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Uniqueness Result
for the Generalized Entropy Solutions to the
Cauchy Problem for First-Order
Partial Differential-Functional Equations

Z. Kamont and H. Leszczynski

Abstract. We prove a theorem on differential-functional inequalities in the Carathéodory
sense. The proof is based on the fact that we can solve a linear differential equation with
first-order partial derivatives. We use also an integral Volterra-type inequality. We obtain
a theorem on the uniqueness of generalized entropy solutions to the initial-value problem for
non-linear partial differential-functional equations of the first order. ’
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0. Introduction
Let b>, Ry =[0,00), 70 € Ry ,7 =(71,...,7Tn) € R} and denote
Ey =[-70,b) x R*,  E =[0,b] x R",  D=[-7,0] x [-7,7].

Further, for arbitrary metric spaces X and Y denote by C(X,Y) the set of all continuous
functions defined on X and taking values in Y. For z : Ey — R and (z,y) € E(;) we
define a function z(; ) : D — R by

2em(€n) = 2(z + &y +n) for (€n)€ D.

At last, let
Q=Eu x RxC(D,R) x R".

Assume that f: Q@ — Rand ¢ : Eg — R. If z € C(E(), R) is a function of variables
(z,¥) = (z,y1,--.,Yn) and if there exist derivatives Dy.z ( = 1,...,n) on E), then
we denote

Dyz(z,y) = (sz(:z:,y), ... ,Dy,_z(a:,y)) for (z,y) € Egy .
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We consider the differential-functional equation

DZZ(I, y) = f(xt Y, 2(11 y)’ z(z-,y)j Dyz(:z:, y)) (01)
with the initial condition - ‘

.z(z,y) = o(z,y) for (z,y) € Eo . (0.2)

Let Mk, 1] denote the class of all k x I real matrices. If U = [u;;] € M[k,l], then
I = ma.x;{EJ. |uij|}. Let M be the set of all natural numbers. For every k € N
and 7 = (71,...,7) € R* we define ||n|| = max; |7;]. Throughout the paper we will
denote norms of matrices and vectors by the same symbols. At last, if I = [a),a;] is an
interval, then £(I, R) denotes the set of all functions A : I — R for which faal’ |[A(2)]dt
exists. v ,

. Numerous problems in the theory of differential equations have been solved by
means of the differential inequalities methods. Let us mention only the most important
problems: an estimation of the domain of the existence of solutions, establishing some
uniqueness criteria, the research of stability conditions, finding some estimations of
solutions, continuous dependence on initial data and on right-hand-side functions, error
estimations for approximate solutions. Some inequalities in a Haar piramid or in an
unbounded domain are considered there. For some more reference connected with the
subject we send the reader to the papers [1, 3, 6]. The classical theory of differential
inequalities with its applications is founded in the monographs (9, 15].

The subject of the uniqueness of solutions to initial or initial-boundary value prob-
lems is mostly connected with differential inequalities. Consider the initial value problem

Dzz(z,y_) = F(z,y, z(‘t)y)l Dyz(z:y)) for (z,y) € E

0.3
A0, =2) | or yel-b )

whére-
E = {(z,y)’ z €(0,a], y=(y1,---,Yn), lvi] < b;i — M.‘:c,".for all i},

b= (by,...,bs) and Dyz = (Dy, z,...,Dy, 2). Assume that F: E x R x R® — R and
that for some function o : [0,a] x Ry — R} we have the estimate

IF(I;y)p) q) - F(z:y,ﬁ,i)lﬁ U(I, |p - il) + 2 Mllql - 6!'

=1

If o is a Perron type comparison function, then there exists at most one classical solution

_of problem (0.3) that is continuous, possesses first-order partial derivatives in E and
total differential in dEN([0,a) x R™). If we assume that o is a comparison function of the
Kambke type, then a solution of problem (0.3) is unique in the class-of functions satisfying
the above condition and possessing a continuous partial derivative with respect to = for
z =0, see [9, 15].
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The above results can be extended on the differential-functional problems

D.2(z,y) = F(z,y, z(~),Dyz(z,y)) ((z,y) € E)

(0.4)

2(z,y) = ®(z,y) ((z,9) € Fo)
where Ey = [—70,0] x [-b,b] and F : E x C(E, R) x R" — R . A comparison problem
for problem (0.4) is of the form

7@ =s@n() (e 05)

n(z) =0 (z € [-70,0)) '
where & : [0,a] x C([—7o,a], R+) — R4. The essential fact in these considerations'is.
that operators F and & satisfy the Volterra condition, see [1]. .

If we consider problem (0.3) in an unbounded zone E = [0,a] x R", then we can
omit the assumption that solutions of the Cauchy problem have the total differential
in some points of the domain. In this case we assume that the comparison function
is linear with respect to the second variable, which means that F satisfies a Lipschitz
condition. The proof of the uniqueness result is based on the fact that we can solve a
linear differential inequality with first-order partial derivatives.

An interesting result for the global uniqueness of the Cauchy problem when F'
satisfies the Holder condition with respect to the last variable can be found in [2]. In
[11] we proved some uniqueness results for differential-functional equations considered
on [0,a] x R™ with the Cauchy data given on [—7o,0] x R* . The method of differential-
functional inequalities is used.

Non-linear equations with partial derivatives have the following property any clas-
sical solution to initial-value problems exists locally with respect to . This leads to
definitions of solutions in the sense "almost everywhere” or Carathéodory solutions. The
class of weak (Carathéodory) solutions consists of all functions which are continuous,
have their derivatives almost everywhere in some domain, and the set of all points where
the differential equation is not fulfilled is of Lebesgue measure zero. The main existence
and uniqueness results for initial-value problems in the class of generalized solutions can
be found in [8, 12] (see also [13, 14]).

Generalized solutions of non-linear equations are also investigated in the case that
assumptions for the given functions are extended. A function z € C(E;, R) is called
a CC-solution of equation (0.1) if it is a solution in the Caratheodory sense, z(-,y) is
absolutely continuous for y € R", the derivative Dy z exists on E(3), and for every y € R"
equation (0.1) is satisfied almost everywhere on [0,b]. CC-solutions to problem (0.1),
(0.2) are obtained as solutions of suitable systems of integro-functional equations, see
[4], 10], 13]. Theorems on the uniqueness of CC-solutions with non-linear comparison
functions are proved by means of integro-functional inequalities of the Volterra type.
The papers [4, 10] deal with the existence and uniqueness of CC-solutions. This class
of generalized solutions seems to be important if we look for classical solutions because
the assumptions that right-hand side of equations is continuous is sufficient to prove
that every CC-solution to it is a classical solution. This observation is known in the
literature (see [4, 10]).
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Solutions of equation (0:1) in the Caratheodory sense are not unique. That is the
reason why in the literature two natural subclasses of the set of all solutions in the
Carathéodory sense are considered — CC-solutions and generalized entropy solutions,
which are the subject of our investigations in the paper. It is easy to construct examples
of generalized entropy solutions which are not CC-solutions and vice versa.

Our Theorems 1.1 and 2.1 are some extensions of Krutkov’s results on the case of
differential-functional equations. Essentially, roots of our proof methods, similarly as in
8], are related to the Holmgren principle: "uniqueness of the solutions to some linear
problems follows from existence for the adjoint problem”. The proof of Theorem 1.1
(like proofs in (8], 11, 14]) is a non-linear realization of this principle with the Cauchy
problem (1.7) as the adjoint problem”.

The existence of generalized entropy solutions is proved in (8] for differential equa-
tions and in [7] for equations with deviated variables. We cite the existence theorem for
generalized entropy solutions of differential-functional equations from the paper [5]. In
this part of the paper we put n =1 and 7 > 0. Denote by Co+1(D, R) the class of all
functions w € C(D, R) which satisfy the Lipschitz condition on D. Define

Co+(D, B,1) = {w € Cos1(D, B)| Ilwllo + lwllz < ¢ }
where || - ||o is the supremum norm in C(D, R) and
lwllz = sup{luw(t, s) - w3 - 2 + Is = 3) 7| (t,5), (E5) € D} .

In a similar way we define C(D, R, t).

Theorem 0.1 [5}: Suppose that the following conditions are true.
1. ¢ € C(Eo, R) and there ezist constants M, L € R, such that

ezl S M and e(z,y) ~ ¢(z,9)| < Lly — 7] on Ey.

2. There ezists K € Ry such that for | € R\{0} we have
((p(:z:,y +1) —2¢(z,y) + o(z,y — l)) I72< K on E,.

3. f € C*Q,R) and there ezist a constant N > M and a non-decreasing function
V € C([M,N],Ry) suck that for t € Ry we have f;;,v V(t)~'dt > b and

|f(z,y,p,w,q)| S V(t) on (0,8 x R x [~t,t] x C(D,R,t) x R.

4. There exist Ny > L, A > 0 and a non-decreasing function W € c(L, N, Ry)
such that fi{v‘[(Zt + 1)W(N + 3t)]"'dt > b, and fort € Ry, P = (z,y,p,w,q) €

[0,8] x Rx [-N,N] x Co4+r(D,R,t) x R ws!have
IDf(P)I< A and  |Dy,f(P)|,|D,f(P)},)IDw F(P)|| < W(2)

where Dy, f is the Frechet derivative of f with respect to w.
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5. For W e D(D,R; we have D, f(P)(w) >0 on
Q=10,8) x R x [N, N] x Co4(D, R, N + 3N;) x [-N;, V).

6. The second order derivatives of f are bounded on Q and ngf(P) <0 onf.
Then there 1s a function u € C(Es, R) which is a generalized entropy solution to problem

(0.1), (0.2).

The proof of the theorem is based on the difference method. Assumptions of ex-
istence theorems are by far more restrictive than assumptions of uniqueness theorems,
which is typical for this class of problems.

Now, we give an example of the Cauchy problem for which there are at least two
Caratheodory solutions. For X C [0,1] x R we denote by x the characteristic function
of X. Put

Xy ={(x,y)' zE€ [0,1],2§y<z+2}

Xy = {(x,y)l z € (0,1], —z+2§y<2}
Xz = {(z,y)' z€(0,1,z-2<y< -z +‘2}
Xy = {(z,y)‘ zel0,1, 2<y<z-2}

Xs = {(z’y)\ z€(0,1], -z -2<y< —2}.
We define g : [0,1] x R — R by

1 1
o(.9) = =3z —y 2Pk (e + [0 - 24 2F = ] (2
.
~ 2, )+ 3y =2 -2 )
1 9 2
=5y +2+2)°x,, (z,9).
Then g € C([0,1] x R, R). Consider the differential-functional equation
2
D.z(z,y) = [/ 2(z,y + s)ds — g(z,y)] sin z(z,y) — (.Ds,z(:z:,y))2 (0.6)
-2
on [0,1] x R with the initial condition
2(0,y) =0 for y € R. (0.7)
Then functions u(z,y) = 0 for (z,y) € [0,1] x R and v : [0,1] x R — R given by

y—z forze(0,1],0<y<z

0 forz €[0,1], y< —zory>z
v(z,y) =
—y—z forze[0,1], —z<y<0

are Carathéodory solutions to problem (0.6), (0.7).
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1. Differential-functional inequalities in Carathéodory sense

We shall prove a theorem on differential-functional inequalities. Asa consequence of this
theorem we get a uniqueness criterion for generalized entropy solutions to the Cauchy
problem.

If G:[a,a] x R* — R (a,@ € Ry and a < @), then let supp G denote the support
of function G. Given any normed spaces X and Y let C!(X,Y) stand for the set of all
continuously differentiable functions defined on X and taking valuesin Y. Fora,e € R4
such that a,a + € € [0,b] we shall denote

supp G is a compact set

P = {G € C! ([a,a + €] x R*,RY)

G(a+¢,y) =0fory € R® }

and
Pae = {¢ € C(la,a+¢€] x R",R+)| supp ¢ C Ey \ Ey is a compact set } .

Let K2(0,My) = {y € R" : ||ly|l2 £ M,}, where M; € R{. The symbol || - || denotes
here the Euclidean norm. If My, M; € R4 then let

Q(Mo,Ml) = E(b) X [—Mo,Mo] X C(D,[—Mo,Mo]) X Kg(O,M] )

If X is a non-empty compact normed space and T : C(X, R) — R is a continuous linear
functional, then

ITll. = sup{IT4ll| $ € C(X, R), gl <1} .

Assumption H,. Suppose the following.
1. f:Q — Randforall P=(z,y,p,w,q) € Q there exist the derivatives

Dyf(P), Dqf(P), Duwf(P), Dpf(P)
Dy f(P), Dgf(P), Dquf(P), Dgf(P).

2. There exist constants My, M; > 0 such that the functions

Dyf, Dof, Duwf, Dpf, Dyf, Dqef, Dquf

are continuous on Q(Mp, M;).

3. There exist constants ¢;,c; € Ry such that

1Dy (P, 1D f(P, |1Dwf(P)lle, Dpf(P) < 1
1Dgp f(P), IDyq f(P); IDgw f(P)ll+ < c2

for every P = (z,y,p,w,q) € (Mo, My),

4. For every (z,y,p,w,q) € (Mo, M;) and @ € C(D,[—Mo, My]) with 0 > w the
inequality

0 S f(layypy’f’,Q) —f(:z:,y,p,w,q)
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is true.

5. There exist non-negative constants c3 and ¢4 with c3 > ¢4 such that, for all
(z,y,p,w,q) € (Mo, M), we have the estimates

aslinll? > Z( Dy, o fi( v, pr w, @))n5m > callnll3
=1

for arbitrary n = (m1,...,7a) € R™

Let A:[0,b] — R4 be a bounded functioh on [8,b] for every & € (0,b]. A function z
is said to be of class C(Es, R; Mo, My, \) if the following conditions are satisfied:

(i) z € C(Ey, R) and ||2(z,y)|| < Mo for (z,y) € Es.

(i1) Dzz,Dyz exist a. e. on Ey and D,z € L},.(E®),R),Dyz € L,OC(E(b),R").l;
(iii) || Dy2(z,y)ll2 < M, for almost all (z,y) € E)-

(iv) 2(z,y + 1) — 22(z,y) + 2(z,y — 1) < A(@)lInll} for every n € R",(z,y) € E).-

Now we are in positions to formulate the followmg theorem on differential-functional
inequalities.

Theorem 1.1. Suppose that the following conditions are true.
1. Assumption H, is satisfied and u,v € C(Es, R).

2. There are constants My, M, € Ry and a function X : [0,b] — Ry, bounded on
(6,8] for every 6 € (0,b], such that u,v € C(Es, R; Mo, My, 7).

3. The differential-functional inequalities
Dzu(xay) < f(z,y,u(z,y),u(,,y),Dyu(x,y)) (11)

D.o(z,y) > £(2,9,9(2,9), v(e.00> Dyv(2.9)) (12)
are satisfied almost everywhere on Eg) and
u(z,y) Sv(z,y) for all(z,y) € Eo. (1.3)
Then for.every (:zf,y) € E, we have the inequality
wz) So(my) (14)

provided either Dy f(z,y,p,w,q) = 0 for (z,y,p,w,q) € Q(Mo,Ml) or the function
A : [0,b) = Ry is integrable on the interval [0,].

Proof. Let {u(*},>; and {v(*)},>) be two fixed sequences of functions satisfying
the following conditions:

(i) For every v the functions u v(*) . By — R are of class C2.
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(i1) For arbitrary compact subset X C E, we have the limits
lim u|x =u[x and lim v®|x = v|x (uniformly)
v 00 v—oo |
Jim_ [|Dyu®|x — Dyvlxll2cx,p) = 0= lim Do |x = DyvlxllLa(x,m.
(iii) For every (z,y) € E;) and n € R™ we have the estimates

D,,,,u(")(z,y) < M=) and D,,,,v(")(:r:,y) < AMz)

where Dy, z denotes the second order derivative of the function z in the direction of the
vector 1 (note that sequences {u(*)} and {v(*)} can be constructed by the regularization
method, see [8]). Denote w = v—u and w(*) = v() —u(*) for v > 1. Then from inequality
(1.3) it follows that w(z,y) > 0 for (z,y) € Ey. Suppose that condition (1.4) is satisfied
on E, for some a € [0,b). We shall show that it is satisfied on Ez for some @ € (a, b].

Let € > 0 such that a + ¢ € [0,8]. Suppose G € P}:?. Then from inequalities (1.1),
(1.2) we get the inequality

ate

| 6@ {Py)
R™ a

- [f (x,y, v(")_(l‘;y),vEZ,)y),Dyb(")(z,y))

(1.5)
- £ (2u(@9),u,), Dz, )) | dedy
a+e
> / / G(z,5)0) (z,y) dedy
R™ a

for v > 1, where the function I'*) is defined by

Mz,9) = Dav®(z,9) - £ (2,9,9%(z,0),02,), Doz, 1))
- (D,‘U(.’E, y) - f (3,9,0(37y),v(z,y),DyU(z, y)))
- (Du(z,9) - £ (29,6, 1),802,), Dy (z, 1)) )

+ (D,u(z,y) - f (J:,y,u(a:,y),u(,,y),Dyu(z,y))).

It follows from assumptions (i) - (iii) and Assumption H, that lim,_s T x|l L3 x, r)
= 0 for arbitrary compact subset X C E(y. Define

P¥)(z,y,6)
= (=..u(2,y) + 001 (z,9), (4 + 00, py, Dy (u) + 6. (z,y)) -
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Applying the Hadamard mean-value theorem and integrating by parts in (1.5) we obtain
the inequality

ate

/ / {—w(")(a:,y) {D:G(z,y) + G(x,y)/D,f (P(")(z,y,G)) dé
)

R" a
_Jz:‘; aiy,' {'G(I,'y)o/quf (P(v)(z,y’a)) da}}

- G(:z:,y)/lDwf (P(v)(z,y,e)) df (w("))(z y)} dzdy
J ,
ate

> [ [ 6@ re)e sy + / G(a,y)(a, ) dy

R™ a

(1.6)

for v > 1. Take arbitrary ¢ € P, and consider the Cauchy problem

1
D,z(z,y) + z(:t,y)/D,,f (P(")(z,y,e)) dé
0

1.7)

2 {z@,y) [ Dot (Pe0) de} - be)

z(a+6y)=0

Let
g(V)( ' T, y) : ~[a1a +€} — R" for (I, y) e E(a+c) \ E.(a)

be solutions of the characteristic initial-value problem corresponding to problem (1.7):

7)== [ Dof (POn(0.0) a6 wnd  n(a)=v. (1.8)

For (z,y) € E(ate) \ E(s) We denote

HW(z,y) = /ID f(P(“)(z v, o)) df

o (1.9)
E/A,, (")(z,y,G);u(") +0w(")) dé
0

j=1
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where the matrix A(P;z) = [Ai(P;2)]7,=, is defined by

n
Hi=

Aji(P;z) = Dg;y, f(P) + Dy;p, f(P)Dy, 2(z,y)

+ Dg;w, f(P)(Dy, 2)(z,y) + Z Dy, q; f(P)Dy, y 2(z,y)

pn=1

(1.10)

for z € C(Es, R; Mo, M;,)) and P = (z,y,p,w,q) € (Mo, M,). Consider inequality
(1.6) with G(*) satisfying problem (1.7). Then we have the inequality

/ 7e{w(")(r, y)é(z,y)

R™ a

- G‘")(x,y)/lDwf (P (z,y,8)) d8 (w("’)(z 5 }dzdy (1.11)
0

a+te

> / / Gz, y)T) (2, y) dzdy + / G(a, y)w(a,y) dy
Rn a Rn

for v > 1, where

ate

G(")(x,y) = / ¢ (t,g(")(t;z,y)) exp (/ H® (s,g(")(s;z,y)) ds) dt. (1.12)

x

Formula (1.12) defines a transformation of the set P, . onto ’P:;E. For (z,y) € Es4+.\E,
the matrix Dyg*)(-;z,y) = [Dy,gj-")(- 1T,Y)]}71=1 satisfies the equation

d
&?C"]

with the initial condition

n

= -4 (PY(t, g (t;2,y),0)u™ + 6 (i)}, (1.13)

Hi=1

(]l(z)=6jl (],l:l,,n) (114)

where §;; is the Kronecker symbol. Denote
T (t; z,y) = det [Dyg(")(t;z,y)] for (z,y) € Es4c\Ea, t € [e,a +¢€].

Observe that J(*)(t;z,y) > 0, moreover we have the equality

J@)(t;z,y) = exp (/ ZAjj (P(")(s,g(")(s;z,y),@);u(") + Gw(")) ds) . (1.15)
v J=1 '
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Now we use the change of variables

E.ye\Ea 3 (I’y) — (z,7) = (Ia g(y)(t; z, y)) € Este\Ea

and obtain the equality

/j¢ (t,g(u)(t;:r:,y)) exp (j H® (s,g(")(s;z,y)) ds)

R™ a z

1

x /Dwf (P(")(x,y,ﬂ)) dé (w("))( dzdy
z,y

0

=//¢(t,,,)1(u> (t;z,gw)(x;t’,’)) (1.16)

R™ a
t
X exp (/ H® (s,g(")(s;z,g(”)(z;t,n)) dS)
z . . v

X ]Dwf (P(")(z,g(")(x;t,r)),O)) dé (w(")) dzdn.
0

(z,9(")(z;t,m))
From (1.6), (1.7), (1.11), (1.16) it follows that for every ¢ € P, . we have the inequality

ate z
[/ ¢(x,y){w<">(z,y>- IO (26,6 (2,9))

R a 0

X exp (/ HW (s,g"’)(S;t,g(")(t;z,y)) dS)-

t

(1.17)

(t,9¢" ) (t;z,y))

X ]Dwf (P(v)(t,g(v)(t;:z:,y)’o)) (w(v))
i .

a+te

> [ [ Gewr®e ) dedy + | Gtaniandy
J

R" a

dedt} dzdy

forv > 1. .
For P(v)(z,y,8) there are orthonormal vectors 7 = pi(z,y,0) € R* (j =
1,...,n) and eigenvalues A9 (z,y,6) € Ry such that c3 > A#3)(z,y,8) > ¢y > 0 and

~ Y Dyyof (P(2,4,6)) Dyyuz(z,)
Ji=1

) (1.18)
= Z A (z,y,0)Ds01500 2 (2, ).

=1
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Thus from Assumption H; and (1.18) combined with (1.9) it follows that the function
H®) is upper-bounded by a measurable function independent of » > 1. The same
property for the function J(*) can be stated.

Let 6 € (0,¢) be an arbitrary number. Since for ¢ € P, . with supp ¢ € Euy\Eq4s
the right-hand side of inequality (1.17) tends to 0 as v — oo, we have the inequality

a+te

/ /¢(z,yj {w(z,y)—lil,nlg.}f/zJ(") CIRRICER")

R™ a

X exp (/ HW (s,g(V)(s;t,g(")(t;x,y))) ds) (1.19)
t

x /1 Duf (P<">(t,g<”>(t;x,y),9)) (w(")) dodt} dzdy >0,
J ‘

(t,9¢*)(t;z,y))

If Dyf =0, then we get what was to be proved (compare [8)). If D, f # 0, then from
inequality (1.19) we get the Volterra integral inequality

(@) 2 limint [ IO (538,6¢ti2,)
0
X exp (/ HW (s,g(uf)(s;t,g(")(t;z,y))) ds) (1.20)
t

x ijf (P(")(t,g(")(t;:z:,y),ﬂ)) (w(")) . dédt
0

(t,90*)(t;z,y))

for (z,y) € Ea4c\Ea4s, where 6 € (0,¢). Denote by w™ and (w(*))~ for v > 1 the
functions that are given by equality

w™ (z,y) = min{0,w(z,y)} and (w("))_(z,y) = min{O,w(")(a:,y)} (1.21).

for (z,y) € Ey. From inequality (1.20) it is easy to see that

w(z,y) > liminf/J(") (z;t,g(")(t;z,y))
0

X exp (/ H® (s,g(v)(s;t’g(")(t;z,y))> ds) (1.22)
t

1
% /Dwf (P(")(t,g(")(t;z,y),a)) ((w(V)>_)(‘,g(v)(,;z,y))dodt
0
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for (z,y) € Es4c\FEats, where § € (0,¢). In view of conditions (1.9}, (1.10), (1.15),
(1.18) and Assumption H; we have the inequality

J» (w;t,g‘")(t;x,y)) exp (/ H® (s,g(")(S;t,g(")(t;x,y))) dS)

t

. (1.23)
< exp (/ (1 + 2nca(1 + 2My) + c3M(s)) ds) .
t
Let a function W : [a,a + €] — R_ be given by
W(z) = (tl!ilglef&w_(t,y) for z € [a,a +¢]. (1.24)

Next, from (1.18), (1.22) - (1.23) and Assumption H; we obtain the inequality

z

W(z) > /exp (/ (c1 + 2nc2(1 + 2M) + c3A(s)) ds) aW(t)dt (1.25)

for z € [a,a + €]. From definition (1.21) we get the inequalities w(z,y) > W(z) > 0
for (z,y) € Ea4.. As a € [0,b) was taken to be arbitrary, we have obtained inequality
(1.4), which finishes the proof of Theorem 1.1 ®

Remark 1. Let LP(X,R)(p > 1) denote the Banach space of real functions de-
fined on a metric space X that are integrable with power p. In the above given the-
orem one can replace the constants My, M, ¢y,c2,c3 € R4y by measurable functions
Mo, My, é,80,8 - (0,8) — R,. It is enough to assume then that there are con-
stants Py, P, P,,P3 € Ry with P + P < 1 and P + 5 <1 such that Ml €
LP([0,b),R4),é € L'([0,b),R4),é € LPr([o bl,R4),é € LPa([o b,Ry) and A €
LP([0,8], R+).

2. Uniqueness result
The following theorem on the uniqueness of generalized entropy solutions to problem
(0.1), (0.2) is a simple consequence of Theorem 1.1.

Theorem 2.1. Suppose that the following assumptions are true.
1. Assumption H, is satisfied and u,v € C(Es, R).

2. There are constants Mo, M, € Ry and a function A : [0,b] — Ry, bounded on
[6,b] for every § € (0,b], such that u,v € C(Es, R; Mo, My, A).

3. The functions u,v are solutions to the Cauchy problem (0.1),(0.2), where ¢ €
C(Ey, R).

Then for every (z,y) € Ey we have the equality

‘U(I,y) = v(zay) ‘ (21)
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provided either Dy f(z,y,p,w,q) = 0 for (z,y,p,w,q) € Q(Mo, M) or the function
A:[0,8] — Ry is integrable on the interval [0, 8].

Proof. The functions u, v satisfy assumptions of Theorem 1.1, thus from (2.1) we
have u < v for (z,y) € Ej. The inverse inequality is obtained in the same way.

Remark 2. If we omit condition (iv) in the definition of class C(Es, R; Mo, M, A),
then Theorem 2.1 is not true, because there may exist two different solutions of problem
(0.1), (0.2). An adequate example of f without a functional variable is given in [8].

Remark 3. Our uniqueness result and a theorem on differential-functional inequal-
ities remain valid if we replace problem (0.1),(0,2) by the following Cauchy problem for
the weakly-coupled system of non-linear equations:

Dzzi(m’y) = Fi(zyyvz(‘z:y)’z(z y)aD zi(zay))y 1= 1" ceym,

Z(.’t,y) Q(I,y) on EO .

We assume in this case that the function

F(:E’yapaw,Q) = (Fl(xyyap1w1Q):' .. aFm(x7yap,w,Q))

satisfies the quasi-monotonicity condition with respect to p. While proving a theorem
on differential-functional inequalities we get a system of Volterra mtegra.l inequalities,
which implies an approprxate 1nequa.hty for functions. -
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