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Products of Lower Densities

N. D. Macheras and W. Strauss

Abstract. We prove the existence of product-lower densities for products of arbitrary families
of (possibly incomplete) probability spaces, thus generalizing the corresponding results for finite
products. The proofs are based on permanence results for lower densities under projective limits
of probability spaces. Relying on work of Grekas we discuss in particular Haar measures on
compact groups.
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0. Introduction

In [10] and [11] the existence of the so-called product lifting, i.e. of a lifting compatible
with the product, has been established for the completed product of an arbitrary family
of complete probability spaces. This raises the question what the position is for non-
complete probability spaces. Since it is known that for non-complete probability spaces
liftings, in general, do not exist (see [15]) we replace liftings by lower densities whose
existence is garanteed by [4] for arbitrary probability spaces.

In the main theorem of this paper (Theorem 2 of Section 3) we establish the existence
of a product - lower density for arbitrary families of (possibly incomplete) probability
spaces where we use the following terminology:

Given a family ((Q,, PIFTE )) i€l of probablhty spaces and another probability space
(R, Z, ) satisfying _ A

a=J[2 =2z,

i€f i€l

%= @

1ier i€l

we then call a lower density 7 for p a product - lower density of the lower densities ¢;
for u; (z € I) and we write 7 = Qi1 p; if the equation

(P). ([4i, - ,Afn.]) = [(,o,-,(Ag‘)-, i An)] L ; .
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holds true for all ¢),...,i, € [ and all 4;, € Z;, (k = 1 y--- 1) where [A;,..., A;,]
denotes the cylinder set [lic; Bi for B.k = A;, (k ,--.,n)and B; = Q; ifi €
I\ {Z], . Zn} '

The proof of this basic existence result relies on the permanence theorem for lower
densities under projective limits of Section 2 and is in so far quite different from the
methods taken in [11] for the proof of the product-lifting theorem.

Based on work of Grekas [5] we construct for the Haar measure on a compact group
a lower density which is a product of lower densities for Baire (=Borel) probability
measures supported by compact Lie (hence metrxzable) groups (see Theorem 3 in
Section 3).

1. Notations

For a given probability space (Q,Z,u) a set N € £ with u(N) = 0 is called a p-null
set, and for sets A, B € ¥ we write A = B p-a.e. if AAB, the symmetric difference of
A and B, is a p-null set. The (Carathéodory) completion of (22, T, u) will be denoted
by (,2,,4). When there is no danger of confusion we write % in place of £,. We
use the notion of (lower) density (resp. lifting) in the sense of [7: Chapter III, Section
1/Def. 4 (resp. Def. 3)] and for any probability space (2, Z, ) we denote by 9(Z, i) or
just by () (resp. by A(E, p) or just by A(x)) the system of all (lower) densities (resp.
liftings).
We denote by

(H Qi,®2i,®#i> or ®(9-‘,2.’,#i)
i€l i€l i€l i€l
the product probability space of the probability spaces (£, Z;, pi) (¢ € I) and by
(H Q, ®Ei, ®#-‘> or ®(Q.‘, i, pi)
i€l i€l el i€l

its (Carathéodory) completion.
We use the notions of projective systems and pro_]ectxve limits of probability spaces
in the sense of {14]. For a projective system (Qa, Za, Bas fag, I) of probability spaces a
family of (lower) densities 9o € 9(pa) (a € I) is called self-consistent if
(pﬂofa_ﬂl =fi30pa forall o,f €l with a <.

If (Q,E,y,(fa)o,el) is the projective limit of the above projective system a (lower)
density ¢ € ¥(u) is called a projective limit of the self-consistent family (¢q)aer if

'<pof;1 = la‘locpo for all aé[,

in symbols ¢ = proj,¢;limp,.
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We suppose throughout that all the canonical projections f, from £ onto €, are
surjective. All the densities used in this paper are lower densities so that for simplicity
we will use the word ”density” instead of "lower density”.

Throughout, X denotes a completely regular Hausdorff topological space, and
Cu(X) is the space of all bounded continuous real-valued functions on X. The o-field
of Borel sets B(X) (respectively Baire sets Bo(X)) over X is the one generated by the
open subsets of X (respectively by the zero sets of X). For a probability measure p on
B(X) a lifting p € A(u) is called strong if G C p(G) for any open subset G C X.

Let X, and X, be two topological spaces. A mapping g : X; — X, is called Baire
measurable if it is (Bo(X1) — Bo(X2))-measurable. A Baire measurable bijection g is
said to be a Baire isomorphism if g~! is also Baire measurable. v

For unexplained notions of measure theory or of topological groups we refer to
Halmos [6] or to Montgomery and Zippin [13], respectively. '

2. A permanence result

The main theorem of this section is the following permanence result for densities under
projective himits. It is basic for the main theorem of the next section, but may also be
of some interest in its own.

Theorem 1. Let (L Z, 1, (fa)aer) be the projective limit of a projective system
(Qa, Lo, oy faB, I) of probability spaces. Suppose that (po)act 13 @ self-consistent fam-
ily of densities o € I(pa). Then there ezists a ¢ € I(un) which is a projective limit of
(¢a)acr- '

Proof. Forevery a € I weset %, = f;1(£,) and g, = p | ¢, and define a density
py for (,Z5,43) by

pa(fa'(A) = fi'(pa(A))  forevery A€ Za.

For all @, € I with a < 8 we have £, C I3 and pp | &, = ¢;. Indeed, for every
A€Z,

fSNA) =71 (f3(A) € T
because f;;(A) € ¥ and so

op(fal(A) = f5' (es(f5(A) = f5 (fap (pa(A)))
= fa' (pa(A)) = po(f3* (4)).

We-distinguish two cases. -

(i) There is.a countable cofinal subset J C I. Then X is the o-algebra generated
by UaesZy and by [3: Lemma 1] there exists ¢ € 9(u) such that p | T2 = 2, for every
a € 1,i.e. ¢ is a projective limit of (Yo )aer-

(ii) There is no countable cofinal subset of I. Then £ = U,¢/Z: and the desired
density o for u is given by w(A) = pt(A)if AcE, anda€l B
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There are projective systems of probability spaces for which self-consistént families
of densities arise naturally (see [9: Remark 2.2]). The next proposition exhibits another
such class of spaces in a very general situation. As a preparation we need the following
lemma which is an analogue of [8: Lemma 2.1].

Lemma 1. Let be given two probability 3pa.ce3 (X,2 ,u) and (Y 0,v) and o (T-0O)-
measurable map f : X Y satisfying u(f!(B)) = ¥(B) for all B € ©. Then for any
6 € J(v) there ezists a v € I(u) such that po f~ V= f~1 o8,

Proof. Let B be the o-subaigebra of £ generated by Y (O)Uuforu = {N €X:
u(N) = 0}. Define a density @q for g := p | B by @o(4) = f~1(8(B)) for A € B and
B € O with A = f~(B) ji-a.e. Now using arguments similar those in Traynor’s proof
(see [16: Theorem 6]) of the theorem of D. Maharam [12] we conclude that oo has an
extension ¢ € 9(u). We have only to apply Lemmas 1 and 2 of [4] instead of Theorem
4 and Lemma 5 of [16], respectively, and to consider the set

[,={(.A,<p)’ A o-algebrain X with BCACYT and <pe;9(p|A)}

instead of the set H used in [16: Theorem 6]. The standard argument using Zorn’s
lemma completes the proof B ' :

In the next proposition we shall idchtify a cardinal k with the initial ordinal of that
cardinal.

Proposntlon 1. For an at least countably infinite cardinal x let be given a projective
system (Xo, Za, flas fas, x) of probability spaces with projective lzmzt (X ) p,(fo,)o,e,‘)
such that, for any limit ordinel X < k,

(X)\) Ez\:/“*) = prola(Allm (Xa) 20)#0)

holds true. Then there ezists a self-consistent family (po)acx Of densities Yo € Hpa)
for a € k and a p € (1) which is a projective limit of the family (vo)acx-

Proof. We construct a self-consistent family (¢4 )aex of densities by induction on
a < x: For @ = 0 we choose pg € 9(po) by (4: Theorem 1). If a = 8+ 1 < k and
g € J(pg) is known, we choose by Lemma 1 a g1 € 9(pg+1) such that

Y0 0 faa = fza 0 ¥p. (1)

Since cp/,ofﬁ_ﬂl = fé_ﬁl owps for all § < B we get pao f;,! = fi! ops from (1), 1.e. (¢5)s<a
is self-consistent. For a limit ordinal a < x we find by Theorem 1 a ¢, € 9(uq) such
that ¢, = projgc, limypg, i.c. (Yg)p<a is self-consistent. Thus the induction can be
pushed through to obtain a self-consistent family (Pa)a<x- In particular (@a)a<x is
self-consistent and ¢ = proj, ¢ o if ¢ :=x &

Remark 1. From the proof of the above proposition it follows that one of the @,
can be pre-assigned or even more of them, i.e. under the assumptions of Proposition
» if'(pa)agp (B < k) is a pre-assigned self-corsistent family of densities wo € 9(1a),
then there exist a self-consistent family (p-)g<y<x Of ¢4 € JI(p+) and a o € I(u) such
that ¢ is a projective limit of (¢qa)a<«- In particular for # = 0 we have that fora given
®o € I(po) there exist a self-consistent family (¢a)oca<x Of Yo € I(1q) and a ¢ € ()
such that ¢ is a projective limit of (¢a)a<x-
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3. The product-density theorem

The next theorem is the "product-density theorem” which generalizes Theorem 3 from
(10: Section 2].

Theorem 2. Let be given probability spaces (Q ) a.nd (4, Zi i) forie I, I
a non-empty indez set, such that

Q%HQ{,' zics 4 ®%i=-Qu

i€l . Lier el

Fiz on an iy € I ‘Then for any pi, € 9(ui,) there. ezzst i E I(pi) for 1el)\ {zo} and
€ 9(u) such that ™ = ®ier ;-

Proof. Let C be the family of all triples (M (pi)iem,p) where M is a’subset of I
with 10 € M, p;, = @iy, pi € I(p:) for every i € M,p € I(®iempi) and p = Qiemp;-
Define an order relation < on C by

(M (pl)tGMap) < (N (Tx):ENu )
— MC N, r.-p.fora.ll 1EM, "°7"MN—7"MN°P

where Tm N [[ien i — [ien U denotes the natural projection.
If (Mo,, (p¥ )'eMo’pa)aeA is a totally ordered subfamily of C, we set M = UaeaMq
and p; = p{ for every 1 € My and a € A. Further, identifying the projective limit of

( Mo s & ,li,nMaM,,A) i

€M, - €M, tEM,
with

(H 2, Q) =i, ® p,,(nMoM),,GA)

1€EM iIEM iEM

by Theorem 1 of Section 1 we find p € 9(®iem pi) such that pow;,,iM = n;,,LMop,, for ev-
ery a € A. It is clear that (M, (p,),eM,p) is an upper bound of (Ma, (p® )'GMu’pO)aeA
in C. Thus C is inductively ordered and by Zorn’s lemma there exists a maximal element
(M, (p2)uer) of .

We claim that M = I. Indeed, if M were a proper subset of I and j € I\ M, by
[10: Section 2/Theorem 3] we could choose ¢; € 9(u;) and ¥ € H®iemuy)jmi) such
that ¥ = ¢ ® ¢,. But then (M U {j}, (cp,),eMU{]) 1,[)) would be an element of C strictly
greater than (M, (pi)iem, ), which is a contradiction.

Finally; as in the proof of Lemma 1 of Section 2, we find 7 € 9(u) extending ¢ W

Remark 2. It follows from the proof of Theorem 2 that the singleton g € I can
be replaced by any subset of I. More precisely, if J C. I, ¢; € 9(u;) for-every ¢ € J and
© € Y(®icspi) such that ¢ = ®ic i, then there exist p; € 9(y;) for every i € I\ J
and 7 € 9(u) such that 7 = Qies .
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Remark 3. The product-density theorem might raise the following question. Given
probability spaces (2;, Z;, i) and densities @; € 9(p;) (i € I # 0), does there always
exist a ¢ € ¥(p) such that ¢ = Qe i holds true if (Q, L, u) is a probability space such

that
e=J[2% Q=< w@Si=QRu?
i€l i€l i€l i€l

Consider the product space (Hiel i, ®ierZi, ®ierpi), where I is a non-empty index
set, 2; is a compact extremally disconnected space (i.e. Q; is compact and the closure
G of an open subset G of §; is open), £; = B(X.'), i is a diffuse (i.e. without atoms)
probability measure, and i(G) = pi(G) for all G € T;, T; the topology of ; (i € I).
Such spaces are given by the hyperstonian space derived from a diffuse probability space,
e.g. the hyperstonian space of the Lebesgue measure space on [0, 1] will do (see [3]). It
is well known that such spaces have a unique strong lifting o; € A(p;).

Assume that there exists a product density o = ®icr0: € 9 (®ierpi). Then the
map ¢ : ®ierZi — RicrLi, defined by 9(AAN) = po(A) for any A € ®ic/T; and
N C N; with ®erpi(Ny) = 0, is clearly a density and ¢ = ®;er0: € I ®ierpi).

The canonical projections f; from [];; ©: onto ©; are (T — 7, )-continuous, where
7, and 7, are the density topologies for ¢ and o, respectively (see [7: Chapter V,
Section 1] for the definition). In fact for any A € 7, it holds true that A C 0;(A) hence

7A€ £ 0i(4) = o(f7'(4), e fNA)ET] foreach i€l

Therefore for the product topology [];c; 7: we get H‘EI . CT,; C Ric1Ti, which is a
contradiction according to (3].

So the answer to the above question is to the negative (even if all the o, are strong
liftings) and this raises the question "under which conditions can more than one of the
@i € Y(ui) be pre-assigned, in particular, when can all of them be pre-assigned”.

Given a compact group G of uncountable weight w(G) = a there exists by [5:
Lemma 2.2} a family (H,)y<q of closed normal subgroups of G with (., Hy = {e}, e
the unit element of G, such that for every v < «

(i) Hs CHyfory<é6<a
(i) Hy/H.,4 is Lie
(ii) Hy = <y Hp if 7 is a limit ordinal.
It follows from the above result that X, := Hq/Hy41 = (G/Hqs1)/(G/H,) for v > 0
and Xy := G/H, are Lie (hence metrlzable) compact groups.

Theorem 3. Let G,(Hy)y<a and (Xy)y<a be as above. Then the followmg state-
ments are true:

(i) For any Baire probability measure p on G there ezist a self-consistent family
of densities ¢y € I(py), where py:=po f,y'l,f., the canonical projection from G onto
G/Hy (v < a) and a ¢ € 9(p) which is a projective limit of (p4)y<a-
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(i) There ezist a family (v4)y<a of Baire (=Borel) probability measures, each v,
supported on X, ¥, € 9(vy) (¥ < @) and ¢ € 9(A), A the (normalized) Haar measure
on G such that 1 can be represented as the product-density ®y<athy-

Proof. (i) For any limit ordinal ¥ < « the family (G/Hﬂ,fﬂ6,a) where fgs is
the canonical projection from G/H;s onto G/Hg, is a projective system. There exists
a natural continuous homomorphism from G onto Projg¢, lim G/Hg whose kernel is
Np<y Hp and Ny, Hp = H, by relation (iii) preceeding Theorem 3. So ‘there exists a
continuous algebraic isomorphism of the compact group G/H, onto projg..,imG/Hg
which must therefore be a homeomorphism. Thus

G/H, = pr'oj5<.,lim G/Hp
(cf. [2: Proof of Lemma 9]). Now applying relation (i) preceeding Theo.rem 2 we get
G = G/{e} = proj,<q limG/H,. '
But then according to [1: Theorém 2.3] we have

(G,Bo(G), ) = projyco im(G/Hy,Bo(G/Hy), 1v)

and, for any limit ordinal v < «,

(G/Huy, Bo(G/Hy), ) = projg. lim(G/Hp, Bo(G/ Hp), ug)-

Hence all the assumptions of Proposition 1 of Section 2 are fulfilled and so there exist
a self-consistent family of densities ¢4 € 9(py) (¥ < a) and a ¢ € I(g) which is a
projective limit of (¢4)y<a- ’ 4

(ii) By [5: Theorem 2.3] there exist a family (v4)y<o of Baire (= Borel) probability

measures, each v, supported on X, and a Baire isomorphism ¢g from Xg := H_Ka Xy
onto G such that Agogg' = A where Ag := ®y<qoVy. By Theorem 2 we find ¢, € 9(v,)
and a product-densitity ¥. € 9(Ag). Therefore the density 3 := . 0 g5' € 9(}) is the

desired one.
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