Zeitschrift fir Analysis und ihre Anwendungen
Journal for Analysis and its Applications
Volume 13 (1994), No. 4, 615-628

Nonlinear Elliptic Equations
Involving Critical Sobolev Exponents:
Asymptotic Analysis
via Methods of Epi-Convergence
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Abstract. We study the minimizers of two functionals involving critical Sobolev exponents,
and whose Euler equations lead to nonlinear boundary value problems. We first employ classical
methods to obtain estimates. We then rephrase the problems in a more abstract functional
analytical setting. We use epi-convergence arguments in order to describe the behaviour of the
minimizers.
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1. Introduction

Consider the variational problem

(Pl) inf / |Vu|*dz =: Cye
v€K(Q) Jn

where (2 is a bounded, smooth and open subset of RN (N >3), K(Q) is defined as

K(Q) = {u € H(}(Q)‘ /n lu|¥dz =1 } (1)

and 2* denotes the critical Sobolev exponent 2* = 2N/(N — 2). It is well known (see,
for example, [5]) that the minimum value C3- is never achieved. Moreover, Cz. is
independent of §2 and has the constant value

2/N
Cye = N(N —2) (FI(,Z\/,?)) .

According to a result of P. L. Lions [12: Lemma L.1], every minimizing sequence of
problem (P1) contains a subsequence (ui)r which concentrates at some point z¢ € 2,
.that is the sequence (|Vug|)x converges to 6.,, weakly in the sense of measures.
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Besides of the problem (P1), we shall consider two perturbations, the behaviour of
which differs considerably from that of problem (P1). The first one is

- ) 2 =: s
(P2). it /ﬂ Vul*dz =: Cua(®)
where £ > 0 and the set K,(2) is defined as
K.() = {u GH(;(Q)’ / [u* ~¢dz =1 } .
Q

Since, for every € > 0, the embedding H} () — L? ~¢(Q) is compact, there exists at
least one solution u.; of problem (P2),. It can be proved by standard arguments that
t.2, which can be chosen to be positive in , is the solution of the problem

- Augp = (/ |Vue2|-2dx) uf;_é_l in Q
. Q _

: ©)
[lual™~tdz =1 (uae @),

The second perturbed problem considered in this study is

(P3). ueil%fn) </‘; |Vu|2d:z:—e/nu2dz) =: C3(Q)

where K(Q) again is defined in (1). According to [5: Lemma 1.6] (see also [16: Lemma
2.2/p. 159]) and the result of P.L. Lions mentioned above, C¢3(Q?) is attained if and
only if C;s(Q) < Cy+. As it is shown in [5: Theorems 1.1 and 1.2], this is the case if

(i) N >4 and € € (0, ), whefe ), is the first eigenvalue of —A in Q
+ (ii) N =3 and € € (A*, A1), for some positive A* depending on the domain [3]

In these cases, the minimizers u.3 of problem (P3)., which can always be taken to be
positive, belong to K(Q) and satisfy

—Au,y = (/ |Vues|?dz — e/ u';’;,dz) uf;_l + Eu,s in Q.
0 2 v

If there is no minimizer of problem (P3)¢, we cons:der a minimizing sequence and denote
by u.3 a member of this sequence such that

)

/ |Vues|?dz — e/ uZydz < Cgé(Q) + o,
a 0

- / lues|* dz =1 for every € > 0
o
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where o, satisfies lim,_00, = 0. In the sequel, u.3 will be called an o.-minimizer. We‘
shall also use the notation o, for every quantity converging to 0 when £ — 0.

The main purpose of this paper is to study the asymptotic behaviour of the sequences.
(te2)e and (ue3)e, as € — 0. We start with a discussion of the quantities C,2(R2) and
C.3(Q). It is well known that C.x(2) — C2- as ¢ —» 0. We shall estimate the rate of
convergence of these sequences in terms of the geometry of 2. We then translate our
results into the language of epi-convergence. This requires that the variational problems
(P2), and (P3), are put in an appropriate abstract setting. In the last section, we use
the epi-convergence in order to determine the asymptotic shape of (u.2). and (u.3)..

2. Qualitative properties of the minimizing sequences

2.1 Qualitative properties of the quantities C.g(ﬂ) and C.3(f2). The goal of this‘
section is to describe some properties of the quantities C.2(2) and C,3(2), in particular
their behaviour as ¢ — 0. For the reader’s convenience we recall the following

Lemma 2.1: For every bounded subset Q of RN, we have
(i) limeﬂo Cez(Q) = Cg-
(ll) llmg_.o Ces(Q) Cr

Proof: (i) Let (us)s C K(Q) be ; minimizing sequence for problem (P1), ti)at is. .'
[ 1vueltas < Cor 40
with ims_.g 05 = 0. Set u.s = us/]|us| ys+-.. Then u.s belongs to K.(2) and satisfies
‘CeZ(Q) S /‘; |Vues|*dz = (Cz;° +05)/||u;||§,z;;.;
Letting ¢ — 0 and using Lebesgue’s dominated eonvergerice theorem, we get the esti-
mation limsup,_ o Ce2(Q) < C2+ + 05.

Consider now a minimizer u., of problem (P2),. Then ucz/||ucz|| 2+ belongs to
K () and satisfies . . ) : T

luezlZe G- < /Q |Vuizldz = Ca(®).

Holder’s inequality implies that

. . (2*—e)/2° . ‘ef2°
1= [ uftar < ([ en) ([1a) "
a 0 ) 0 -

Whence ° . : o . .
Cy+ < Co2()(meas Q)?¢/(3" )2

Finally ,
Co- < lim i(l)lf Ce2(2) < limsup C,2(R2) < Ca+ + 05.
e— z—0
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Since o5 is an arbitrary small number, this establishes the first assertion.

(ii) Let (us)s C K(Q2) be as before. Using us as trial function for problem (P3),,
we get )

Ces(Q) < Coye 405 — E/ ugd:z:.
19}

Moreovér, by Holder’s inequality, we have for every u in K ()
Cos < / |Vu|*dz — e/ u?dz + e(meas Q)" ~2/2°
Yy Q

whence
Cy+ < Ce3(R) + e(meas Q)2 —2/2"
This implies ‘
Cae <lim i(I)lf Ce3(?) < limsup C,3(Q) < Ca+ + 0.
e— £—0

The proof is now obvious B

Remark 2.2: Lemma 2.1 implies that if u,; is a minimizer of problem (P2),,
the function w, = u.2/l||ucz|l 2 (q) is an o.-minimizer of problem (P3).. Indeed, the
sequence (u¢2)e is bounded in Hy () and lim, o [, |[Vw.|*dz = C;-. Hence

lim sup (/ |Vw,|*dz — e/ wfd:c) < Cye.
£—0 [¢] Q

In constrast to Cj-, thé quantities C,2(f2) and C.3(R?) depend on the geometry of
2. Let us list some monotonicity properties of these quantities, which are immediate
consequences of their definition:

(i) Ce2(11) < Ce2(0) and C,3() < Cea(0)  for Qo C 2y

(ii) Co3(Q) > C.3(Q) , for 0 < &' <e.

With the help of rearrangement techniques, we can compare the functionals in Q to the
corresponding ones in the ball Q* = B(0, R*) := {|z| < R*} of the same volume as .
Indeed, we have [2: Chapter 2, Sections 1.1 and 1.2

(i) Cea(Q) 2 Cx(7) and Ces() > Cea(Q*).

Next, we use the techniques of harmonic transplantation [2: Chapter 3, Section 4.1} to
estimate the quantities C.2(2) and C.3(f2) from above. For this purpose, we consider
the Green function of the Laplace operator in €2, vanishing at the boundary 8Q. It can
be represented as :

1 1
Gﬂ(zsy) = (N = 2)on <|$ — le_2 - H(z, y))
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2ﬂN/2

where o is the area of the unit sphere of RN (oy = W) and H(-,y) is a harmonic

function. The quantity

R= gy H_l/(N-z)(zaz) = H-l/(N_z)(Io,zo)

is called the harmonic radius of Q. Denote by Q the ball B(0,R). Now let u,, be
a minimizer for C.;(§2). By a rearrangement argument, we can always assume that
2 = ue2(|z]) > 0. Hence the level surfaces of u.z(|z]) and Gg4(z,0) coincide and we
can set

ue2(|z]) = Ge2(Gg(2,0)).

Let U.2(z) = %.2(Gq(z,z9)) be its transplantation into Q. Then [2: Chapter 3, Section
4.1]

/ﬁ|Vu,2|2dz=/n|VU¢2|2dz and /ﬁu.zzda:S/nUfzdz (r=21).

Consequently, |lucz|| 2+ -c(qy = 1 implies [|Uez|| g2+ -¢(q) > 1, whence

Ce() < ”Ue?"m‘-:(n)/ |VUe|*dz < / |Vueal?dz = Cz?(a)-
0

In summary
(iv) Cea(9) < Cea).
Similarly, we prove
(V) Ce3(2) < Cus(Q).
These observations lead to the following
Lemma 2.3: Put 8= R*/R. Then
(1) Cea(Q") < Cea() < Cea(Q*)B2-N+2N/@"~0),
(ii) Ces(R7) < Cea(R) < Crpaeya(Q)B2 N 2N/

Proof: (i) Let u.2 be'a minimizer of problem (P2), in Q*, and set vgg(:c) = u,z(ﬂz)
We have

Ilv‘2||L7°"(ﬂ) _/ Z _e(ﬂz)dz = ﬂ_

Taking vea/|[vez|l 2 -~y asa trial function for the variational characterization of C¢2(Q)
we obtain '

,2(9) < ”052”“._‘(9) / |Vv¢2|2d:z: = Cez(Q‘)ﬂZ—N+2N/(2‘_e)‘

The same argument shows that the inequality with the reversed sign is also true. This
together with statements (iv) and (iii) completes the proof of the first assertion.
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(ii) Let u.3 be an o.-minimizer of problem (P3), in the ball Q*. Then we3(z) =
ﬂN{ru,;,(ﬂ:z) belongs to K(§2) and w,3 can be taken as trial function for problem (P3),
in 2, with v := 2. Hence

C3(R) < / [Vwes|?dz — v / w2 dz
Q Q

< pENAEINE / [Vues|*dz — yg~N+2N/2° / ulydz
. n. N »
. < ‘Bz—N+2N[2'(CC'3(Qa)+OC)'
Since o, is an arbitrary small number, C,3(2) < B2-N+2N/E C4(Q*). This completes
the proof ®

2.2 Qualitative properties of the minimizing sequences (2e2)e and (ue3)e. We
start with the following result which will be proved for the sake of completeness.

Lemma 2.4: Suppose that u.; is a solution of the minimization problem (P2)..
Then the sequence (ue2)e converges to 0 in the weak topology of HL(S).

Proof: In view of Lemma 2.1/(i), the sequence (u.;), possesses at least one limit
point u* in the weak topology of Hj (). We write

' / |Vueo|2dz = / |Vu*[?dz + / |V (uez — u”)|2dx
1] Q Q
+ 2/ Vu'V(ue — u*)dz.
Q

By the Sobolev inequality,

. 2/2°
/IVu,2|2dz > Cse (/ [u*? d:z:)
Q Q ) .
_ . 2/(2° —¢)
+ C.2(Q) (/ [ter — u]? _‘d:c) + o
\Ja : .

We recall the following result established in [4]:

3

- Assume that a sequence (fi)r converges to f in the weak topology of LI(}) (q €
[1,400)) and almost everywhere in Q. Then ,

i, ([ ias = [ 1= s1002) = [ pieae

which can be extended in the present case in the following way (see [6]):

Assume that a.sequence (f.). converges in the weak topology of HL(Q). Then, up
to subsequences, ’ ‘

o . - ‘e ‘e _ 2* .
-t (f1aR - Jvse= g eas) = [ 117 a. @
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In the present case, f..= u., and f = u*. Hence, there exists an o, such that
/ [uez — u*|* dz = / |uea|? dz —/ |u*[* dz + o,
Ja 0 Q
—1- /(u')"dz + o..
Q

From (3), we derive

/ |Vues|2dz > Cae ( )

. 2/2°.
+Cg-(1—/(u )2 dz+o¢) + o,

and, letting € — 0, we obtain
2/2°

Cz- > Cy- (/,, |u'|2.dz)2/2. + Cye (1 - A(u')ﬁ‘dz) . | (55

We then use the inequality
a?* ﬂ”’ >(a+ B (aB20) - (6)
and notice that it is strict unless @ = 0 or 8 = 0. The lower-semicontinuity of the norm

of L?" (), with respect to the weak topology of Hj () implies that the norm ||u*|[ 2+ (q)
is smaller or equal to 1. Hence from (5) and (6) we infer

2 .
Cy- = Coe ( / lu'|’°dz) +Cye (1 - / lu‘l"dz)
] X 1] 0

By the previous remark [, |u® 2" dz is equal to 0 or 1.'If [|u*|| 2= gy were equal to 1, u*
would be a minimizer of problem (P1). This is 1mpossxble, which proves that u* = 0,
almost everywherein @ 8

2/2°

Similarly (see [6]) one has

Lemma 2.5: Suppose that u.3 is a minimizer or an o, -minimizer of problem (P3)..
Then the sequence (u.3). converges.to 0 in the weak topology of H(Q).

Remark 2.6: Given any point y € €, we can always find a xmmtmzmg sequence
for problem (P1) which concentrates in y.
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3. Epi-convergence of sequences of functionals and applications

Let us first recall the definition of this variational convergence in an. abstract setting.

Definition 3.1 (see [1: Proposition 1.14]): Let F. and F be functions defined on a
metric space (X, 7), with values in RU {+co}. Then the sequence (F,), epi-converges
to F in the topology T if the two following assertions are satisfied:

(E1) limsup F.(z?) < F(z) for all 2 € X and some sequence z%—z.
e—0

(E2) lim inf Fe(z.) > F(z) for all z € X and all sequences z,—z. -
pake :

This epi-convergence is a special case of the I'-convergence introduced by De Giorgi
in [9] and is well-fitted to the study of minimization problems, even in the case of
non-existence of minimizers.

Definition 3.2: Let (o,)c be a family of positive numbers such that lim, g 0, = 0.
A function u, is an o,-minimizer of the functional F' defined on X if it satisfies Fi(u,) <
infyex F(u) + o,.

Then, we have »

Theorem 3.3 (see [1: Theorem 1.10]): Assume that

(1) the sequence (F.). epi-converges to F in the topology T

(2) there exists an o, -minimizer u, of F. such that the-sequence (u,). 1s 7-relatively
compact.

*Then every limit point u of the sequence (u.), ( such that the subsequence (u, ),
converges to u in the topology 7.) is a minimizer of Fand img—yoo Fr, (ue, ) = F(u):

Epi-convergence is stable with respect to continuous perturbations, since the fol-
lowing statement is true.

Proposntlon 3.4 (1 Theorem 2.15}: Suppose that the sequence (F.), epi-converges
to F in the topology T and that G is 7-continuous on X. Then the sequence (F. + G),
epi-converges to F' + G in this topology T

In the present case of nonlinear elliptic equations, we shall apply this variational
convergence to the functionals F,; and F,3 associated to the problems (P2), and (P3).,
respectively. Notice that these functionals F,, and F,; can be defined on the whole
space H}(Q) by

Faalu) = {fn |Vu|?dz . ?f u € K;(Q)
R : if ue Hy(Q) \ Kc(Q)

Fua(u) = { Jo |VulPdz — € f, u?dz ifue K(Q)
, +oo if ue HY(Q)\ K(Q) .

Our main result in this paragraph is the following
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Theorem 3.5: The sequences (F.x). (k = 2,3) epi-converge in the weak topology
of Hy(Y) to Fy defined on this space by
Fo(u) { Jo IVutdz + Ca (1= fy lul?"dz)™* if u € HY(R) N By
olu) =
+00 if u € Hy(Q2)\ (H3(Q) N Bs-)
where Bye = {u € L* (Q)| [, [u|* dz < 1} is the unit closed ball of L¥*(Q).
Proof: Let us first verify assertion (E1) for the sequence (Fez).:

limsup, _o Fez2(v?) < Fo(v) for all v € H} () and some sequence v —v

where 7 represents the weak topology of the Hilbert space H{}(f2) (notice that 7 can be
regarded as a metric on the bounded subsets of this space).
For every v € H}(2) N B;., we define

_ . 1/2s .
v? =" v = Bua with A= (1 —/ lv]? da:)
Q

[l - ﬂ“a”u'-t(n)

where Ucz is a minimizer of Ce2(R?). Lemma 2.4 and (4) imply that the sequence
(vg )e converges to v in the weak topology of H}(Q). Indeed, since the sequence (u.2).
converges to 0 in the weak topology of this space, we deduce from (4)

/ lv — Buea|® ~°dz — B2 ¢ / luea|* ~¢dz = / [v|* dz + o,
v} 0 Q
which implies
lim [ |v— Bueo|® ~dz = 1>—/ [v|* dz + / |v|2.di =1
e~0 jn Q Q

and then that the sequence (v?). converges to v in the weak topology of Hj(f2). Lemma
2.4 implies that :

limsup Fea(v?) = / |Vo|? dz + Cp. B° / |Vv|? dz
e—0 N Q

. 2/2*
+ Cse (1 —/ |v|2 d:t)
Q

= Fo(v).

Finally, since the embedding H}(Q2) — L?'(R) is continuous, we deduce that every
element v € Hj(Q) such that ||v|| 2+ (q) > 1 cannot be the limit, in the weak topology
of H} (), of a sequence (v?), of functions belonging to Hg(2) N Bz-. This proves that
Fo(v) = +oo for every v € Hy(f) such that [jv]j 2 gy > 1.

Let us verify assertion (E2) for the sequence (F¢;)., i.e. that
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lim i(l)’lf Fez(ve) > Fo(v) for every v € Hj () and every sequence v, —sv.
b

We may assume that v € B,. and that v. € S3-_, for every'e. Indeed, otherwise
assertion (E2) is trivially satisfied. By (3) and (4), we obtain

2/2°
liminf/ |V, |2dz 2/[Vv|2d:z+C2o (1-—/ |v|2.dx) = Fo(v).
e=0 Jo , a Q .

This completes the proof for the sequence (F.z)..

Let us now give the main ideas of the proof of the corresponding result for the
sequence (F.3),. We introduce the functional F defined on H} () by

Py - {fﬂ |Vul?dz .ifu € K(Q)_ .
+00 if u € HY(Q) \ K(Q)

and notice that F,3 is equal to F(-)—¢||- "L’(n) From the compact embedding H} () —

L?(R), one easily infers that (F.3), epi-converges to some Fp in the weak topology of
Hj () if and only if the constant sequence the members of which are F', epi-converges
to the same Fp, in the weak topology of H}(Q). The main modlﬁcatlon for proving
assertion (E1) in this case consists in the introduction of the test function

v — ﬂuES

1/2*
0 : 2°
v, = —————— with 8= (1 —/ v d:::)
’ llv - ﬂ“a”u'(n) Co 1) .

where .3 1S a minimizer or an o,-minimizer of C.3({2) (see [6] for the detailed proof) ®

Remark 3.6: Because of Proposmon 3.4, one can replace in Theorem 3.5 the
functionals F,, and F.; by :

F,2(~)—/(;G(z,-)di: and F,s(-)—/nG(z,-)dz,

respectively, where the functional u — fn G(z,u)dz is continuous with respect to the
weak topology of Hj(2). This leads to the following perturbation result.

Corollary 3.7: Assume that u — fn G(z,u)dz is continuous for the weak topology
of H}(SY). Then the sequences

(I."'ek—/nG(z,.-)dm)‘ (k =2,3)

epi-converge tn the weak topology of H}(Q) to.the functional Fy — Jo G(z,-)dz.
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4. Further results concerning the behaviour of
(uc2). minimizers of problem (P2),

The purpose of this section is to study, by means of epi-convergence methods, the
behaviour of the sequence (u.2)., where u,; is the solution of the variational problem
(P2)., when € — 0..

From the classical regularity theory for the solutions of elliptic equations, one
deduces that the minimizer u.; of problem (P2). or the solution of (2), belongs to
C'(Q) N C?(Q). Hence, there exists z, € Q such that u,, achieves its maximum in z..
Applying the methods of [8] and [10], one proves that z, stays away from the boundary
O of Q (see [11]):

dist(z,,00) > § for some § >0 andall € >0." (M
Han has proved in [11] that u,; "blows up in z.”, when ¢ — 0, that is
lim [|uczll Lo (a) = lim uea(ze) = +o0 (72

(see also [15: Prop. 2]). The next result shows how this function u;, blows up in the
H!}-norm.

Theorem 4.1: Let an,un, e and w, be defined as

. T(N/2) ~ -
(an)® ==M/? I(‘(Ié))’ pn = (an) =D
UN He (V=272 N
pe = —E0 s, wely e €R
G Gty =) e RO

with lim, o z. = zo. Then

[ 19@ua-wfidy = 0 e c=r0
m .

where Q denotes the extension operator (by 0) from H(Q) into HE(RN).
Proof: Let us first remark the following change of scale suggested in [11]:

Qer = [lueall G ) (2 - ze)

ve2(y) 1 u ! y+:c (v € Qc2) @
20Y) = 2 o v
e lue2llLooy ||ue2||(LZ°°(5;/N ‘ ‘

Notice that (7) implies that this open set Q.2 increases to RN, when ¢ — 0. Moreover,
v,z is the solution of the minimization problem associated to the functional F,, defined
on H}(Q.2) by

- fﬂ.: V|’ dy ifve K,(Q‘,g‘)'
F,g(v) = )
+o00 if v € Hy(Qe2) \ K.(Qe2).
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A straightforward computation (cf. Section 1) yields

- AU¢2 = (/ IVU¢2|2dy) UZ;_Z_I in sz
nt!
/ |U¢2|2. _'dy =1 (veZ > 0in Q.2, v, € H& (952))
Qt?

and v, satisfies 0 Svea(y) <1, v2(0)=1 B
The behaviour of the sequence (v.2). when ¢ — 0 will be derived from the following

Lemma 4.2: The behaviour of the functionals F.y and their minimizers as ¢ — 0
13 described as follows.

(i) The sequence (F.2)e epi-converges in the strong topology of H}(RN) to the
functional Fy defined by

Jrw [Vu|2dy if v € K(RN) ,

Folv) = { 400 if v HY(RN)\ K(RN).

(i1) Let Q. be the extension operator from H}(S.2) into HY(RVN). Then the se-
quence (Q.vez). converges in the strong topology of HY(RN) to V, defined by

o )"

an \py +y?

(iii) One has
. . 1 2
lim [[uezl| oo () = @j/m V| .dyv= L.
Proof: (i) For every v € K(IRN), we consider the solution v, of the problem
_Avto'(y) = _Av(y) for all y € 932, Veo € H(%(QeZ)

We can prove that the sequence (Q.v.0). converges to v in the strong topology of
H}(RM). Hence the sequence ("”N"L""(ﬂ.z)), converges to ||v]| 2> (gvy = 1. This

implies that the sequence
Q| —r—
llveoll L -<(.n) / /,
converges to v in the strong topology of H}(R") and

: a -1 1 -2 2
limsup Fua (lveollzh -« g, ,ye0) = limsup ol 73—, /M VQeveol*de

= /m |Vu|2dy = Fo(v).
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Let the sequence (v. ). converge to v in the strong topology of Hj (IRY). We may assume
that, for every ¢, ||ve|l 2 -<(q) is equal to 1. Then

liminf F,5(Q.v.) = limsup / IVQ.v.|?dy = / |Vv|?dy.
e—0 e—0 RN RN

(ii) From Theorem 3.3, one infers that the sequence (Q.v.2). converges in the
strong topology of H}(IR") to the minimizer V of Fy, which satisfies 0 < V(y) < 1 and
V(0) = 1, since the sequence (Q.v.2). converges to V uniformly on compact subsets of
RN, ThlS minimizer is unique [7: Corollary 8.2] and is given by the expression indicated

m.(n)

(ii1) Let us compute

: -N)/N
/Qz [Vvea|*dy = ""‘2”2("2"(9))/ /QIVuﬂlzdx.
By Lemma 4.2/(ii) and (4), we have
lim Jluea 270N = 2 tim [ [VQuvealdy = — [ [VVPdy =1
o NHe2llpoo(q) C RN eVe Cz'- . .

This result is similar to Corollary 1 of [11] B
Let us now end the '
Proof of Theorem 4.1: Lemma 4.2/(ii) has established that

lim [ |V(Qevez - V)2dy =0
N

e—0 R

Lemma 4.2/(iii) and the change of scale,

N
y = llueallfe )™ (2 = 22)

associated to (8), in the preceding integral imply
. —e(N=2)/N _ 29, —
6113(1) "“e2”z,eo(n) /mN IV(Quez2 — we)|*dy = 0.

This, together with Lemma 4.2/(ii1), concludes the proof ®

Remark 4.3: 1. The sequence (z.), being bounded converges to some z € Q. It
is known from [11: Theorem 1] and [15: Theorem 4] that this z is a critical point of
H(z,z). 2. Notice that from Theorem 4.1 we can recover Han's convergence results.
3. The same arguments apply to the sequence (u.3). corresponding to problem (P3)..
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