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On a Property of Harmonic Functions

I. Keglevié

Abstract. If we divide the space IR" into two disjoint areas with one common hypersurface
and define a harmonic function in each part of these areas such that- their gradients vanish at
infinity and the normal components of their gradients are equal on the hypersurface, then for
some hypersurfaces such as a circle in IR? or a hyperplane in IR™ the sum of the tangential
components of the gradients is zero. We investigate for which hypersurfaces we have this
property and prove that such hypersurfaces in IR? are only circles and straight lines. We also
give an application of this property to an ideal plane flow through a porous surface.
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1. Introduction

In this work we denote by I' a piecewise smooth hypersurface in JR™ which divides IR"
into two domains IR” and IR}. In other words we have

R"=RXUR}UT and R:NR} =RNT=R;NT=0.
By v we denote the unit normal of I' and by Grad ® we denote the tangential projection
of grad ® on I'. In IR? we denote the unit tangent to the curve by o.

Definition 1.1: We say that the hypersurface I' has the linear property if for each
pair (<I>_, @, ) of harmonic functions 4 € C*(IR} UT') the identities

6@- a¢+

5, X)= () (xel) (1)

and . .
| lllm grad®:(x)=0 (x€ R} ) (2
imply
Grad ®_(x) + Grad®,(x) =0 (xel). (3)
In IR? we speak of curves with the linear property and the equation (3) turns into
0%_ 0%,

5o =5 (xeD).
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The aim of this article is to investigate which curves in IR? have this property. This
property can in case n = 2 be equivalently defined for holomorphic functions in C.
This is considered in Section 2. In Section 3 we give some examples of hypersurfaces
and curves with and without the linear property. In Section 4 we prove that the only
curves with the linear property in IR? are circles and straight lines. In the last, Section
5 we show an application of this property in the flow of an ideal fluid through a porous
surface.

2. Equivalent definition for holomorphic functions

If we identify IR? with C, we can prove the following theorem.
Theorem 2.1: Let ' C C be a piecewise smooth curve which divides C .into two
domains, i.e. let :

C=C,UC_UT and C€4NC-=CsNT=C-NT=0

hold and let z - M — €, M C IR be a paravﬁetrization of I'. Then T is a curve
with the linear property if and only if for each pair (¥4, ¥_) of holomorphic functions
U, € C°%(C4 UT) the identities

m (OV+ () = Im (V- (=€) (4)
and |
ll.n;o Vyi(g)=0 I unbounded
L By (5)
Jm q¥+(g) =0 T bounded
imply o L .
e (2(O)¥+(2(8)) = Re ('(O)¥-(2(9)))- , (6)

Hereby -Im (2'(£)¥+(2(£))) can be interpreted as the “norma.l'component”ro'f the

holomorphic function ¥+ on I' and Re (2'(£)¥+(2(£))) as the “tangential component”
of ¥y on I :

Proof: Let the inclusion (4), (5) = (6) hold. For each pair (4, ®_) of harmonic
functions &4 € C!(R% UT) satisfying (1) and (2) we deﬁne a pair of holomorphic
functions ¥4+ € C°(C+ UT) by

6<I>._t( 0%

Vi(z +iy) = >(z,9) - za—y*(z,y)x

It is easy to check that we have on T

i<1>i(z(§)) =Im ( :(5) \I/i(z(f)))
36'/ 12 Eg' | (€ € Ro). (7)
55 2£(2(€)) = Re (I ,(ﬁ)l‘l’:t(z(g))) o
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Thus from (1) there follows (4). If T is unbounded, we have (5) direct from. (2). IfTis
bounded, we also have (5) because of (2) and because of

/ . grad®_(z)dz = 0
3K (0,R) i
for R big enough (where IR2 is the area which contains the infinity). This xmphes (6)
which together with (7) gives (3). From this there follows that T 1st the curve with the
linear property.

Let now I' be a curve with the linear property and let ¥4 € C°(C4 UT) be two
holomorphic functions with (4) and (5) We can deﬁne two harmonic fields by

wi(z,y) = (Re Vyi(z '+ ty) ~Im¥4(z'+1y)).
If [ is not bounded, we can write
wy =graddy : (8)

because €4 are simply connected domains, a.nd if T is bonded, we can also write (8)
because from (5) there follows

V_(2)dz=0
aK(0,R)

and this implies o . . .
w_(z)dz =0
3K(0,R)

for R big enough, whereby C_ respectively IR? is the area outside T From'(4) and (7)
we have now (1); from (5) we have (2), so we must have (3) Wthh 1mphes (6) ®

3. Examples

As already announced, in this section we will give some examples of hypersurfaces and
curves with and without the linear property in the sense of Definition 1.1.

Example 3.1 (Hyperplane in R"): Let T be a hyperplane in R™ and let x' be
symmetric to the point x relative to the hyperplane I'. For a given pair of harmonic
functions (®-, ®+) from Definition 1.1 with properties (1), (2) we define the function

3, : RY u r— R" . by <i>+(x) = —<I>_(x'(x)) (x € R} u F).

The functions ®4 ‘and &, are both ha.rmomc belong to the space C’(R" U T), their
gradients vanish at infinity and they have the same normal derivatives on I. From this
there follows ®4(x) = &, (x) + ¢ with some real constant ¢. Because of the symmetry
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-we have property (3) for the pair ($_, ‘i’+), and so we must have property (3) for the
pair ($_, P, ) as well.

Example 3.2 (Circle in IR?): Without loss of generality we set T' = §K(0,1). Let
IR% be the area inside " and let x —— x* be the inversion x*(x) = x/|x|2. Again, for a
given pair (®_, ®.) of harmonic functions from Definition 1.1 with properties (1), (2)
we define a function

v

$,: RRUT — R* by &,(x)=-&_(x"(x)) (xe€ RUT).

Similary, we can conclude that ‘I>+(x) = <I>+(x) + ¢ for some real constant c. Now,
we have property (3) for the pair (&_,®.) which implies property (3) also for the
pair (®-,®,). In the case of the unit circle we can consider the functions q¥4(g),
1\Il (¢) in Theorem 2.1 and obtain the following conclusion: Let ¥4 € C%(K(0, 1))
‘Il € C°(C\K(0,1)) be two holomorphic functions with ¥(0) = 0, qll‘rlgo\ll (q) =

and Re ¥.(q) = Re ¥Y_(q), ¢ € 8K(0,1). Then we have Im ¥4(qg) = — Im \Il_(q),
z € 0K(0,1).

Example 3.3 (Sphere in IR™, n > 3): For the sphere dK(0,1) in R™ we define

Q*‘(IlazZ)""zn) =T
Ty

(n—1)z2 4+ 22+ ... +z2)n/2’

b_(z1,22,...,Zn) =

We have the inclusions @4 € C!'(K(0,1)) and $_ € C'(IR® \ K(0,1)) and properties
(1), (2) but not property (3). Thus the sphere in IR" is not a surface with the linear
property.

Example 3.4. (Square in R?): Let Q = {(z,y) € R?| |z| <1 and ly| < 1} be the
unit square in IR? which we identify with € in the topological sence. On the boundary
I' =3Q we define the function u by

(a t bi) [1 -a] for a€[~1,1], b=#1
u(a+0t) =
il1-b for a==%1, be[-1,1]

and the functions ¥4 (q) by

u(z)dz )
Vlg) = 27er/ z—q

We have the inclusions ¥_ € C°(€C_UT') and ¥4 € C°(€C4 UT) and the properties (3),
(4) but not property (6). Thus the square in IR? is no curve with the linear property.
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4. Curves with the linear property in IR?

Now we prove that the only curves with the linear property in IR? are c1rcles and straight
lines. We divide the problem into the following two cases:

1. The hypersurface I' is unbounded
2. The hypersurface I is closed and bounded.

Theorem 4.1: The straight lines are the only unbounded curves in IR? with the
linear property.

Proof: We already know that all straight lines have the linear property. We only
need to show that there are not any other unbounded curves with the linear property.
Let I" be some piecewise smooth curve in € with the linear property which divides C
into two open areas €_ and C4, let Ty be the smooth part of I' (the non-smooth part
is assumed to consist of finitely many points), and let z : IR — € be a parametrization
of ' with |2'(€)| = 1 for each € € IRy where IRy C IR is the set of all £ with z({) smooth.
For each u € C§°(IRy) (i.e. the set of all u € C°(IRy) with compact support in IRp)
we define the functions ¥4+ : €+ — C by

: +o00 o . .
u(n) 1 u(z71(r)) v
=g / O e e P T R
with z7! : F — IR the inverse of z. These functions can be extended contmuously
onto I'y. The Plemelj formulae glve the representation
_ 1u(z-*(t)) T Cl (o) NI
Val) =55 o 27rz i, / TG 4 (et
z,e) :
ie.
u(@) 1, [ ul)
u
W,z =+- +—.VP/ 9
HO) =235 * o FOEFOM ®

It follows from (9) that

+o0
, ~ , B 1 u(n)2'(§) .
Im (z (E)Wf(z(ﬁ))) =Im (2'(6)¥-(2(¢))) = Im (2,,,~V P. _!° z(n) - 2(€) ’7)

Because we have a curve with the linear property, we must have

Re (/(6)¥4(2(6))) + Re (2/(£)¥-(2(€))) =
This implies

+oo +o00
e [ame@ o 1 ()€
Re (mVP / e )_Z(E)d) = (V.P._[o =25 ,,) 0
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for each u € C§°(IR) and for each £ € IRy. Lagrange’s Lemma gives

-m‘ & = or
I (z(n)—z(§)>_0 for all €, € Ry, £ #n. ~(10)

One can remark that for the function pz(¢) + ¢, with p,q € C, lp| =1 we have

(pz +9)'(§) ) ( 2'(€) ) :
m =Im|{ ——~— ] =0,
((pz +9)(n) = (pz + 9)(§) z(n) — 2(§)
ie. the function pz + q satisfies the same condition as z. In the set of all functions
:R-—C w1th |z'(€)l = 1 a.e. we define an equivalence relation ~ by

zl~zz = 2, =pz1 +¢ for some p,q€C with lpl =1 (11)

and in each equivalence class we choose an element zy with 29(0) = 0 and z)(0) = 1.
We set £ =0 in (10) and obtain Im 2(7)~! = 0. This implies Imz = 0, i.e. T is the
real line.

We go back to (11) and consider the whole class of equivalence. By pzo + ¢ (p,q €
C,|p| = 1) we get only straight lines in €. So all unbounded curves in € with the
linear property in € (and in IR?) are straight lines. @

Theorem 4.2: Circles are the only closed bounded curves in IR? with the linear
property

Proof: The proof is similar to that of the previous theorem. Again, we only need
to show that there are no other bounded curves with the linear property. Let I' C € be
some piecewise smooth bounded curve with the linear property and 2z : M = [a,b] —
C some continuous piecewise smooth parametrization of I' with |z’(£)] = 1 for each
€€ My C M = [a,b], where My describes the smooth points of z (and M C M, is
assumed to have only finitely many points). For each u € C§°(M,) with

b

/u(n)dn=0 (2

we define functions Uy: Cy — C by

b

Lofum o [ G
Pale) = / roRriib o e RO

1

where z7' : T' — M is the inverse of z. The Plemelj formulae give the representation

b . :
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i.e. , : T
1w 1 u(n)
q*““”‘iiﬂo+2rvP/zwrw@)
We have 1 , : 1 by i
P/\Il_(t)dt = —5/'u(£)d§+ (é}_z// zzn()ﬁ)_“i_’gg) dng) .

The integral

b
z'(§)
2 g
/4m—405
is constant for each n € My with value —iw. From this and from (12) we have in thls

case the relations
b

/\Il_(t)dt = —/u({)d{ =0

r a

so condition (§) is fulfilled. Further, we obtain -

, = Im ((O2-(©) =Im [ v, [ HDZE
™ (O% () =Im ((O¥-(:(0) =1 (%,VP./zw>—z«>’J

Because we have a curve with the linear property; we must have

. Re ('(€)¥+(2(£))) + Re (£'(€)¥-(2(¢))) = 0.
This im-plies

+0o 400
1 u(n)2'(€) 1 u(n)'(€)
Re (m,V.P / e )—z({)d) 7rI (V.P—[<> e )—z(f)d) 0._

for each u € C§°(M) with (12) and each £ € M. Ea.ch w € C=(T') we can write in the
form

b- S
wo=;é;/wmm+m@) with /wmmm=u

Then for each w € C*°(T") we have
z'(E)w(n)
Im(vp/dm—dod)

s [ OG- ) [Pw(()dg [ #©un)
=Im (V.P.! - O) _.z(g) ‘ d’I+V-P ( )—z({) ")
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Because the last integral is zero we can conclude
2 (Qw(n)
o (V'P [ o= ”)
b
m Z(¢) = w
=1 (V_-P I / w0 5 z({)) = 10 / ()

a

for each w € C§°(M,), with f some constant mdependent of w and n. Lagrange’s

Lemma gives
2O o)
(2@ f»‘“)) =0 (13)

for each choice £,7 € Mp with £ # 1. One can remark that for the function pz(§) + ¢
with p,q € C, |p| =1 we have

(zra)© 2(€) B
m((pz+q>(n)—(pz+q)(e) "“)) ((n) €0 “))‘0

i.e. pz+q also satisfies the same condition as z. .In the set of functionsz2: RO M — C
with |z'(€)] = 1 a.e. we define an equivalence relation ~ by

2] ~ 22 — 1z =pz; +q for some p,q € C with |p|=1

and from each equivalence class we choose an element 2y with z¢(0) = 0 and 2{(0) = 1.
We set £ = 0 in equation (13) and get Imzo(n)~! = f,(0) = const, i.e. z;! is some
straight line parallel to the real axis. Then 2 is either a circle through the origin of the
coordinate system or- the real axis. The last case is impossible, because the real axis is
unbounded. All bounded curves which can have the linear property are now given by

pzo + ¢ (p,q € C,|p| = 1) with 29 a circle, and these are again only circles. 1

5. Appligiétion to an ideal flow through a porous surface '
Let T' be some curve in JR? with the linear property. We consider a stationary, ideal

plane flow, i.e. a pair of functions (v, p): IR?* x R? — R? x R which satisfies the
following condltlons

(v(x) - V)v<x>+ Vp<x> (xe RP\T) (14)

divv(x) =0 and rot v(x)=0 - (x€ R?*\I) c (15)
| lliin v(X) = Voo- ) (16)

On T let .
. (v-v)_(x) =(v-v)4(x) o ' . (contiguity conditioq). 17)

(v-v)i(x) = v(x)(p=(x) — p+(x))  (filtration law) ' (18)
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hold. For given p > 0, v, € IR? and v € C(F) with 7(x) > 0 we look for the functions

v and p.
. Because of (15) we can write

grad®_(x) for x € R

V(x) = Voo { grad®,(x) forx € R

and the Euler equation (14) can be replaced by the Bernoulli equation

1 LA |
—{ Voo + grad ®4+(x + ~-p(x)=C
2( g +( )) pP() +

with C_ and C, two real constants. This and the continuity condition (17) taken into
the filtration law (18) give

6<I>i

(Voo - V)(x) + 5=(x) = 2ﬂ7(X)<C— -Cy

+2(Ven - 3)(X) (”*( )

+ (G ))2 (G )) )

Because I' is a curve with the linear property we have

0% 8% 0% 9% (0%
- G0 = 072w wa (Grw) - (5 (x))
This gives
(veo 0 + B2 (1) = 109 (0= - € + 83 V) G2 ()

- In case when I is a curve with linear property, the partial derivatives of ®, on I’ are
connected through the Cauchy integral operator

%) = 20 et (n
L= / R

where z : M — C is a parametrization of I’ with |2/(€)| =1, £ € M. Now we have a
singular integral equation with one free parameter C = C4 — C-

(Voo - 1)) + 28 / 2 (”) it = 3(00) (€ + 4(ven - 00 G )
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This equation can be explicitely solved (see [1]). After.this equation is solved , we obtain
@4 on T up to a constant. We set ®_ = —®, on I' and then @, and ®_ on the rest
of the plane are given as solutions of the Dirichlet problem on I'. This gives a unique
solution v on the whole plane and p is then given by the Bernoulli equation up to a
constant. If I' is not a curve with the linear property, we also get a singular integral
equation which is not linear and more difficult to solve. The similar procedure is also
possible for the case when I is only a part of a curve with the linear property and for the
non-stationary potential plane flow. The stationary flow for T a circle is solved in [4].
There, the problem was considered in terms of conplex velocity ‘Ili = vz —tvy and the
linear property in the form Im¥4 = Im¥_ = Re¥; = -Re¥_ was used (see Example
3.2). The stationary problem for I a stra.lght line and line segment was solved in [2]
with the linear property in the form of Definition 1.1. The non-stationary problem for
T a circle was considered in (5] and in [3].
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