) = ('(y),... ,wn(y)) = ( –y)/ö is the unit inner normal to 
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5B(, 6) = S(, 6) at y E S(, 6), u E C m ' 1'(G), and we have used the notation 
,,K:(x,y,u(y)) 

= ....... . 1(x,y,u(y)) 

+ (x, y, u(y)) 
-	. 19U

}  

(

aU(y)
_

	
5 K:+	

55y, 
1	

- ( x,y,u(y)) 

Su	{' .....i}\{, tk} 
•i ,k


<J .(k<p 

+ Su(y) Su(y) 52 
ayij	5Y	{i .....', }\{I &}' !J, 

+

	

	 (

53u(y) --K: 
Yi1 5Yik i9yj1 Su {t .... . ip	1k }(x, y ) u(y)) 

1 i < k<l <p 

(52u(y) 5)	52u(y) Su(y) 
+ 35	Syji + 55	5Yi, 

+ 52) Su(y)\1 52 
.............. }\{l, ,1 } (x, y, u(y)) 

+ Su(y) Su(y) Su(y) 33

	

	

) 
+•.• (x, y, u(y)) 

3Yij 5Y .. ..... i, }\{i, , tk l } 5tJit 

+
( 5Pu(y)	S

(12) 

5yip	5•	
K:(x,y,u(y))  

/ 5P 'u(y) Su(y)	5P'u(y)	Su(y) 
+ 

5yip	Syi 2 5yi1 + Syi . . Sy j3 Sy j 1 Sy2 + 
5P'u(y) Su(y)	aP - 2 u(y) . 52u(y) 

+ SYtp _ i	SYRI 3Ytp + SYip	SYi3 5Yi2SY1 

	

5P2 u(y)	52u(y) 
+ 

SYIp	SYI 4 SYi I 5Yi35Yi2 
5P_u(y)	Su(y)	52 

+ 
5Yi	.. . 5y 1 ayip. 5Yip_q+i	

---K2(x,y,u(y)) + 

+ (5u(y)	Su (y) 52u(y) 
SYi l	5Yz,_2 SYipSYip_i 

• 9U(y) Su(y) Su(y) 52u(y)	
+ 

3YI 1	3Y1,_3 5Yl_ 1	Y . , 
Su(y)	Su(y) 52u(y) ) SP-1 

+
Yi3	 s 5	SYi SYi2SYI1	_ix:(x,Y,u(Y)) 

5 !j)	au (Y) 511 
•  

aYi l	
SYP 5UPC(X,y,u(y)))
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- I p/2	if p is even where q -
	

d V 

	

(p - 1)/2 if p is odd an	00 K2(x,y,u) = X (x,y,u) = X(z,y,u). 

5. Proof of Theorem 1 
Let conditions (2) and (3) be fulfilled, I E Cm "(G), and let uo E L(G) be a solution 
to equation (1). We have to prove that u 0 E Cm"(G). 

Fix an arbitrary point x 0 E C C 1RJ and introduce the set Q = B(x°, r) fl G, where 
the ball B(x°,r) C Rn has a small radius i- , 0 < r p(xo)/2. Thus Q = B(x°,r) C C. 
We consider an integral equation on 

U(X) = J A(x,y,u(y))dy +fn(x)	(x E 1)	 (13) 

where
fn(x)=f(x)+ J IC (x, y, uo (y)) dy	(xE).	 (14) 

G\1 
Clearly, u O solves this equation. But we will show also that equation (13) is uniquely 
solvable and the solution is as smooth in Q as asserted in Theorem 1. Since z0 € G is 
arbitrary, it finally proves that u0 € Crnv(G). 

Let us define (cf. (4))
(1	 for A<O 

	

(1+I log p°(x)j)' for .X=O	(xE) 
for .X > 0 

where p°(x) is the distance from x E Q to ôl (cf. (5)). Introduce the space Cm"(l) 
with the norm	IIm,v,1 in a similar way as in Section 3: u € Crnv(cl) if 

IItu IIm,v,fl := >	sup(w I _(fl.V) (X)ID 0 U(x)I) <00. 
xEfl 

An important observation is that fn E Crn& (cl) . Indeed, for x € l and y € C \ S1 we 
have Ix - I ^: p' (x) > 0, and we may differentiate the function JG\Q ikC(x,y,uo(y))dy 
under the integral sign. The result of differentation 

D° f AC(x,y,uo(y))dy 
= J D(x)y,uo(y))dy	(Ia I <m) 

G\fl	 G\f 
is a continuous function on Q. Further, using (8) we estimate 

D f AC(x,y,uo(y))dy 

<	J	IDC(x,y,uo(y))Idy 

G\B(z ,p"( z)) 

11	 iflal<n — v 

	

const 0 1 +I logp°(x )I iflal=n — v	(xEZ,lcIm). 

	

p'(x)' I ' I	if I c I > n - ii
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We see that the second term on the right-hand side of (14) belongs to Cm '(), and 
thus fn E Cm't'(cl). 

Further, define the operators To and S1 , for x E Q, by 

	

(Tu)(x) = fC(x,y,u(y))dy	and	(Su)(x) = (T0 u)() + f(x). 

Denote Il u lloji = sUPzE Iu(x)I. Using (2) and (3) with k = kI = 181 = 0 and (7) it is 
easy to check that, for any u,v E L°°(Q) with II u IIo,ci <d and II v IIo,n	d, we have 

II TiiIIo,ri	b i (d)6r	and	II Tn u — Tr v IIo,o	b2(d)ErIIU - v IIo	(15) 

where &,. - 0 as r — 0. A consequence is that, for sufficiently small r > 0, the operator 
S1 maps the ball

= {u E L OO (Q) : II u IIo,i	d}	(d> IIfnIIo,i) 

into itself and is contractive on it: 

ISnu - Sci v llo,ci	qIu - vjjo ,fj	for all u,v E Bond	(q < 1) 

Due to the Banach fixed point theorem, Sc has a unique fixed point in Bo,cl,d; we know 
this fixed point -.it is u 0 , the solution of equation (1) under consideration. A more 
serious consequence of (2) and (3) is that, for sufficiently small r > 0, the operator Sn 
maps a closed subset 8m,v,fl,d,d' of the space Cm(1l) into itself and is contractive on 
it with respect to a norm II u II,	which is equivalent to the usual norm l U IIm,,,,II of 

IISciu — Scl v lI',,n <qu - v II.,ci	for all u,v E 13m , v , fl , d ,d' (q < 1).	(16) 

We soon present the definitions of the subset 8m,vn,d,d' as well of the norm In 
order to prove these properties of Sc1 we have to study various derivatives of the weakly 
singular integral. As a first step we note that for any u E C m ''(1l) the singularities of 
the terms

au	au 
ayi 1	'9y, 
au	Ou	a2u 

'9y 1	-2 oYPaY2P, 

au	a-'u 

ay1, ay,	oy2 

in (12) are weaker than the singularity allowed for ô Pu/ôy1, . . . ôy1 , by the definition of 
the space Cm''():

I1
	if v<n-1 Ou(y)	au(y) 

15const (1+ log pi(y))P if u=n-1 
01/ti	0Y	 (p1?(y))P(nV)—P . if u > n — 1
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and, for p 2 2, 

au (y )	au (Y) a2u(y) 
ô!Jt,	5!JP_2 ay.,oY,_, 

1 
1 + I log	()I 

< const (pn(y))n_v_2 
(p(y))' 2 (1 + I log p(y)I)p2 
(p(y))(P1)(fl')P 

and, for p 2 3, 

ôu(y) 5P'u(y) 

1 
1 + I log pfl(y) 

< const (pO(y))7P+1 
(PI (y))-v._P+l(i + I log p°(y)i) 
(pI(y))2(t')_P

if 11 <fl -2 
if ii = n -2 
if n -2< ii < n -1 
if ii=ri-1 
if zi>n-1 

if v<n-p+1 
if i'=n-p+l 
if n-p+l<v<n-1 
if v = n-i 
if ii > n-i 

and
if u<n-p 

'9P-(Y) <const 1 + I log p°(y)I if ii = n - p ay	a 1 , I -
	(p(y))'P	if ii > np 

	

Therefore it is sufficient to analyze only the terms with	• • • Oyj, in (12) and

(13). Consider any point T E l = B(x°,r) and take the ball B(,8) C Q with 

6 =	 (17) 

Then, for y E B(, 8) U S(, 6), p' (Y) 2p' (y) 3pfl(), and w' (T) and w' (y) are of 
the same order, i.e.

	

w<w(y)< ()w)	(>0).	 (18) 

Let us estimate the terms on the right-hand side of (11) for u E C'''(G) C Crn&(cl), 

II u IIo,	d, x E B(,6) C fl. First, it follows from (7) and (10) that 

W(fl)(X)	f	II .... .$ p 
 (x y,u(y))dy 

	

(r,6)	 (19) 
I8's	 if ti<0


<constbi ( d) 6 T (1+ log6i) if ii =0 
if ,i>0
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Using (7) and (18), for 1	j	p !^ rn and {i,,,. . . ,i,,} C {i 1 ,... ,i} we have 

ô)u(y )	I 

	

I (XY,U(y))	 dy I	j	ôu	{&i .... . gp }\{ lj	} 

IB()	 j
I (5fl	 if zi<0 

	

constb1(d)(1+' 
log 

6') if 
v=0	 (20) 

f flL'	 if v>0 

	

I	
. . . 

ôu(y)	I X SU	W_(_)(Y) 
yEB(,6) 

Here we roughly estimated w_(fl_V)() and w_(fl..V)()/w?_(fl_V)(); respectively, by 
a constant. The area of S(,fi) is equal to a' 1 , where Un is the area of the unit 
sphere in 1R'. Using (2) for x = T E B(,6) we find 

jOP-1
AC(x, y, u(y))w11 (y) dS 3x 2, . . oX12 

(6)
(1	if u+p-1<0 

cbi (d)8 2	1 + I lOgb I if v+p— 1 = 0 
1s-'-(-') if v'+p—l>O 

^ 

and, after the multiplication by w_(fl_L,)(), we obtain 

3P- I	 I 
Wil	f 0xj . . .

	

K(x y,u(y))w 11 (y)dS	constbi(d).	(21) 
) 

Further, using (2) and (18), we estimate, for x = Y E B(,5), 2 < k < p :5 m, 
1 < j <k — i and fit 1 ,. . . ,i,} C {i 1 ,. . .ik-I 11 

I 3p-k 

0x , . . OX1 
S(X,6)

0' u(y) k-1-j 
{1	}\{i	}(X, y, u(y))	() 

!/t:	
dS 

Iif u+p—k<0 
l +I logfi if +p—k=0 
5_v_(p_k) if z'+p—k >0 

I	 I 
X sup	Oiu(y) I	 I 

yES(v,6)	 I
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and

W ,, )(Z) 
J

0p-k 

- -
	 OZIJ,	0x1 

S(i,6) 

k-I-j	 O'u(y) 
{i 1	1ki }\{t, ,..,t,, (x, y, u(y))w & (y)	 dS, 

I5h1_1	
(21) 

if v+p—k.czO
c'bi(d) 6"'( 1 +I 1og I) if v+p—kO 

5n-I-v-p+k	if v+p—k>O 
W ..( _ ) (x)	 I	Oiu(y) 

SU	W_(._)(y) 
- )(X) yES(,6) j-(n v 

Some trouble causes only the case v + p - k > 0 (the third row in estimation (21)). 
If thereby n - 1 - ii -p + k 2 0, then we have again no difficulty in estimation (21) 
(estimating wP_(fl_p)(x)/wj_(fl_v)(x) coarsely by a constant). Consider the case n - 
1  —

 
u— p+k <0. Together with the inequality k 22 we have then n — z'+l <p. 

Therefore wP_(fl_V)(x) (p1())P(fl') and, due to (17), 

p (n-u)( )

() 
(fl())P(T11)	 if j < n - 

< n-1-v-(p-k) 
(p12 ())P(flU)(1 + logp 12 ()I) if j = n - L/ I  (p12 ())PJ	 if j >n — zi 

ifj<n — v 
< - 6k(ilog5) ifj=n - v 

ifj>n — i' 
ifj<ri — &i 

<cm {8 
-	8(1+I log SI) ifj=n-L/ 

5n_v ifj>n — v

It follows from (11), (12) and (19) - (22) that, for x = Y E B(,.5) C ci, 

op 
Wp_(n_v)(X)

. axi l J C(x,y,u(y))dy 
B(,6) 
6min { 1m_u }IIuII	if v is a fraction ^ constb i (d) (i + { 
6(1 + I log8I)IIuII ,,n if u is an integer)• 

Since F E ci = B(x°,r) is arbitrary and 6 = p12 ()/2, we finally find that, for any 
U E C rnv (G) with 1 jullo , a	d,

(22) 

W l _(fl_ ) (X)ID(Tflu)(x)I < bi (d)(c' +	IIthIIIcI,u,12)	 (23) 
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where x € Q = B(x°,),1 < ja I $ m, e, —* 0 as r - 0 and the constant c' > 0 is 
independent of x, u and d. 

Using (2) and (3) we find in a similar way that, for any u,v € Cmv(G)with 
ll u llo,ci :5 d and II v Ilo,n	d, 

w I _ (fl _ ) (X)lD(TflU — Tnv)(x)l	
(24) 

c"b2 (d)u - v ilon + bi(d)e ll u - vllIaI,p,n 

where x € Q = B(x°, ), 1	al m,	— 0 as r — 0 and the constant c" > 0 is

independent of x, u, v and d. 

Inequalities (23) and (24) may be extended to any u,v € C m"(l) with Il u Ilo,ci 5 d 
and II v lIo,n ( d. Introduce the norm	in Cm''(1l): 

II	II 

II u
,

IIm,un = MII u IIo,n + I1 U 11m,v,1	- 

= (M + 1 )II u lIo,n +	sup (w(flP)(x)IDu(x)I) 
EQ i<IcI<mZ 

where M > 1 is a sufficiently large constant. We fix 

M > ma.x{c'b i (d),c"b2 (d)}	1. 
1<II<m 

It is clear that the norms	Ilmn and .	are equivalent: 

	

ll U llm,v,fZ	lIllTI,V,l	(M + 1)IIUIlm,p,çi. 

Introduce the set 

f3m,v,IZ,d,d' = {u € Cm"():	 d' and ll u Ilo,n	d} 

where d > llfnllo,n and d' > lIfnlI,c + M. It is clear that 8m,u,n,d,d' C Bo,n,a 
and Bm,v,t,d,d' is closed in Crn&(cl). A consequence of (15), (23) and (24) is that, for 
sufficiently small r > 0, the operator Sp maps Bmpfldd' into itself and satisfies (16) 
with q = 1/2. Indeed, using the first inequality in (15) and (23), for u E Bm,v,n,a,d' we 
have

liSnullon	b 1 (d)e,. + llfnllo,n 

and

lSnulI,, ,,n = (M + 1 )IISu IIo, + E sup (wf1_(_)(x)lD'(Snu)(x)I) 

I <II^" 
'En 

(M + 1)b i (d)r + lIfnIl,,,,n +	b(d) (c' + CrIlUlIIQI,v,fl) 
I<IoI<m 

For sufficiently small r = r 1 > 0 it follows that Su €  

ll Scz u Ilo,n	d	and	IlSnull,,n !^ d'.
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Similarly, using the second inequality in (15) and (24) we find that, for u, v E Bm,y,fld,d', 

II So u -
= (M ± 0I1 Su - SnvIIofl	

0 

	

+	sup 0
(wl_(_)(x.)ID(sflu - Sv)(x)I) . 

x I<loI<m 
(M + 1)b2 (d)erllu - vlIo,n 

	

0	

(c"b2(d)IIu - v IIo,ui + bi(d)eIIu - 
1<laI<m 

(
b2 (d)E, 

+ (c"(d) + bI(d)E
M± 1 

) 
<i

< 1ai < m 1) 
(M + 1 )II u - V11 0 'n -  

+bi (d)e (	 sup (w()(x)ID(u—v)(x)I). 
\ 1 <ll<m ) 1<IoI<mZ 

We see that for sufficently small r = r2 > 0 (such that the inequalities b2 (d)6r3	1/4 
and b 1 (d)	 < !2 (E l 	1)	1/2 are fulfilled) and for sufficiently large M (such that 
the inequality (c"b2 (d) + bi(d)E 2 ) i < 11 < m i/(M + 1) 1/4 is fulfilled) the operator 
So satisfies (16) with q = 1/2.	 . 

Thus, for ci = B(x°,ro/2), r0 = min{r i ,r2 ,p(z°)} > 0, (16) is valid. Using 
again the Banach fixed point theorem we see that equation (13) is uniquely solvable 
fl. 8m,v,I,d,d• The solution coincides with the unique solution to of equation (13) 
(equation (1)) in Bo,fl,d. In other words, the restriction to Q of u 0 , the solution to 
equation (1) under consideration, belongs to Bm,p,fl,d,d' c Cm (cl) . Especially, for the 
point x0 E Q = G  B(x°,ro/2) we have

if I cd< n — v 
IDo uo(xO )l <const I1 + logp'(z°)I if laI = Ti - 

(p(x0))&_I0l if frl > n - ii 

with aconstant which is independent of z0 .E G. Since x 0 E G is arbitrary and, for 
= B(x°,ro/2), ptl (x0 ) = min{p(x°)/2,ro/2}, 

r0	
p(x0 )	p'1 (x°)	p(x°) 

2diamG 

we obtain that u0 E C m"(G). Theorem 1 is proved.
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