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On the Existence of Solution
of a System of Partial Differential Equations

A. A. Andrian

Abstract. Let I, = {t| 0 < argt < a} for @ < 7 and denote by M the class of m-dimensional
vector functions 4 = u(z,t) of C*°(R"™ x 1) analytic in t € I, and having polynomial growth
in (z,t). Let A(£) (€ € R™) be a square matrix of order m with polynomlal elements. In the
paper we define regularity and strictly regularity of the system 8—': = A(D:)u + f and prove
its solvability in M for all f € M.

Keywords: Partial differential equations, reqularity, strictly fcgulan'ty, solvability
AMS subject classification: 35A99

1. Introduction

In the following let IV be the set of natural numbers, INg = IN U {0}, IT a complex plane
and,for0<a <,

ch:{/\’ 0<arg/\<a} and' I'I;‘= {/\| %wga.rgz\sgw—a};'

Let A(¢) (€ € R") be a square matrix of order m with polynomial elements such
that, for all £ €. IR", the roots A1(£),...,Am(£) (some of them can coincide) of the
characteristic equation det(AE,, — A(§)) = O satisfy the conditions

/\1(6)1 e a’\r(f) € H;
Ar1(€),- -, Am(€) € CIL; ;=TI\ I,

where E,; is the unit matrix of order m. The class M is defined as the set of vector
functions

(1)

u(z,t) = (n1(z,t),...,um(z,t)) of CO(R" x1la) -
analytic in ¢ € II, and satisfying the inequality
|D3 Db u(z, 1)) < cin(L+ )T+ 1) (Il k € Do) (12)
for all (z,t) € R™ x 14, where

j=(j1v~",jn)) l]|=]]++_]"
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and

) ) N 9 Jn
)= (1— A S
D] = (161:1) '(Zam")

Here i = /=1, D, = az denotes the complex ‘analysis differentiation, c;x are non-
negative constants and v, € R.

If in (1.2) v is fixed, then the corresponding class we shall denote by M., C M, and
if u(z,t) = u(t), then we have the classes N or Nj.

In the paper the problem of solvability of the system

Ou(z,t) t)
Tt

with unknown u € M and given f € M is considered. - ‘

The system (1.3) satisfying condition (1.1) will be called strictly regular and the
number r will be called its order of regularity. When the condition (1.1) is v1olated only
in a finite number of points, then the system (1.3) is said to be regular.

The main result of the paper looks as follows.

AD.Yu(z,t) + f(z,t) (1) € R” x IL,) (1.3)

Theorem 1.1. Consider the system (1.3). We have the following statements:

a) The system (1.3) (regular or strictly reqular) admits a solution u € M for all
feM. .

b) If the system (1.8) is sirictly regular and f € M,, then for its solution u the
inclusion u € M, is true.

¢) If the system (1.8) is regular and f € M,, then there ezists v, > v such that for
its solution u the inclusion u € M., is true. .
Boundary value problems for system (1.3) with f =0, t € R = {t| t > 0} are
studied in (2, 3] and for ¢ € Il in [1]. It sHould be noted that the operators which are
not regular in the sence of [2, 3] can become regular in our ca.se (t € II,). Par example
the Helmholtz operator A + k? with k > 0, where A = W + W is the Laplacean.
Indeed, we have Ay 2(§) = /€% — k2 which implies r = 2 for |¢] < k and r = 1 for
|£|>fc Now, by taking t € II, (0 < a < J) one can see that r = 1 for all £ # *k.
Another motivation for taking ¢ € II, is the’ fa.ct that the solutions of many boundary
value problems in reality. can be extended analytically with respect to t to some angle:
Par example the solution u = u(z,t) of the Dirichlet problem u(z,0) = f(z) in the half
plane R x R* for the Laplace operator is analytic in t from the set {t| |argt| < 7}

2. Some auxiliary propositions

Denote by Fy(p) the Laplace transform of a function f(t) from the class N when argt =
8, i.e.

| Fo(p) = [ 7P f(re'®)dr.
0]

We have the following statement.
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Lemma 2.1. The function Fo(p) being analytic in the half plane Rep > 0 extends
analytically to the domain CII,.

Proof. From Cauchy integral theorem there follows
—pt - =-2 .
e Pf(t)ydt=0 (argp = 2) ‘ (2.1)
Coull,

where I's denotes the ray argt = 8, 0 < B < a. Rewrite (2.1) in the form

Fo(p) = e Fa(pe')  (argp=-3).

The functions Fotp) and Fo(pe'®) being the Lz;place transforms of functions of polyno-
mial growth are analytic in Rep > 0 and Re(pe'®) > 0, respectively. So the function

Fo(p) - ifRep>0

e - { e®Fa(pe'®) if Re(pe'®) > 0

is analytic in CII7, B

From the representation
[ =P@+et)  with P()=fO)+F O+ + /00 (22

for any function f € N and number s € IN we deduce that ¢ € N and g¥(0) = 0 for:
any j < s. Let 8 € IN be such that

|Dif(0)] +|Dig)] < i1+ 1) (e o). (23)
Introduce the function L A _
aqt)=g(t)(1 + t)'2_ﬂ (q(j)(O) =0 forall j<s). (2.4)

Now, if Q(p) is the Laplace transform of ¢(t) (t € R*); then thanks to the relations
(2.3) and (2.4) we have

QIS+l (pecl). . (29

Let v, = vo + €e~**/2, where 7, is the boundary of I}, and € > 0. Using the estimation
(2.5) it is easy to get

e+ioco

(=5 [ =g [ew)d (e RY)
Yo

e£—~100
Evidently this function g(t) is analytic in Il, and bounded in II,. Finally we obtain
the following o .
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-Lemma 2.2. Every function f € N can be presented in the form

B+2
%/CP'Q@)@ (t € ).

Yo

f(t) = Py(t) +

Now let us consider the differential equation.

Bu(t)
B

=du(t) = f(t)  (tels) g (2.6)

where A € I, f € N is given and u € N is the unknown function. When t € R*, then
the solution of equation (2.6) can be written immediately in function of sign(Re ). In
our case the form of the solution depends not only of A € II}, or A € CII}, but also of
a position of A € CH‘ For applications we prefer to obtain a unique form of solution.

At first, if f(t) = (t) (see (2.2)), then evidently equation (2.6) admits a polynomial
solution up. So it remains to consider equation (2. 6).with f = g and A # 0. It is clear
that the function

1 ePt Ca(P/\) dp

2w p—
Ve

ul(t) = (t € II,) (2.7)
where ¢ is such that A and 0 are placed on different sides of 7. in the case of A € CII%,
is a solution of equation (2.6) satisfying the estimate |u,(t)| < ce®¥l (¢ € M,). Let us
show that u; € N. Since f € N and u; satisfies equation (2.6) it is sufficient to verify
inequality (1.2) only for k = 0. From (2.4) we have G(p) = (1 — 25’;)‘9+2Q(p). Then by
integrating by parts we get . . .. .

Pt d 342 .
wt) = — 27rz p_/\ (1 - %) Q(p) dP: )

= / o) (1+ )m (pej‘Qd,, ey

- ¥ ¢ [awewew et

i<B+2’

Yo

where the functions ¢;(p) are well-defined and bounded, i.e. u;(t) is of polynomial
growth. Hence the following lemma is proved.

" Lemma 2.3." The equation (2.6) admits @ solution u € N for all functions f € N.

Now, if we have a system

Ou(t :
A 4w =s (em)

where 4 is a constant matrix of order m, f € N is a given vector function and u € N is

the unknown vector function, we can solve it by transforming the matrix A into Jordan

form and using Lemma 2.3.
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3. Construction of a solution of system (1.3)

Strictly regular case. Let the system (1.3) be strictly regular. Introduce the following
polynoms in A:

Qe,N) = [T - () = X" + Za,(e)w
=

m-r m—r

R(EN) = [T = 2ai(€) = A7+ 3 ary (A,

Jj=1 j=1
It is well known (see [4: Lemma 3.1/p. 194]) that
1A;(€) S c;(1 + €)™,  a; € CZ(R™)
IDga;(€) < ex(L + [EN™*  (Ik| € MNo).
Let v(&,t) be a solution of the Cauchy problem

Qe 5)vien = T +Z 5@ _o  em,) (2

(3.1)

D}u(€,0) = b;(¢) (OSJST—l) . (33)

where b; € C*°(IR™) satisfies inequality (3.1) and v(¢,t) is analytic in ¢t € II,. Rewrite
(3.2), (3.3) in matrix form

26D _ Bepu(e) (te L)
w(,0) = H(6)

where

w= (v,gt—v,,g;:i:)) and - b(f): (bo({),...,br—l(f))

and B(€) is a well-defined square matrix of order r with eigenvalues A,(€),..., A (€)

all belonging to II%,. We have w(¢,t) = eB©!p(¢), whence by using the well-known
estimate

||€B(€)‘|| < CZ el (0')(1 + |f|)'_1(1 +1€D°
1=1
(see [2: p. 222, item 2]) we shall get the estimate

| DEDEu(E, ] < esp1 + Ie)™ (1 + ey, (34)
For beginning we take f(z,t) = t/q(z) € M. Every function u(:z: t) € M can be

considered as a distribution from S’ (R") depending on parameter ¢ € I1, and satisfying
the inequality

‘%W(w),tp(z» S +Pllels (v € S(RM)
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where S(IR") and S'(IR") are the pair of Schwartz spaces and
llplls = sup(1 +J2l*)*/* 3 IDe(z)]  (s'€ Vo).
ja|<s

Let 4(€,t) = F:(u(z,t)) denote the generalized Fourier transform of u € M (F~! will
denote the inverse Fourier transform). The Fourier image of system (1.3) has the form

2D — a@ite 0 + 646 (33)
As a solution of system (3.5) we consider
1 .
W60 =L [ OBn - A©) " A Moo (36)
(&)

where 77 (£) is a closed contour containing only the roots A;(€),...,A.(£) € I3, and the
point A = 0. Introduce the matrix

V(e = 1= / (AEm — A(E)) " A7 0Md (te IL).
el O
Lemma 3.1. The elements v;,(€,t) of the matriz V({,t) satisfy the inequality (3.4).
Proof. We have

a(§, A) '
V(£,0) = / NHQE, A)R(s,x)‘le
¥ (€)

with R
a(€,X) = (aBm — A(E))”" |AEm ~ A(O)l-
Since the polynomials A*1Q(€, A) and R(€, ) are coprime, then
1=r(&, )NQ(E,X) + q(€, \)R(E, ) (3.7)

where r(£,A) and ¢(¢, A are polynomials in A with coefficients satxsfymg the inequality
(3.1). The matiix V(£,0) can be rewritten in the form

veo =2 [ A,ffg(? e (38)
v (8)

Since the contour v7(£) encloses all roots of denominator AJ*1Q(¢, ), then com-
puting (3.8) with help of the residue theorem at the point A = oo we immediately
get

D Djun(6,0)| < exs(1+ €)™ (Ikl,j € No).

Now notice that the function vi,(€,t) satisfies the differential equation

ot a
agtit+1 Q ( ) vls(Eat) -

the characteristic roots of which belong to the set II%,. Therefore it satisfies the estimate
(3.4) (see (3.2) and (3.3)) ®
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Lemma 3.2. The inclusion F{l(vl,(f,t)q“,-(f)) € M 1is true, where the vector func-
tion q(z) = (1(z),...,qm(z)) is an element of M.

Proof. We have |D%g;(z)| < cix(1 + |z|)” (see (1.2)). Let ko > 1 be such that the
function

wys(z,t) = FE—l ((1 + |£|l)-"ov,,(§,t)) = (2i)" /(1 + |{|2)—kov“(§,t)e—-’€:d£
S Rn
satisfies the estimate
fwia(z,8)] < o(1 + [=)~"==1(1 4 g™, (3.9)

And if A; = E;':] ai:;, then we have
7

FM (v1s(€,4)35(€)) = wis(z,8) * (1= Az)*q(z)

where the operation * is taken in relation to the variable z, and according to the Peetre
inequalities A
(A +lz -y ™M <+ 2)7(1 + )"

and
(I+1z—y)" <@ +1z)"(A + ly])”

when v < 0 or 4 > 0, respectively, we get

Fl (os(6,1)35(6))| < (1 + |2)(1 + Jeh)™ /(1 +1ly) ™" + Jyl)dy
(4 [z)7(1 + [E])™.

The derivatives can be estimated similarly B

Thus, if f(z,t) = t'g(z), then the solution u of system (1.3) is constructed, namely

u(z,t) = F¢! 217' / (AEm = A(€)7' A7 e MdA - §(6)

¥~ (§)
So, using the representation

T ag
Hat) = £2,0) + 502,00 4.+ 5 22,0+ o(a:1)

with an arbitrary [ € IN, we can reduce our problem to

%z,t) = A(D;)u(z,t) + g(z,t) . (3.10)
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where ¢ € M and D{g(z,O) =0forall j <1 In(1.2) assume § € IN. Introduce the
vector function (see (2.4))

o(z,t) = g(z,t)(1 +t) P2 (3.11)

As Fourier image of a solution of system (3.10) we consider the expression

W60 = 5r; [ (ABn— A©) (e Ne¥ar (3.12)
e ()

where 7.(€) = yo+e(£)e™*/2,(£) > 0, is such that the roots Ap4;(£), ... yAm(€) € CIT,
and the point A = 0 are on different sides of it (see (2.7)) and G(¢, )) is the Laplace-
Fourier transform of g(z,t) ((z,t) € R" x RY).

A formula analogous to (3.7) permits us to rewrite (3.12) in the form

a6, =57 [ LMo v

¥e (€)
L L / € N)al6, ) e \yeregy (t € ).

27t R(¢,N)
e (€)

(3.13)

The integrals here are convergent because of DJg(z,0) = 0 for any j < I with [ > 1
taken in advance.
Let Iy be such that

<o) (> 1),

”q(é ,A)a(€, ) H
AQ(€,))

Introduce the matrix

- 1 A)a(€, ) ae,
K- g [ HEEN

¥~ ()

with y7(£) defined in (3.6). The first integral in (3.13) will take the form
. :
w6 = [ R -dr (el
0 :

As it was shown above (see Lemma 3.1) the elements ki,(€,t) of the matrix K(¢,t)
satisfy the estimation (3.4), hence we can easily regularize the inverse transform u,(z, t)
of ©,(,t) (see Lemma 3.2) and have the inclusion u; € M.

Now let us examine the second term ,(&,t) in (3.13). At first as

aen=(1-m) oy
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(see (3.11)), where Q({, ) satisfies an inequality like (2.5), integrating by parts we can
reduce %2(¢,t) to the form

(60 = 57 [QENHEADA (e

where
d )"“ r(£, A)a(€, \)eX

wen = (145 R(E, )

As consequence of the inequality
IR(&, )1 > (L +1E17)* ((6,2) € R™ x 10) (3.14)

(see [1: Lemma 1.2]) we get the estimation
IDE(E, X, )] < cr(1+ (€)™ (1 + AD™ (1 + ¢])P+2 (3.15)

for all (€,),t) € R" x 49 x Il5. Now it is clear that by the same way
- - )
wlz,) = B Gt ) = 5280 ([ Qe e rndr) e
Yo

Theorem 1 for strictly regularity of system (1.3) is proved.

2. Regular case. In the considerations made above the condition (1.1) (condition of
strictly regularity) was very essential (see estimation (3.1) and others). Assuming that
the condition (1.1) is violated only at the point £ = 0 (this does not loss the generality)
we can show (see [1: Lemmas 1.2 and 1.3]) that in all inequalities crucial (i.e. in (3.1),
(3.14) and (3.15)) we shall have the factor |£|** with s; < 0 and this circumstance adds
new difficulties (the estimation (3.9) was established thanks to smoothness of v;,(£,t)
in £ € R™).

Let us demonstrate how we can surmount this obstacle. First, consider the equation
Acu(z,t) = f(z,t), where A; is the Laplacean, f € M is a given function and u € M
is the unknown function, and let us prove its solvability. If n =1, i.e. A, = 8%2;, then
obviously this equation admits a solution from M. Now we are going to show how the
case n > 2 can be reduced to the case n — 1. For this purpose we replace f(z,t) with
(i%)"' f(z,t) and consider the expression |¢|"2£!* f(£,t). With an appropriate choice
of natural v, we can reach any smothness order in IR® of the function |£|~2¢;'. By
taking a natural k >> 1 we can readly establish the inclusion

uo(z, ) = F* (1617260 (1 + 61741 + 1614 (&, )

= Fc ' (E17°6 L+ 161 74) » (1 = A2)* f(=,1)
EM
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where the operation * is taken in relation to the variable z and A ug = (z-—)"l f. Find
u; € M in a way that (z—)"‘ul = ug. Then we get

a\"
. 0 Agup — f) =
(z 7, ) (Azur - f)=0
or, by integrating with respect to z,

Deuy = f + Z aj(z',t)z], ' = (22, ,2p),

j<v -1

where aj(z',t) € M are well-defined functions. Introducing w = u; — u we shall get

Agw = Z aj(z',t)zd. | (3.16)

jSul -1

Let us seek w(z,t) in the form

w(z,t) = Z Cj(:c',t)z{

Jj<vi—1

with unknown c;(z',t) € M. Substituting w(z, t) into equation (3.16) and making use

of linearly independence of the.functions 1, z,. .,z 7!, we obtain

Agicy—1(2',t) = ay,-1(z',1)
Azici(z',t) = Bj(cjq1(z',t),. .. cop—1(2', 1)) + bj(2’, t)
j=‘Ul —2,...,0

where Bj(---) is a linear expression and b;(z',t) € M are certain functions. Thus the
desired reduction is realized. Hence we have proved the following

Lemma 3.3. The equation A,u = f is always solvable in M.

The solvability of the system (1.3) can be established in the same way: first in (1.3)
we put A f(z,t) instead of f(z,t) and w1th an appropriate choice of natural v we get
solvablhty of the system

Ou

6t R .
Further, let uo denote a solution of system (3.17). Then according to Lemma 3.3 we
can find u; € M in a way that AYu; = up. Now we put ug in (3.17) and get '

= A(D,)u + A'f. . (3.17)

Al (% — A(Dy)u; — ) =0. (3.i8)

With the help of Fourier transformation from (3.18) we deduce

T ADIn AT+ Y a0

lil€2v=-1



On the Solution of Partial Differential Equations 613

with certain coefficients a; € M. Now consider the system
% = AD:)w + > 6(t)z (3.19)
lil<20-1

and let us seek w € M in the form

w= Z ch(t)z’.

151<2v-1

with unknown coefficients ¢; € N. Substituting w into (3.19) and taking account of

linearly independence of polynoms {z’| |j| = 0,...,2v — 1} we get the system
Oc;(t .
%0 - A (il=20-1)

which is solvable (see the system (2.9)). The rest ¢; (|j| < 2v — 2) can be determined
in the same manner. Evidently u; — w is the desired solution of system (1.3). Theorem
"1 is completely proved.
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