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On Lower Semicontinuity
and Metric Upper Semicontinuity
of Nemytskii Set-Valued Operators
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Abstract. Sufficient conditions of lower semicontinuity and metric upper semicontinuity of
Nemytskii set-valued operators N generated by a set-valued function F': @x X — 2Y, where
X and Y are Orlicz-Musielak F-spaces are presented.
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In years 1933 - 1934 V. Nemytskii (see [10] and [11]) considered the operator F :
L%[a,b] — L?[a,b] defined by y(-) = Np(z(:)), where y(t) = F(t,z(t)). From that time
the operator Nr was generalized in several way and there is a lot of papers devoted to
such subjects. Operators of this type are now called N emytskis operators.

In last years new important applications of Nemytskil set-valued operators in the
theory of differential and integral inclusions appear (see [1 - 4]). For these applications
lower semicontinuity and metric upper semicontinuity of Nemytskii set-valued operators
are important. '

In [1] Appell, Ngyen and Zabrejko give sufficient conditions of lower semicontinuity
of Nemytskii set-valued operators acting in so-called ideal spaces. We shall not give the
definition here. We want only to mention that ideal spaces are some spaces of functions
defined on a measure space 2 admitting values in finite-dimensional spaces and it can
be shown that each Orlicz space admitting values in a finite-dimensional space is an
ideal space.

Thus the natural problem arose to give sufficient conditions of lower semicontinuity
and metric upper semicontinuity of Nemytskii set-valued operators for spaces consisting
of functions admitting values in infinite dimensional spaces.

In this paper sufficient conditions of lower semicontinuity and metric upper semi-
continuity of Nemytskii set-valued operators acting in Orlicz-Musielak F-spaces are
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given.

Let X be a separable F-space (i.e. a complete linear metric space; basic properties
can be found in {12]) with an F-norm ||-||x and (R, T, 1) a measure space with complete
and o-finite measue p. A function z = z(t) mapping Q into X is called measurable if for
every open set Q C X the inverse image z7}(Q) = {t € @ : z(t) € Q} is measurable,
i.e. if z7}(Q) € L. The set of all measurable functions defined on § with values in X
we shall denote by S(2, X).

A closed-valued set-valued function F = F(t) mapping § into subsets of X is
called measurable if for every open set @ C X the inverse image F~1(Q) = {t € Q :
F(t) N Q # 0} is measurable, i.e. if F71(Q) € . By a measurable selection of the
set-valued function F we mean a (single-valued) function z g such that zp(t) € F(t) for
allt € Q.

Let F = F(t,z) be a closed-valued set-valued function mapping 2 x X into subsets
of an F-space Y, i.e. into 2Y. We say that F is sup-measurable if for any measurable
function z(-) :  — X the set-valued function s — F(s,z(s)): © — 2Y is measurable.

Given a sup-measurable closed-valued set-valued function F': Q x X — 2Y. This
set-valued function induces a set-valued operator Np : S(f,X) — S(R,Y) defined
by y(-) = Np(z(-)), where y(t) = F(t,z(t)). The set-valued operator NF is called
superposition operator (or Nemytskit operator) generated by the set-valued function F.

Let N = N(t,u) be a real-valued measurable function defined on  x R such that
for every t € 2 the function N(t,-) is increasing and moreover N(¢,0) = 0 for all t € Q.
Then we can define on S(2, X) a metrizing modular

prue() = [ V(& la(t)lx) du (1)
Q

(see, e.c., Nakano ([7], [8: p. 153] and [9: p. 204]), Musielak [5: p. 1] and Rolewicz
[12: p. 6]). The set of those measurable functions z(-) € S(,X) that there is a
positive k such that pn ,(kz(-)) < co we shall denote by N(L(Q,E, 4; X)). Recall that
a metrizing modular on a linear space X is a function p : X — [0,00] having the
following properties:

(md1) p(z) =0if and only if z =0

(md2) p(az) = p(z) provided |a| = 1

(md3) p(az + by) < p(z) + p(y) provided a,b >0anda+b=1

(md4) p(anz) — 0 provided a, — 0 and p(z) < +o0

(md5) p(az,) — provided p(z,) — 0.

We shall denote by (X, p) a linear space with a modular p and we shall call it modular

space. Let (X, p) be a modular space with metrizing modular p. It is known that p
induces in the space X an F-norm || - ||x by

||xl|x=inf{£>0‘p(§) <e}. (2)
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The norm || - || x is equivalent to the moduler p in the sense that, for any sequence
{za}, l|zallx — 0 if and only if p(z,) — 0 (see Musielak and Orlicz [6] and Musielak
[5: p. 2J; see also Rolewicz {12: p. 8]). Observe that if the functions z.(-) €
N(L(R,Z, ;X)) (n € IN) have disjoint supports, then

Z PNu(Zn(")) = PN,u (Z x,,()) . (3)

Let (X,px) and (Y, py) be two modular spaces. A set-valued operator I' = ['(z)
mapping (X, px ) into subsets of (Y, py) will be called lower semicontinuous at a point
(z0,y0) € X xY if it is lower semicontinuous at this point in the metric induced by the F-
norms introduced above. In other words I is lower semicontinuous at (zo, yo ) if for every
r > 0 there is a number g(;,,4,)(r) > 0 with the following property: for every z € X such
that pn u(20(-)—2()) < (zo,y0)(r) thereis an y € T(z) such that par,, (yo(-)—y(-)) < r.
This is equivalent with the property that pn,,(zo(-) — 2(-)) < g(zo,40)(r) implies

T(z)NQ #0 (4)

where Q = {y : par.u(0(-) — () < r}.

A set-valued operator I' mapping (X, px) into subsets of (Y, py) will be called
lower semicontinuous at a point o € X if it is lower semicontinuous at all the points
(z0,%0) (yo € T(z0))

Now we shall introduce a notion of global lower semicontinuity at zg, which is
nothing else than an uniformization of lower semicontinuity on I'(z¢). More precisely,
we say that a set-valued mapping I" is globally lower semicontinuous at the posnt zo, if
for every r > 0 there is a gz,(r) > 0 with the following property: for every yo € I'(zo)
and for every = € X such that pn,u(zo(-) — 2(-)) < gz,(r) there is an y € I'(z) such that
pm,u(yo —y) < r. This is equivalent with the property that pn , (:z:o( Y —z(- )) < gzo(r)
implies

I(zo0) C B(I'(z),r) (5)
where

BlA) = {s0): int paua(n() - u()) <.
n(-)EA

The essential difference between lower semicontinuity and global lower semiconti-
nuity is that in the first case g(;,,4,) > 0 depends on z¢ and yp € I'(z,), while in the
second case it depends on z¢ only.

Changing the role of z and z, in formula (5) we obtain a notion of metric upper
semicontinuity. We say that the set-valued mapping I is metric upper semicontinuous
(Heusdorff upper semicontinuous) at a point zq if for every r > 0 there is a g,,(r) > 0
such that pn,,(zo(*) — 2()) < gz,(r) implies

I(z) ¢ B(I(zo),r). (6)

The both notions are not equivalent. Indeed, it is easy to give an example of a
set-valued mapping I" which is globally lower semicontinuous at a point zg, but which is
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not metric upper semicontinuous at this point. Conversely, an example of a set-valued
mapping I which is metric upper semicontinuous at a point zg but which is not globally
lower semicontinuous at this point can be easily given too.

In the sequel we shall add some assumptions about the functions N(t,u) and M(¢,u).
Namely, we assume that the function N = N(t,u) satisfies the following condition

(A) For every € > 0 there are numbers & > 0 and § > 0 such that for every measurable
set E C Q with u(E) > § we have [, N(t,e)dt > a.

Observe that in Orlicz spaces, i.e. in the case when N(t,u) = Ng(u) depends only on
u, the condition (A) is satisfied. Further, we assume that the function M(¢,u) satlsﬁes
the following condition

(Az) There are a constant k > 1 and a non-negative function 6 such that M(t 8(¢)) d;l.
< 400 and for almost all ¢, if u > §(t), then M(¢,2u) < k M(t,u).

The condition (Az) plays an essential role in the theory of Orlicz-Musielak spaces.
Observe that if the function M(t,u) satisfies condition (A2), then from the fact that
pMm,u(T) < 400 and pum u(y) < +oo it follows that par u{az + by) < +oo for all real a
and b. We conclude that M (L(2, T, 4; Y')) is the set of those measurable functions y(-)
with values in the space X, that pa .(y) < 400 (see [5: p. 52] and [6]).

Theorem 1. Let X,Y be two separable F:spaces, (2, T, ) a measure space with
complete non-atomic and o-finite measure u, and Np ¢ Nemytskis set-valued operator
mapping of a modular space (N(L(Q,E,p;X)),pN,“) into subsets of a modular space
(M(L(Q, 2, u; Y)),,oM’“) induced by a sup-measurable set-valued function F(t,u): Qx
X — 2Y. Suppose that

(i) the function N = N(t,u) satisfies condition (A)
(i1) the function M = M(t,u) satisfies condition (A2).

If the function = F(t,u) is globally lower semicontinuous with respect to u for almost
allt € Q, then the operator N is globally lower semicontinuous.

Proof. Suppose that the operator N is not globally lower semicontinuous. This
implies that there are a number r > 0 and sequences {z,(-)}, {yn(-)} with y.(:) €
Np(zo(-)) such that

PNm(xn(') - z9(")) = 0

z(.)eﬁgi(‘zn(,))pM'u(z(‘) - yn(')) >r (n€N).

By [2: Theorem 8.24 and Corollary 8.23], for arbitrary n > 0 there is a sequence {z.(-)}
of measurable selections z,(-) € Np(zn(-)) such that, for almost all t € 0,

llya(t) = za(®)lly < (1 +0)dy (ya(t), F(t, za(t))) (Th
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where dy(y, A) = inf.e4 ||z — y|ly denotes the distance of a point y to a set A in the
norm || - [ly. We denote u,(t) = [lya(t) — za(t)|ly. Since za(-) € Np(2a(-)), then

n/ Mun®)du2  inf pua(d()=w() >r (€M) (®)

The convergence pn,u(zn(-) — zo(-)) — 0 implies that the sequence {zn() = zo(")}
contains a subsequence {z,,(-) — zo(-)} such that .

> [ W (el (6) = 2o(0)lx)ds < oo B!
k=1 0

Thus replacing the sequence {z,(-) — zo(-)} by the subsequence {z,,(-) = zo(-)} we can
assume without loss of generality that

Z / N(t,||lza(t) — zo(tjllx) dp < +oo. (10),

n=ln

Now we have the following two possibilities: either (1) u(R2) is finite or (2) u(f) is
infinite.

Case (1): p(Q) is finite. We shall construct by induction a sequence of positive
numbers {ex}, a sequence of measurable sets {0} (2% C ) and a subsequence {z,, —
zo} such that the following conditions are satisfied:

(a) ex41 < %

(b) u(S2%) < ex

(<) fn, M(t,u,,,(t)) dp > %"

(d) fD M(t,um(t)) dp < ir for any set D C Q such that #(D) < 2ek4,.

We put & = p(),zn, — 20 = 21 — 2o and Q; = Q. Suppose that ex,zn, — o
and (2 have been constructed. Since N is a Nemytskii set-valued operator map-
ping of the modular space (N(L(Q, T, y; X)),pN’,,) into subsets of the modular space

(M(L(Q,Z,4Y)),pm,u), by property (A,),

/M(t,u,.,,(t)) dp < +oo.
N

Thus the function M (t,uns,(t)) is absolutely continuous. Hence it is easy to find Ek+1
satisfying conditions (a) and (d). Since the function N = N(t, u) satisfies condition (A)
and p(za(-) — zo(+)) — 0, the functions z, tend to zo in measure. Replacing eventually
the sequence {z,, — zo} by its subsequence, we can assume without loss of generality
that z,,(t) tends to zo(t) almost everywhere. By the global lower semicontinuity of
F(t,z), we obtain that dy (ya(t), F(t,z(t))) tends to 0 almost everywhere.
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Since p(f) < 400, for the sequence {z,(-)} of measurable selections chosen at the
beginning of this proof such that (7); holds, there are an index nx4; and a set Exy; C
such that, for t € Ex4q,

M(t,un,(t)) < (11)

r

3u(Q) .
and

H(\ Ex41) < €kt (12)

Let Qk41 = 2\ Ex41. Observe that (12), implies condition (b). By (8); and (11),, we

‘obtain

2
/ M(t,un,,,(t)) d;;:/M(t,u,,m(t)) dp — / M(t,un,,, (2) du > 3" (13)
Qg 0 Ex4a

By properties (a) and.(b), we get

u( U Qj) < Z u(2;) < Z €5 < 26k41.
j=k+1 j=k+1 j=k+1

Thus we have constructed a sequence of positive numbers {¢}, a sequence of measurable
sets {Qx}, Q& C Q, and a subsequence {z,, — zo} such that conditions (a) - (d) hold.

Now we shall continue the proof. Let
o0
Dk=9k\( U Q,) (k € IN).
j=k+1 .
Define functions %, %0, yo, z in the following way:

h(s) = {gm(S) g: ; 55-;1(51.‘5 ™ " (14),

1[)0(3) — {30(5) ;gj ;5]:;1(516 W) (15)1

(o) = {2l 26 De (e (16);

0= {5 e an

where w(-) and v(-) belong to Np(0) (i.e. these are measurable selections of F(s,0)).
From conditions (c), (d) and inequalities (11),,(13), it follows that

J Mo = (00 s = [ M (1 (0)
Dy Dy '

- / M(t, un (8)) du — / Mt um () da  (18),
Qp :

Qe \Ds

S 1
-7
3
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Observe that 3 € N(L(, L, 4; X)) and, by (10);, also ¢ € N(L(Q,Z,p; X)). It is

easy to see that yo(-) € Np(to(-)) and 2(- ) € Ne(¥(-))-
On the other hand,

/M(t llvo(t) — 2(8)Il) Z/M (t,llvo() — 2()ll) du = +o0  (19),

k= lDt

which contradicts the fact that Np is a set-valued operator mapping of the modular
space (N (L(2, Z, 4; X)), pn,u) into subsets of the space (M (L(Q,Z, 1;Y)), pm u)- This
finishes the proof of the case when p(Q2) is finite.

Case (2): ,u(Q) is infinite. We will consider ‘the following two subcases:

(2a) There are a subset ¢ C Q with finite measure p(€) and a number 8 € (0,r)
such that fQo M(t,un(t))dp > B (n€ V).

(2b) There are a subsequence {un,(t)} and a seciuence of measurable sets {Dx} such
that

(e) u(Dx) < +ooand D;NDj =0 fori #j
(f) fD,‘ M(t)unk(t)) d/‘ > %7‘ (k € I‘N)

In the subcase (2a) the consederation can be reduced to that of Case (1) with replacing
T by f. In the subcase (2b) we define functions %,1,y,2 by formulae (14);, — (17),.
As in Case (1) we obtain that ¥, € N(L(Q,E,p;X)), and that z(-) € Np(¢(-)) and
simultaneously yo(-) € Np(¥o(-)). On the other hand, by properties (e) and (f) we
obtain that z(t) — yo(t) € (M(L(Q, Z,1;Y)), pm,u), which leads to a contradiction B

Theorem 2. Let X,Y be two separable F-spaces, (2, Z, ) a measure space with
complete non-atomic and o-finite measue p, and Np a Nemytskii set-valued operator
mapping of a modular space (N(L(Q,E,y;X)),pN,“) into subsets of a modular space
(M(L(LZ, 1Y), pm,u) induced by a sup-measurable set-valued function F = F(t,u) :
Q x X - 2Y. Suppose that

(1) the function N = N(t,u) satisfies condition (A)
(31) the function M = M(t,u) satisfies condition (A,).

If the function F = F(t,u) is lower semicontinuous with respect to u for almost all
t € Q, then the operator Nr is lower semicontinuous.

Proof. Suppose that the operator Ng is not lower semicontinuous at some point
(zo(-),yo(-)) with yo(-) € Np(zo(-)). This implies that there are a number r > 0 and a
sequence {z,(-)} such that .

PN u(zn(:) = 20()) = 0

inf ) = vol- ).
oeinl o PMu(z0) =w() >r (e N).
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By [2: Theorem 8.24 and Corollary 8.23], for arbitrary n > 0 there is a sequence {zn(-)}
of measurable selections z,(-) € Np(zn(-)) such that, for almost all t € €,

llvo(t) = za(t)lly < (1 +m)dy (yo(t), F(t, 2a(t))) (72

where as before dy (y, 4) denotes the distance of a point y to a set A in the norm ||-||y.
We denote un(t) = ||lyo(t) — zn(t)lly. Since z,(-) € Nrp(zn(-)), then

/Mtunm > eint omu(EO)-w() 31 (e M) ()

Then we continue the proof step by step in the same way as in the proof of Theorem 1
replacing ya(-) by yo(-). The only difference is to show the existence of a subsequence
{tn,} such that the inequalities

R .
M(t,u, t — 1
( s U k+1( )) < 3"(9) . . (1 )2
and
B\ Exs1) < €x41 (12)2
hold. In order to do this we replace the global lower semicontinuity of T' by its
lower semicontinuity. Since the function N = N(t,u) satisfies condition (A) and

pN.u(za(-) — zo(*)) — 0, the sequence {z,(-)} tends to zo(-) in measure. Thus by
the lower semicontinuity of F(t,z) with respect to z, dy (yo,F(t z,,(t))) tends to 0 in
measure. ,

Since px(f2) < 400, for the sequence of measurable selections {z,(-)} there are an
index ng4 and a subset Fyiy C Q such that, for ¢t € Exy ), the inequalities

M(t,un,,, (1) < (11),

3u(?)
and . : _ .
p(Q\ Exqy) < €k41 (12),

hold. The remained part of the proof can be continued in the same way as presented in
the proof of Theorem 1 #

Theorem 3. Let X,Y be two separable F-spaces, (Q,Z,u) a measure space with
complete non-atomic and o-finite measue p, and Np a Nemytskis set-valued operator
mapping of a modular space (N(L(Q E,p,X)) PN “) into subsets of a modular space
( (L(Q z ,u, Y)), pM,,,) induced by a sup-measurable set-valued function F = F(t u):
2 x X —2Y. Suppose that

(i) the function N = N(t,u) 3a.tt.sﬁes condition (A)
(ii) the function M = M(t,u) satisfies condition (Az).

If the function F = F(t,u) is metric upper semicontinuous with respect to u for almost
allt € , then the operator N is metric upper semicontinuous.
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Proof. Suppose that the operator Nr is not metric upper semicontinuous. This
implies that there are a number r > 0 and sequences {z,(-)} and {y.(-)} with y.(:) €
Np(za()) such that

PN u(Ea() = 20()) = 0

il )= unl)) > n € IN).
:(~)e[lJr;(,o(,)) PM,,,(Z() Yn( )) r ( )

By (2: Theorem 8.24 and Corollary 8.23|, for arbitrary n > 0 there is a sequence {2z, (")}
of measurable selections z,(-) € Np(zo(+)) such that, for almost all ¢ € 2,

lun(®) = za(t)]ly < (1 + n)dy (yn(2), F(t, 20(2))) (Ds

where as before dy (y, A) denotes the distance of a point y to a set A in the norm || - ||y.
We denote un(t) = |lyn(t) — za(t)|ly . Since z,(-) € Np(zo(-)), then

/ M) 42 o a0 =800) >0 ()

Then we continue the proof step by step in the same way as in the proof of Theorem
1. The only difference is to show the existence of a subsequence {u,,} such that the
inequalities

M(t,un,, (1) < (11)3

3u(Q)
and
B2\ Ekt1) < €k (12)3

hold. In order to do this we replace the global lower semicontinuity of I' by its met-
ric upper semicontinuity. Since the function N = N(t,u) satisfies condition (A) and
PN u(zn(?) = zo(-)) — 0, the sequence {z,(-)} tends to zo(:) in measure. Thus by the
metric upper semicontinuity of F(t,z) with respect to z, dy (yn, F(t,zo(t))) tends to 0
in measure.

Since u(f?) < +oo, for the sequence of measurable selections {z,(-)} there are an
index ng4+; and a subset Exyy C 2 such that, for ¢t € Ei4, the inequalities

M(t,un,, (1) < 52—9—) (11)s

and

K\ Ek41) < €k (12)s

hold. The remained part of the proof can be continued in the same way as presented in
the proof of Theorem 1 B

Theorem 3 generalizes Theorem 1 of [3], where it is proved for Banach spaces X, Y
and for functions N(t,u) = uP,M(t,u) = u? with 1 < p < ¢ < +00 under some
estimation assumptions warranting that a Nemytskil operator Nr induced by a sup-
measurable set-valued function F' = F(t,u) maps the space L?(,Z, 4; X) into the
space LI(Q,Z, u; Y).
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