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The Comparison of Two Error Estimates
for Approximate Solutions of the Poisson Equation

G. Liittgens

Abstract. The purpose of the present paper is to discuss different error estimates for the
numerical solution of a Dirichlet problem for the Poisson equation, calculated via the five
point (discrete) Laplacian. Whereas the first error bound, a sum of ordinary L°-moduli, is
deduced from the usual stability inequality, use is made of some properties of the discrete
Green function to verify another stability inequality in terms of I'-norms, which then implies
the second estimate via T-moduli multiplied by a logarithm factor. In the following we will show
that it depends on the solution of the boundary value problem which measure of smoothness
or rather which error estimate delivers the correct rate of convergence. The paper concludes
with some remarks illustrating relations to the well-known logarithm factor in connection with
finite element approximation. :
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1. Introduction

Consider the Dirichlet problem for the Poisson equation

Mu(ey) = prue) + ) =vle)  (@wER

u(z,y) = ¥(z,y) CRARY

on the open unit square  := {(z,y) : 0 < z,y < 1} C IR? (with IR being the real
axis) and T := 99, the boundary of Q. Throughout it will be assumed that ¢ and ¢
are continuous, real-valued functions on © and T, respectively. Furthermore, we will
restrict the following treatment to those problems (1) for which the solution u exists
and belongs to the Banach space C*({) of all real-valued functions u on  := QUT
which possess continuous partial derivatives (%)‘(%)ju(z,y) for0<i<i+j <2

such that the norm
(_a>i (_6)j u
Oz Oy

||u||c=(f3) = Z
0<i<i+j<2
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660 G. Littgens

is finite. Here C() is the space of all continuous functions equipped with the usual
sup-norm [lull(ay = sup{lu(z,y)! : (z,v) € 0). ‘

Let h = % with n € IV, the set of natural numbers. An approximate solution uy,
defined on the uniform grid

_ i J .
= . = — = = < <
o {(m,y) z=_andy="> (0<i,j< n)}
Qh:=thQ and F,.::Q;,nl‘
is obtained as the unique solution of the discrete counterpart to problem (1)

Ahu(z y) tp(x,y) ((I,y) € Qh)
u(z,y) = ¥(z,y) ((z,y) € Ta)..
Thereby the five point Laplacian A, (cf. [8: p. 45] and [12 : p. 49}) is given by

(2)

Apup(z,y) = A2°un(vC y) + A un(z,v)|,

, the pa.rtlal derivatives of the Laplac1a.n A are now replaced by symmetrlc differ-
ences A2%up(z,y) := un(z + h,y) — 2un(z,y) + un(z — h,y) and AY?up(z,y), defined
analogously.

The aim of this paper is to discuss and to compare two different estimates for the,
approximation error ' :

lv — unllg, = sup [|u(z,y) — ua(z,y)| (3)
(z.y)€8n

given in terms of moduli of smoothness for partial derivatives of the exact solution u

(cf. (6) and (11)). Besides the ordinary L*-modulus
wa o(b,u) := sup{|Ai’ou(z,y)' :fh| £ 68 and (z £ h,y) € Q}

(u € C(f); wo,2(6,u) analogously) we want to study a new kind of measure of smooth-
ness, the so-called r-modulus, introduced by P. P. Korovkin and Bl. Sendov indepen-
dently around 1968, which has turned out to be a powerful tool for various applications
in approximation theory and numerical analysis (see [14]) This L'-modulus is deﬁned
as the integral (e.g.)

ma(b) = [ gl uie)day) (e C@)
over the local modulus of continuity '
wro(8,ui (2,)) = sup { |A1°u(z, )| -
(zxh,y) € ([:c -6z +8) x[y-6,y +6]) nQ}.

For similar (comparison) considerations in‘connection with quadrature formulas or or-
dinary differential equations we refer to (2, 3, 14].
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2. The error estimates

Using the well-known stability inequality (cf. {10: p. 464])

1
lvalla, < SllAnvalla, + lloallr, (4)
in 1°°-norms (cf. (3)) for vs = u — u and the representation of the truncation error
Th(z,y) := Ba(u — un)(2,y)

- h . 5
= h_zl/'; (h—s) [Af’ouu(x,y) + Ag'zuyy(x,y)] ds )

in terms of the solution u of pr;)blem (1), one obtains (cf. [1])

u = ualla, < 7w (hu) = 5 [onolh,uee) +woalhugy)]  (we CYR). (6)

Thereby and in the following let us be the solution of the discrete problem (2) corre-
sponding to the data ¢(z,y) = Au(z,y) and Y(z,y) = u(z,y) for (z,y) € L and T,
respectively. The fact that the estimate (6) is sharp with regard to the rate of con-
vergence has been established in connection with general Lipschitz classes, determined
by abstract moduli of continuity, i.e., by functions w (e.g., w(t) = t*, 0 < a '< 1),
continuous on {0, 00) and with .

0=w(0) <w(s) Cw(s+1) Sw(s)+w(t) (s,t > 0).

Indeed, for every abstract modulus of continuity there exists a counterexample u,, €

C?%(Q) such that

w*(8,u) = O(w(8%)), ' (7
thus |luy, — uwalla, = O(w(h?)), but on the other hand .
luw — tw,allg, # o(w(h?)). _ (8)

A proof of (7) and (8) is given in [1] via an application of a quantitative extension of the
uniform boundedness principle (cf. [5] and the literature cited there). Additionally use
is made of some properties of the discrete Green function G4(€,7) on (£,7) € Qn x Qp,
defined for fixed n € Q4 as the unique solution of the problem

0

@ ={47 K2 gean

Gu(é,n) =0 (€ € Th).

In particular the Green function is non-positive for all (£,7) € Qx x Q4, and there holds
true the identity (cf. [8: p. 58])

va(€) = h% ) Ga(6,m)Anva(n) (£ € ) 9)

LIS U
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for grid functions vy (i.e., real-valued functions defined on the grid Q) which fulfill the
condition with vx(Ts) = {0}.

Let us now develop the second error estimate announced. In view of equation (9)
there follows a further stability inequality (vs a grid function with v4(Ts) = {0})

lvalla, < IGhlla, xanh? Y |Anva(7)] (10)

nEN,

with an {!-norm at the right-hand side, similar to that used for ordinary differential
equations in, e.g., [2, 6]. In this connection it is of great importance to estimate the
I=°-norm of the Green function ||Ghllg, xq, := sup{|Ga(€,7)| : (€,7) € Qn x D }.

Lemma 1: Letn® := (3,3) and n = }+ € IN be even. Then there ezist constants
My, M, > 0 such that :
My |logh| < =Ga(n",n%) < [|Ghlla, xa, < M2|loghl.

The last inequality holds true for odd n > 2, too.

In [9] the lower estimate is proved for a similar discretisation with the help of ortho-
gonal eigenfunctions of the operator inverse to As. In [11: p. 125] the present situation
is dealt with. For the upper bound see also [8: p. 59].

Lemma 2: Let n = } > 2 and v, be a grid function with va(Tx) = {0}.
(a) There holds the stability inequality (M3 < o0)

lvallq, < Ms |log Al <h2 > |Ahvh|>-

nENA

(b) The factor |log h| on the right-hand side cannot be improved to o(| log Al).

Proof: The first assertion follows by (10) and Lemma 1. Choosing vx(€) :=
Gu(€,n*) for n* = (1, }) and n_even one obtains

”G’I(’T].)"ﬁh ' IGh(n‘,ﬂ‘)'
2 > M|logh
h? Y e, [BRGR(n, ™) = R?R7Z T 1]log k|

which already completes the proof #

Replacing the /'-norm by an integral there results the following estimate in terms
of the 7-modulus (cf. (6)):

T*(6,u) := 79,0(6,uzz) + T0,2(6, uyy) (ue Cz(Q), § > 0).

Theorem 3: Let u be the solution of problem (1) satisfying u € C2(§). Then for
the solution up of the discrete problem (2) the estimate

v — unlla, < Mj|logh|r*(h,u) (11)
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holds true (n = ; > 2).

Proof: For n := (m1,72) € Q) and (z,y) € 4, = [71,m + ] X [n2,72 + h] N Q one
has : Co

h2w2,0(h; Urz, ’7) < / w20 (2h, Urs, (z,y)) d(x: y)
An

since (71 —h,ny +h] x [n2 —h,n2+ k] C [z—2A, z+2h]><[y 2h ,y+2h] for all (z,y) € A4,.
In view of Lemma 2 and (5) it follows

[l - unlla, < Ms|log hl(’l2 > Imt(rl)l)

nEN,

<M Iloghl(h2 > (wz,o(h,uu;n)+wo,z(h,ugy;n))>

LISUN

< M;|log hl/‘r1 ((Q2,0(2h,u"; (z,y)) + wo,2(2h,u9y;(x,-y))) d(z,y);

Finally the inequality 73,0(2h,uzz) < ¢ T2,0(h, uzz) (cf. [14: p. 8] for the one-dimensional
case or [11: p. 32]) delivers the assertion 0

Notice that the inequality (11) is sha.rp in an “asymptotic” sense. Due to Theorem
4c) there exist g, € C%(Q) with

[log b 7*(h, gn) = O(|log h| h*)

2 (12)

llgn = gn.nlla, # of|log k| A%).
A result Ana.logous to (12) follows for the error estimate (6) in terms of w*, if one
chooses gn = |log h|h%f, /w(h?) with f, in accordance with (7) and (8) for a fixed

abstract modulus w.

3. The comparison

For problems, similar to (1) and (2) but in connection with quadrature formulas or
ordinary differential equations, there are well-known error estimates in terms of w-
moduli as well as 7-moduli (cf. {2, 3, 14]). Contrary to the considerations there in the
present situation none of the error bounds (6) and (11) majorizes the other one, since
indeed on the one hand there holds true ‘

G SwBu)  (ue CHA))
and for some special functlons one even has T*(8, u) 6w (6,u) (cf. [7]) But on

.the other hand the inequality (11) additionally contains a logarithm factor. Really
conferring the two estimates one gets the following result.
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Theorem 4: Depending on the solution u of problem (1) each of the error bounds
(6) and (11) partly yields the true rate of convergence.
a) For z(z,y):=z' € C*() there holds true (6 < %)
w*(6,z) = 2462
|log 6| 7*(6, z) = (246 — 326%)|log 6|
llz = zalla, # o(h®),
i.e., the correct rate of convergence is only obtained via (6).
b) Let fo(z,y) := 22 /((a + 1)(a + 2)) for 0 < a < 1. Then it follows .
W6, fa) 2 (2 2%)6°
|log 6] 7°(8, fo) < 336°%1 | log 6|
In other words, using the mequalsty (11) instead of (6) the rate of convergence has been
smproved considerably.
c) There ezists a sequence (gn)3%, C C*(Q) with (h=1)
' w"(h,gn) # o1)
|log k| 7*(h,gn) = O(|log h| h*)
Nlgn — gn.nlla, # olllog hlA?).
Therefore (11) delivers the correct “asymptotic” rate of convergence.

Proof: Via elementary calculations one has wp 2(6, zyy;(z,y)) = 0 and

2s? for z € [0,6)
w2,0(6, 2223 (z,y)) = { 2462 for z € [61— 6] (v € [0,1))
: 24(1 —z)?. for z € (1-4,1)

hence 7*(6, z) = 2462 — 326%. For the other two assertions of part a) see [1]. The
statements in b) immediately follow from analogous one-dimensional results in [7].
Concerning statement c), for the infinitely continuously differentiable function

exp(=1/(1 — z?)) for |z| <1
F(z):= {0 p(=1 ) for L:ll ; 1

é.nd n* = (3, }) consider
_1 £, — LY\ _
9 (6) = ——F(f‘e Dr(EE) €-@een

with g, 1= 2 — and n € IN even. Obviously, the sequence (9n)3, is uniformly bounded
in C%(Q), and for the support of g, one has the inclusion

' ! Ly ’ (13
suppgn C 2 €ny5 téen| o . )
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Furthermore, there holds true gn(n*) = — k¥, ¢a(T) = {0} and

8ou©={y mEZT. €enn) e

It follows that for the discrete approx1mate solution g, one indeed has gn, a(é) =
th;,(f n*).so that by Lemma 1 (n = § even)

* * h2 .
gn = gn.allr, 2 lgn,a(n")] = lga(n*)| > M| log h|h* — = # o(|log h|h?),
i.e., the last inequality of part c). Since (cf. (14))

w‘(hagn) 2 wQ,O(ha gn.zz) 2 IAi'ogn,zz(’]‘)l =1 94 0(1)

there only remains to establish the estimate of the 7-modulus. In view of (13) we obtain

w2,0(h, gn 22 (2,¥)) = wo,2(h,gnyy; (z,y)) =0if [t — 3| > h+eqorly— 3| > h+e,
and therefore

7°(hgn) < (h + €a)’w (h,gn) < ch?||gnllcrar)y = O(A?).

Thus the proof of Theorem 4 is complete @

Let us conclude with some remarks to finite element methods based upon piecewise
linear functions. Considering the case ¥ = 0 and denoting the approximate solution by
up, the rate of convergence of the error estimate (cf. [4: p. 172] and [13]; W2°(Q) the
Sobolev space)

llu = @allcy = O(llog hlA?)  (u € W=()) (15)

cannot be improved to o(| log h|h?). This assertion is established in [9] and in connection
with general Lipschitz classes in [11: p. 185], each time with the help of the lower
estimate for the norm of the Green function (cf. Lemma 1). Since the finite element
approach is equivalent to the finite difference problem (cf. [4: p. 191] and [8: p. 160]
for various triangulations)

Anin(z9) = Malpr(2,9)  ((z,3) € D)
in(z,y) =0 ((z,y) € T»)

with some typical (averaging) integral operator My, it is not astonishing that the sharp-
ness of the inequalities (11) and (15) each time depends on the same properties of
Ga(&,n). In other words, both logarithm factors originate form the unboundedness of
the discrete Green function in the /*°-norm.
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