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A Classification .
of Special Riemannian 3-Manifolds
with Distinct Constant Ricci Eigenvalues
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Abstract. All Riemannian 3-manifolds with distinct constant Ricci eigenvalues and satisfying
some additional geometrical conditions are classified in an explicit form. One obtains locally
homogeneous spaces and two different classes of locally non-homogeneous spaces in this way.
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0. Introduction

According to I. M. Singer [14] a Riemannian manifold (M, g) is said to be curvature
homogeneous if, for every two points p,q € M, there.is a linear isometry F' : T, M —
T, M between the corresponding tangent spaces such that F*R, = R, (where R denotes
the curvature tensor of type (0,4)). Note that a (locally) homogeneous Riemannian
manifold is automatically curvature homogeneous. Explicit locally non-homogeneous
ezamples have been constructed by many authors (see [4 - 6], [8 - 10], [12],-{16] and [17];
see especially [9] and [10] for more complete references).

For 3-dimensional Riemannian manifolds (M, g) the following simple criterion holds

A Riemannian manifold (M,g) 1s curvature homogeneous if and only if all Ricca
eigenvalues of (M, g) are constant.

Thus the problem to classify all 3-dimensional Riemannian manifolds with prescribed
constant Ricci eigenvalues is of considerable interest.  This problem was investigated
already in 1916 by L. Bianchi [1] who made a classification under a strong additional
hypothesis of "normality”. He found only some homogeneous Riemannian spaces as
solutions. On the other hand, the following conclusion follows from an observation by
J. Milnor [11] and a result by K. Sekigawa [13]:

For a homogeneous Riemannian 3-manifold (M, g), the signature of the Ricci tensor
is never equal to (+,+,—) and to (+,0,-).
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Let us describe shortly what is known about the problem at the present. Let
p1, P2, p3 denote the constant Ricci eigenvalues of (M,g). The case in which all Ricci
eigenvalues are equal is trivial - we obtain only spaces of constant curvature. The case
p1 = p2 # p3 was solved completely by the first author in [4 - 5]. The answer is that
the local isometry classes of the corresponding metrics always depend on two arbitrary
functions of one variable. (Notice that the local isometry classes of locally homogeneous
spaces in dimension three depend only on a finite number of parameters.) In the same
papers, some quasi-explicit formulas were given for all the solutions.

The most difficult and most interesting case is that of distinct constant Ricci eigen-
values. In 1991, K. Yamato [17] presented a broad class of ezplicit examples - these are
complete Riemannian metrics given on IR®. Such metrics exist only if the Ricci eigen-
values satisfy certain system of inequalities. In [6] the author gave an easy modification
of the Yamato examples. The new metrics are not necessarily complete but the range
of the possible Ricci eigenvalues is considerably larger (this includes all Ricci tensors
with the signatures (+, +, —) and (4,0, —), but still not all of the possible cases).

Recently, A. Spiro and F. Tricerri [15] proved the following results:

a) For each triplet of prescribed distinct constant Ricci eigenvalues, there exists at
least one corresponding Riemannian metric (1992).

b) The local isometry classes of all such metrics depend on an infinite number of
parameters (1993).

" (In 1981, DeTurck (2] proved the local existence of a Riemannian metric with the
prescribed non-singular Ricci tensor R;;. Let us mention that his method cannot be
directly applied to the problem of prescribed Ricci eigenvalues.)

In a previous paper (7], the present authors gave ezplicit examples of locally non-
homogeneous metrics on R® with any prescribed distinct constant Ricci eigenvalues.
These examples can be considered as ”generalized Yamato examples”.

In this article we use the same method for solving a special classification prob-
lem. In this classification we obtain locally homogeneous spaces, all generalized Yamato
examples and also a new class of locally non-homogeneous examples.

1. A classification theorem

In the following we assume that (M,g) is a Riemannian manifold of class C® and V
will denote the Levi-Civita connection of (M,g). Suppose that all Ricci cigenvalues
(i.e. principal Ricci curvatures) p;, ps, p3 are distinct and constant. Locally, one can
always find a smooth orthonormal frame {E;, E;, E3} consisting of the eigenvectors of
the Ricci tensor p, respectively. We get with respect to this moving frame ’ '

For the corresponding components of the Riemannian curvature tensor R we have

Ri212 = A3, Riz1a = A2, Razaa = A1 (A1, A5, 3 - constants)

Rijpr=0 ifat least three indices are distinct.

(1)
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Moreover .
/\,'—/\]'=—(p.'—pj) (1.,] = 1,2,3)
because : ' .
p1 = A2+ A3, p2 = A1 + As, P3 = A1 + Az
Furthermore we put
P11 p3
a=——--:
P3 — P2

We see at once that a # 0 and a # —1. We shall limit ourselves to a sufficiently small
connected neighbourhood U, of a fixed point p € M.

In (7] an adapted system of local coordinates (w,z,y) was introduced on U, such
that E3 = ;—y. Denoting the connection coefficients by a;k = ¢(VEg, E;, E;), we get in
such a coordinate system

- ‘ a+1
a}, = aa);, a; =(a+1)al, a§3=—( > )aiz. (1.2)
We call (M,g) a generalized Yamato space on U, if (with respect to some adapted
coordinate system) the a}, do not depend on y and satisfy the following conditions on

Up:
(Y1) a}, =0, a};+a%, =0, al,=0.

Y2) al. is an arbitrary non-constant function of class
23 y )
C® on U, such that a};(g) # 0 for ¢ € U,.

Y3) al, is a smooth function on U, satisfyin
21 P g

(2) (a+1)(ah)" + (ah)’ =
(b) da},(q) #0forall g€ U,

(Y4) al, is a smooth function on U, satisfying
—@ajzaz; = (a+ 1) + A

Conversely, if the a]k are given by (Y1) - (Y4) in our coordinate system, then we can
find an explicit Riemannian metric g on Up with the constant Ricci eigenvalues py, p2, p3
and not being locally homogeneous (see [7] for the motivation and the next theorem for
more details).

Each generalized Yamato space satisfies, for one of the basic vector fields E,, (v €
{1,2,3}), the following two geometrical conditions (in which without loss of genera.llty
v = 3 can be assumed):

(G1) The connection coefficients a]k are constant along
the trajectories of E, ie. E.,(ajk)

(G2) The local group of local diffeomorphismus defined by E,
is volume-preserving, i.e. divE, = 0.

In the following, we shall also consider the orthonormal cofra.rne {w',w?,w?} corre-
sponding to { E1, E2, E3} and call it an adapted orthonormal coframe.
Now we are able to formulate our main result.
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Theorem 1.1. Let (M,g) be a C®-Riemannian manifold of dimension three with
distinct constant Ricci eigenvalues. If (M,g) satisfies the conditions (G1) and (G2)
(with v = 3) in a neighbourhood of each point p € M, then there is a dense open subset
U C M such that, for some neighbourhood V; of any point ¢ € U, one of the following
three cases (i) - (iii) occur:

(i) (M,g) restricted to V; is locally isometric to a §-dimensional Lie group with
a left-invariant metric.

(il) (M, g) restricted to Vy is locally isometric io a generalized Yamato space. This
means that the adapted orthonormal coframe {w',w? w3} is given with respect to an
adapted system (w,z,y) of local coordinates by the formulas

w! = Adw + Bdz
w?=Cdw+ Ddz (1.3)
W =Gdw+ Hdz + dy

e A=C(ps—p1)y + Ao B = D(p3 — ¢1)y + Bo
_ (1) D= (e1):
(ap1 + (a +2)p3)p2 (ap1 + (@ + 2)p3)p2
G =(a+1)Cypry + Go H = (a+1)Dp,y + Hy

where ) is an arbitrary non-constant smooth function on R?[w,z|, p1(w,z) # 0, and
the functions @9, 3 are defined by

(@ +1)(02)* +(p1)° = A2, —ap1p3 = (a4 1)As + A, dpr(w,z) #0.

Further, Ag, By, Go and Hy are any smooth functions of w and z satisfying the partial
differential equations

(Ao); — (Bo)w = (DAo — CBo)p2 + (DGo — CHo)(p1 — 3)
(Go)z — (Ho)y, = (DAo — CBo)(¢1 + ¢3) — (a + 1)(DGo — CHo)p2.
(iii) (M,g) restricted' to V, has, in an a,dapted system of local coordinates, the
following form: an orthonormal coframe {w!,w?,w®} is again defined by (1.3) and

A = A(w, z), B B(w,z), C = pAy+ Co, D = pBy + Dy
1
G = 5(0 + 1)\/ —/\3l.pAy2 + (a + 1)\/ —A3Coy + Go
1
= 5(& +1)v/=2a9By® + (a + 1)/ =A3Doy + Hy

where A, B,Co, Dy, Go, Ho,p are drbitrary smooth- functions of w and = satisfying the
system of quaailinear partial differential equations

- B}, = V/=s(ADo - BCo)
(Co), - (Do),,, = ¢(AH, — BGo)
(Gos = (Ho), = —p(ADo — BCo) + (a + 1)v/=2s(CoHo ~ DoGo)
Ay, — By!, = (ADg — BCo)ar/=Ase.
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Here ¢ = p(w,z) is a non-constant function, and the equality A\ A3 = (/\2) and the
inequalities A} < 0 and A3 < 0 must be satisfied.

The spaces in the items (i) — (iit) are never locally isometric to each other; in
particular, the cases (i1) and (iit) are never locally homogeneous.

Remark 1.2. 1. In the case (iii) of Theorem 1.1 the Ricci eigenvalues satisfy the
equality pf + p§ = p2(p1 + p3) and the inequalities p; + p3 < p; and p; + p2 < p3.

2. If the condition (G2) is not satisfied, one can find a system of five independent
algebraic equations for the six independent connection coefficients a;-k. Here a},,a},
and a}, can be easily eliminated but the remaining two algebraic equations for al;,a},
and a3, (including the parameters a and A, Az, A3) are very complicated and they were
printed on six pages by a computer. (We are obliged to B. Fiedler for the computer
test.)

3. As it is well-known (see, e.g., [13]), each locally homogeneous Riemannian 3-
manifold is either locally symmetric or locally isometric to a Lie group with a left-
invariant metric. In the first case, the Ricci eigenvalues cannot be distinct.

4. Obviously, a Riemannian manifold (M,g¢) with three distinct constant Ricci
eigenvalues is locally homogeneous if and only if all connection coefficients a;k from
condition (G1) are constant.

Remark 1.3. A converse to Theorem 1.1/Part(i) also holds in the sense that
a 3-dimensional Lie group G with a left-invariant metric g (and with three distinct
Ricci eigenvalues) satisfies the conditions (G1) and (G2) for some vy € {1,2,3}. First,
condition {G1) is trivially satisfied because all connection coefficients a;k are constant.
As concerns condition (G2), let us mention as obvious fact that a left-invariant vector
field X on (G, g) satisfies div X = 0 if and only if Lx (w! Aw? Aw?) = 0, i.e., if and only
if trace ad(X ) = 0 holds on the Lie algebra G. If G is unimodular, then this condition
is satisfied for all X € G. If G is not unimodular, then the Lie algebra G contains the
2-dimensional unimodular kernelid = {X € G| tracead(X) = 0}. This kernel is spanned
by two vector fields consisting of Ricci eigenvectors, say E; and E; (see [11] for more

details). Hence divE; = divE; = 0 on (G, g).

The rest of this paper contains the proof of the previous theorem.

2. The basic differential equations under the assumptions
(G1) and (G2)-

First it is obvious (cf. [7]) that an adapted orthonormal coframe {w!,w? w?} can
be always expressed in the form (1.3) with respect to the adapted local coordinates.
Because w' A w? # 0 we see that AD — BC # 0.

From (1.1) we obtain at once, using the standard formulas (see [3])
dwgl +w; /\wg = /\3wl Aw?
d“"); +w; Awg = /\2&)] I‘\u..)3 where w; = Za;kwk.
dw? +wiAw) = NwiAl®
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This leads to a first order partial differential equation -system for the functions a;k and
the coefficients A, B,C,D,G and H from (1.3) (see [7: Chapter 2]).
Now we shall use the conditions (G1) and (G2). From condition (G1) we get at
once ‘
ajy = aj(w,z)  (1<4,5,k<3).

Using (1.2) and the definition of the functions aJk we get divE; = 3. dgj =(1+ a‘)‘aél,
and hence condition (G2) means o

a3, =0 on U,. ‘ (2.1)

Therefore our partial differential equation system has a more special form than in [7]
We obtain the nine equations

A; = C(‘.I:lsz - ‘1;3) : : )
B; = D(Va§2 - a%s)
C; = A(aés + agl)

D, = Bla}+al,) - (2.2)
1 )
=(a+1)Ca}, - at Aaj,
a .
a+1
- Hy = (a+1)Day, - . Bal, J

GI J H, —D(032 _a31)_ &122 +(°+1)f‘121 ‘
C, — D, = Day, + E(azs + ‘131) - . (2.3)
4A' - BI = D“n + f(asz__au) . ‘

and additional nine equatlons

A(a21)z ~ B(a},)., + C(a},). — D(a},)., + G(a}s;)., \
_H(0'23)w - D(US /\3) ng - .7'-W3 =0

» (2.4)
(agg)w + AV +CW; =0
(ahs): + BVa + DW2a =0 )
C(a3;); — D(a3,), + Glazs); — H(azs), — DUz - )
—~EWVp = X)) —FWo =0
1y ( : ) o (2:5)
(a33)w + A(V2 —= A2) + CW2 =0 :
(a33); + B(Va — \2) + DW, =0 |
Aa},), — B(a)), + Glady); — H(ahs) )
-DU, —-&EV, —F(W; — A1) =0
1 1 (W 1) (26)

(@), FAVI+ C(W - ) =0
(a3s)% + BVi + D(Wy — A1) = 0. |
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Here we use the abbreviations

D=AD - BC, £ = AH - BG, F=CH - DG

and ‘ .
Ui = aayya3; ~ (a +2)az, a3, ]
(a +1)(a+2) ,
Vi=—"2" "o
1 p 02183 : (2.7)
a+.1
W, = (022)2 — (@ +1)*(a},)? + 03383, — a3ad; +adyal;
1 20 +1 A 3
U, = gl g} — 1.2
2 0‘122‘132 o Q2283
' a+1l L
" Ve=(a+ 1)(“%1)2 - (T) (0;2)2 - aézaés - 052‘1%1 - 0;3‘131 / (2.8)
(2a+1)(a+1) ,
W2 = - a a0, N )
Us = —(a31)? — (a3,)* + a}sa3, — ajzaj, + alyad )
1. 20 +1 .
Ve= —gl gl _ 1 2 - 29
3 = a0 T 22931 f (2.9)
W3 = —aay a3 — (a + 2)az, a3, /

The following formula is a direct consequence of our notation for A;, p; and a:
/\] + 0/\2 = (a + 1)/\3

Due to (1.2) and (2.1) we have only five basic coefficient functions, namely

1 1 1 1 2
a2, 4225 23, 32, asz;-

Substituting the second and the third equations of (2.4) - (2.6) into the first equation
(2.4) and using (2.1) we obtain

(W] - /\1) + a(V2 - /\2) + (a + 1)(U3 - /\3) =0. (210)

By means of the notations (2.7) - (2.9) and formula (2.10), this can be written in the
form

a3303) — aayay, — (a+1)(a3;)? = (o +1)(a3;)? = (a'+ 1)As. (2.11)
The differentiation of the second and the third equations of (2.4) - (2.6) with respect to
y gives

‘/;;Aly + W;;C!', =0 (Vg - /\Q)A'y + WzC; =0 VlAly + (W] - /\1)0; =0
V3B, + W3D, =0 (V2 —X)B, + W2D, =0 ViBj +(W; — A1)D), = 0.
This is a system of linear algebraic equations for Ay, B, Cy and D; with the matrix

M_:(Vs Vo — X2 Wi )

(2.12)

W3 W2 Wl - /\l

Once given a numeration of the Ricci eigenvalues, we see easily from (2.7) - (2.9) that
rank M is a geometrical invariant. (In fact, the only freedom in the choice of an adapted
frame is taking the opposite of any of the vector fields £, E,, E3.)
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3. Proof of the main result

In the following we always suppose that U, is a connected and sufficiently small neigh-
bourhood of p € M such that we can construct our adapted coordinate system (w, z,y)
with E3 = a_ on Up. Furthermore, we assume that the restriction of g on U, satisfies
the conditions (G1) and (G2) for v = 3.

Suppose first that (M, g) is locally homogeneous on U,. Accordmg to the Remark
1.2/1tem 3, (Up, g) is locally isometric to a Lie group thh a left-invariant metric; this
is the case (i) of Theorem 1.1. ' ‘

Thus we have to deal only with the cases when the metric is not locally homogeneous.
The following Lemma will be very useful in the sequel.

Lemma 3.1. Suppose that a}; + a5, = 0 and a}; — a}, = 0 on Up. Then all
connection coefficients aj, are constant on U, and the matriz M must have rank zero

on Up.
Proof. From (2.11) we obtain on U,
(a22)* + (a3)® + (a33)* = =, (3.1)

Differentiate (3.1) with respect to z and w. Using (1.2) and (2.12) we get (because of
D=AD - BC #0onU,)

o 1
——a n 1(1;2(1/2 - /\2) - maélVl bt aésVs =0
a 1
o+ 10.22W2 - a—_*_—iaél(Wl - /\1) —a%ng = 0.

Substituting from (2.7) - (2.9) we obtain on U,

——ay, )y = ap, a+1( 2) + ——:_—2@;1)2
+l +{( . 1 (a+1))( l )2} (3.2)
o+
—ahv= b { (204 1= 5 ) (e + (e (a)? s

#(2a4n)- )@ )}

For the further considerations we define the following four sets:
Mi = {g € Uy| ahy(a)ahi(o) # 0}
2= {a€ Uy| akyla) =0, ahile) # 0}
s = {g€ Uy| abala) #0, ahi(a) = 0}
s = {0 € Uy| abale) = ahi(9) = 0}

Il
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WeseethatU —U: yMijand MiNnM;=0fori#j.

" In the first step we prove that all connection coefficients a® ;i are constant on Mj(j=
:4)-

Let q € M,. We can delete the factors aj3,(¢),a},(g) in (3.2), (3.3) and (3.1) -
(3.3) give a system of linear equations for (al,)?(g), (a3,)%(g),(al3)*(g) (g € M,). The
determinant of this system is equal to —ga—?z. If & = 1, then from (3.2) and (3.3) there
follows A; = A; and this is a contradiction. From a # 1 we find that the solution of our
system is independent of ¢ € M;. Therefore, (al,)?,(al,)? and (al;)? are constant on
M.

Now, let us suppose g € Mg Then, in a similar way, (3.1) and (3. 3) give a linear
equation system for (a},)2(q),(al;)%(¢) (g € M;) with determinant ﬂ%l which is
non-zero (indeed, substituting a = —2 in this system we get A\; = )3, i.e. p; = p3 and
this is a contradiction). We obtain aga.in that (al;)?,(a},)? and (a3;)? are constant on
Ma.

If ¢ € M, then (3.1) and (3.2) give a linear equation system for (a3,)*(g), (a}3)*(g)
with the determinant — %Z—i% which is again non-zero. (Substituting a = 45 in this
system we get A; = A3, i.e. p; = p3 and this is a contradiction.) This shows that
(a}2)?,(a};)? and (a};)? are constant on Mj.

Similarly we find that (a},)?,(a3,)* and (a};)* are constant on M.

Because U, U]_ M; and a}; are smooth functions on U, we get that (a22)
(a},)? and (al;)? are globa.l constants on U,. This and (1.2) show that a};,a3%; and
aj, are constant on Up,. Using the second and the third equation of (2.4)-(2.6) and the
inequality AD — BC # 0 we see that all entries of the matrix M are zero. B

Corollary 3.2. The matriz M has nowhere rank two.
Proof. Let p be a point of M with rank M(p) = 2. Hence there is some neighbout-
hood U, of p with rank M = 2 on U,. Now the system (2.12) implies
A, =B,=Cy=Dy,=0 on U,
Then, because AD — BC' # 0 on U, the system (2.2) gives

1 1 _ 1 2 _
a3, — a3 = a3 +a3, =0 on Up.

Now, Lemma 3.1 shows that rank M = 0 on U, and this is a contradiction. B
Let V) be the (open) set of all points of M such that rank M = 1.
Proposition 3.3. There is an open dense subset Ny C N, such that, for each

point p € N, there ezists a neighbourhood Uy, of p such that the restriction of g to U is
isometric to a generalized Yamato metric (g e., the case (ii) of Theorem 1.1 occurs)

Proof. Choose p € N). Substituting from (2.2) into (2.12), we get easily in a
nelghbourhood Upofp ' . . _ B
(a3 +a3,)Ws = 0 ' © (a3 —ay)Ve=0
(a33 + a3, )Wz =0 (a32 —a3)(Va — A2) =0 (3.4)
(a3 +a3)) (W1 - A1) =0 (a3 —a3)Vi =0
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and we can also suppose that rank M = 1 on Uj.
Because, rank M > 0, then (2.12) shows that A} D, — B,C, = 0, and using (2.2)
we get
(a33 — a3)(aps + a3,) =0
on-Up. Let us suppose that there exist sequences {gm }men and {Gm}men With gm,dm €
U, (m € N) such that gm,dm — p and

(a3s +03,)(gm) #0 and (a3, - a33)(gm) # 0 forall m € N.
Then we get from (3.4)

Vi(p) = (Va — X2)(p) = Va(p) = Wa(p) = Wa(p) = (Wi — M)(p) =0

because the functions are continuous. But this is a contradiction to rank M(p) =
Therefore we have only the following two possibilities:

a) There is a neighbourhood U, of p, U, C U, such that a}; — a3, = 0 on U,.
b) There is a neighbourhood U, of p, U, C U, such that a}; + a2, = 0 on U,.

If we interchange the notation in the Case a) (i.e., the basic frame {E), E,, E3} is
replaced by {El,Eg,Eg} with E; = By, E, = EI,E;; = Ej;), the new connection co-
efficients a’ k satisfy the equality a3, = 0 (and hence @}, = 0 due to (1.2)) and the

conditions al; + a2, = 0 and al; — @}, # 0 on U,. Therefore we can limit ourselves to
the Case b).

Thus, let us suppose a}; + a2, = 0 on U,. If (au - a23)(q) # 0 for some ¢ € Up,
then Vi(g) = (Vo — XA2)(g) = Va(g) = 0. On the other hand, if (a}, — a3;)(¢) = 0,
then there is a sequence ¢m — ¢, gm € U, with (a}, — a};)(gm) # O for all m € N
(otherwise, due to Lemma 3.1, we get rankM = 0 in a neighbourhood of ¢, which is a
contradiction). This gives Vg(qm) = (Va2 — A2)(gm) = Vl(q,,,) and from the continuity
we get V3(q) = (V2 — A2)(q) = Vi(g) =0, too.

This shows V; = V; — Ay = V3 = 0 on U,. From here we get

(a +2)ay a3, = 0 (3.5)
az3a3; =0 (3.6)
. 2
(a+ 1)@k = (T50) (ad)? + ()" = 2o (37)

on Up.
Next, let us suppose that there exists a point ¢ € U, with al;(g) = 0. We have two
different posmblhtles

Case 1: al); = 0 on a connected neighbourhood UofqUCcC Up Then we get
a3, =0 on U. From (3.7) it follows on U

(ot et~ (222) = 2
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and from (2.11) we obtain
(a21) + (a32)" = = s

on U. Solving this equation system we see that a}; and a), are constant on U and
hence all coefficient functions a}, are constant. Using (2.4) - (2.6) we find that W; =
W, =W, - =0on U, but thls is a contradiction to rank M = 1 on Uj,.

Case 2. There exists a sequence {gm}men, gm € Up (m € N) and ¢ — ¢, with
a33(gm) # 0 for all m € N. From (3.6) we get al,(qm) = 0 and hence al,(g) = 0. Now
we know that a};(¢) = —a2,(q) = al,(gq) = 0. Differentiating (3.7) with respect to z
and w at the point ¢ we obtain

(a21)()(e2)u(@) =0  and (a3 )(g)(a},)z(q) = 0.

Here a3,(g) # 0 and hence (a},),(g) = (a},).,(g) = 0 (indeed, if a};(g) = 0, then (3.1)
and (3.7) imply A3 = A, = 0 and hence p; = p3, which is a contradiction).

Now, from (1.2) we see that (a3;).(¢q) = (a3;),,(g) = 0, and from (2.6) it follows
(W1 — A1)(g) = 0. Furthermore, from (2.8) we find W»(q) = 0. Using (2.5), (1.2) and
W2(q) = 0 we see that (a3,);(g) = (a},),,(¢) = 0. Now the differentiation of (2.11) at ¢

gives
(a23)z(a)(a3;)(0) =0 and  (az)2(q)(e32)(a) = 0.

If a},(q) = 0, then W;3(q) = 0 follows from (2.9). On the other hand, if (al;).(q) =
(@33)%(q) = 0, we get W3(q) = 0 again using (2.4). Summarizing, we see that rank M(q)
= 0, which is a contradiction.

So, the both:Cases 1) and 2) lead to a contradiction and we must have ad(q) #0
for all ¢ € U,. Then (3.6) gives a3, = 0 on the whole U,.
Summa.rlzmg all our considerations we have
a3, =0, ap+a3; =0, aj; #0 on U, (3.8)
On the other hand (2.8) and (3.8) gives W, = 0 on U,. The formula (3.7) is reduced to
(o 1)(ab)? + (ak)? = Ao, 69
Using (3.8), (3.9) and (2.11) we obtain
—aayay, = (a4 1)A; + A (3.10)

Let us suppose that a}; = const # 0 on some open subset V ¢ Up. Then (2.4) shows
W3 =0 on V, i.e., more explicitly

a(@ak; + (ot 2)ad;) = 0 N )
on V. Furthermore, (2.10) implies that W) +(a+1)Us is constant on U,. In the explicit

form,
((a+1)% + a +1)(a};)? + (a + 2)(ad;)? + 2aalzal, ="const. (3.12)
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Differentiating (3.11) with respect to z and w we get

(a21) (@a3s + (@ + 2)a3,) + a3, (a + 2)(a},); =0

\ 3.13
(ahy o (caby + (o + 2)ady) + aby(a+ 2)(aly )l = 0 (313)

and differentiating (3.12)‘ we obtain
2((” + 1)2 +a+ 1)(‘1%1);‘1;1 + 20“1;3(‘1;2)’: =0 (3.14)

2((a+1)* + & + 1)(a3; )ua}, +2aa35(al,)), = 0.

If (aad; + (a + 2)a};)(g) # 0 for some ¢ € V, then a},(g) = 0 due to (3.11). Then
(3.14) and a3; # 0 gives (a},);(g) = (a3;),,(g) = 0. From (3.13) we see that (a},).(q) =
(a3,)w(g) = 0. Using (1.2) and (2.6) we get (W) — A\1)(¢) = 0. Summarizing we obtain
rank M(q) = 0, which is a contradiction.

Therefore aaj; + (a+2)al, = Oon V,ie. a3, = const on V. It follows from (3.12)
that a}, = const on V. Then all a® & are constant functions and (2.4) - (2.6) show that
rank M = 0 on V, which is a contradlctlon

From these considerations we obtain

a}; is a non-constant function on any open subset V C U,. (3.15)

Hence and from (3.10) we see that aal; + (¢ +2)a}, # 0 on a dense open subset of Up.

If there exists a point ¢ € U, with da},(¢) = 0, i.e. (a},).(q) = (al;).(q) =
0, then Wi(¢q) = X, from (2.6) a.nd (1.2). But (3. 9) shows that aly(q)(al;).(q) =
a33(¢)(a23)w () = 0. Because aj; # 0, we see that (a23):(q) = (a33)u(g) = 0 and
this means that W3(g) = 0. This proves rank M(q) = 0 and .it .is a contradiction to
rank M =1 on U,. Therefore we have

daj; #0 on U, and thus a}, # 0 on a dense open subset of U,. (3.16)

Now, (3.8) - (3.10) and (3.15) are equivalent to (Y1) - (Y4).

Finally, put @1 = a3, p2 = a}, and w3 = a},. Then from [7] (see, especially,
Proposition 9) it follows that the case (ii) of Theorem 1.1 occurs in any neighbourhood
Vq on which W3 # 0, ie. a};(aa}; + (o + 2)a},) # 0 holds. The last inequality has
a geometnca.l meaning (once the numeration of p; is chosen) and due to (3.15) and
(3 16) it holds on a dense open subset of any neighbourhood Up C N;. We can define

= {p € N1| W;3(p) # 0} and then Proposition 3.3 follows. B

Proposition 3.4. Suppoae that rankM = 0 on a connected open nezghbourhood
Up C M and the restriction of g to U, is not Iocally homogeneoua Then the restriction
ofg to U, s ssometric to a metric for which a}y = aj; = a}, =0, (a};)? = =A3 on U,
and a3, is an arbitrary non-constant smooth function.

Proof. The assumptions give .

‘/3 = 0’ V2 = ’\2) Vl = Oa W3 = 07 W2 = 07 Wl = Al (317)
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on Up,. From (2.10) we get on U, ‘ .
Us = A3, . - (3.18)

Using the second and the third equation of (2.4) - (2.6) and also (1.2) we obtain on U,
that

aés = const; a:l,3 = const, aég = const, a§3 = const, a%l = const.
The equations V; = 0 and Wy = 0 give )
(a +2)az,a2; =0 and  (2a+ 1)al,al, =0
on Up. This shows that ’
ay a3, =0 )
on U,. We have the following three possible cases for the constants a}, and a},:
(a) a3, = a3, =0 (b) a3, #0,a}, =0 () a32 = 0,a3, #0.
. Case (a): Here (3.17) and (3.18) give
| ajyay; — a3a3 +aya3; = A
—a3,a33 — a3,03; — a3,03; = A2
-a3,a53 + a3a3; + ayal; = Xs.
It follows
1 1
a305, = ~5 (M +X2),  agaj = (/\1 +X3),  aga; = —5(A2 + ha).

A + A3 #0o0r Az + A3 # 0, then al; # 0. Because a}; = const, we get that a}, and
a3, are constant on Up. But in this case, all connection coefficients are constant on Up
and the metric would be locally homogeneous. On the other hand, Ay +A3 = A2+ A3 =0
is not possible. This shows that the case (a) does not occur.

Case (b): If we interchange the notation (i.e., the basic frame {E;, E;, E3} is re-
placed by {El,EQ,Es} w1th E, = E;, E, = E; a.nd E3 = Ej;), the new connection
coefficients a]k satisfy a3, = 0, a};, = 0, a}, = 0, a}, # 0, a}; = const on U,.
Therefore, it is sufficient to handle the case (c).

Case (c): From (3.17) and (3.18) we obtain

—(a +1)%(a21)* + 031023 — 33203, + a3p03 = A1 - .(3.19)
(a+ 1)(0;1)2 - 0:1420;3 - a:l;2‘1§1 - aésagx =X ) . (3.20)
-(0;1)2 + agla’;:! - a%sazln + a:‘;zagl =X - ’(3-21)

—aaj; = (a +2)ay, = 0. - (3.22)

If a = —2, we get al; = 0 and this shows that A; = Az, which is impossible. Therefore
we can suppose @ # —2. Then (3.22) shows that a}, = const.on U,. The addition of
(3.19) and (3.21) gives :

—(1 + (o + 1)2)(0%1)2 + 2‘1;3“:2;1‘ = A1 + s,

ie. if al; # 0, then a3,: = const on U, and the'restriction of g onto U,, is locally
homogeneous. Therefore a23 = 0 on Up. Now (3.22) gives a}, = 0 on U, since a # —2.
Then, (3.21) shows (a},)? = . a
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~ For the eigenvalues in the last case we get Az = —(a +1)A3 and A, = (a + 1)% )3,
and this is equivalent to the single equation A\; A3 = A2. -

Proposition 3.5. Under the assumptions of Proposition 3.4, the metric g restricted
on U, is given by the case (41) of our Theorem.

Proof. From A A3 = A} and (a},)? = —\; we get a}, # O on U,. Furthermore, we
have U; = aal,a?,. The equations (2. 4) - (2.6) are automatically satisfied except the
first equation of (2.6) which gives

A(a,); - B(d},),, = Daaya},.
Now, the integration of the equations (2.2) gives
A, =B, =0 on Uy, ie. A=A(w,z), B= B(w )
C= Aa3,y +Co, D = Ba3,y+ D

G=i(atlahah A +(@+ DajCoy+Go [ (3.23)

1
H = E(a + l)aélangy2 +(a+ 1)aé1Doy + H,

where Cy, Dy, Gy and Hy are functions of w and z only. From (3.23) we conclude

D = AD, - BC,
€ = (ADy — BCy)(a + 1)al,y + AHy — BGo

-1,
F = 5(a +1)a3,03,(ADo — BCo)y® + (AHo — BGo)a3,y + CoHo — DoGo.

Now, the equations (2.3) and the first equation of (2.6) can be written as a system of
partial differential equations:

AL — B! = a},(ADo — BCy) -
(CO).—. = (Do), = aSI(AHO BG))
(Go), — (Ho),, = —a3,(ADo — BCo) + (a + 1)021(COH0 - DOGO)
A(agl); - B(agl)w (ADg ~ BCo)aa21a31

(3.24)

Substituting a}, = v/—X; and a%, = ¢ we get the case (iiij of Theorem 1.1, B

Remark 3.6. (a) In the system (3.24) the functions B, Dy and Hy can be chosen
as arbitrary functions; the remaining equations can be solved by using the Cauchy-
Kowalewski theorem. Each particular solution depends on four arbitrary functions of
one variable.

(b) An explicit solution of system (3.24) is given by
B=H0=0, D0=1, Co=0

A=eop(Vhe), Go=—z——

mexp ((a + 1)\/—_/\3:1:)
a?, = exp (a\/——/\sz).
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(c) The condition A\;A3 = A} gives for the Ricci eigenvdlues the relations

Pt + p3 = p2(p1 + p3), P2+ p3 < p1, p1+p2 < p3.

Proposition 3.7. The rank zero ezamples given by the case (i1i) of Theorem 1.1

are never locally ssometric to the generalized Yamato ezamples given by the case (i1) of
Theorem 1.1.

Proof. Assume a local isometry between a generalized Yamato example and an ex-
ample given by (3.23). In the second case we shall denote the corresponding geometrical
quantities by bars. The Ricci eigenvalues are the same. Now, via the local isometry we
must have @' = e,w' (1 =1,2,3; & = +1). Especially, we get

z = &(w, z), w = w(w, z), ¥ = e3y + ®(w,z) (3:25)

as a local expression for our isometry. The equation @® = e3w® implies G dw + H di =
€3(G dw+H dz)—d ®. Now, substitute for G, H,G and H the corresponding expressions
from (ii) and (iii) of Theorem 1.1 and also substitute for § from (3.25). According to
(8.25), the differentials dZ and dw are linear combinations of dz and dw with coefficients
not depending on y. Then we can compare the 1-forms which are coefficients of y2. We
obtain Adw + Bdz =0, i.e. @ =0, which is a contradiction. 8

Finally, we shall complete the proof of the main Theorem 1.1. We put
M = {p € M| rank M(p) = 1}
M = {p € Nl‘ Ws(p) # 0}
Ny = {p € Ml rank M = 0 on some open connected neighbourhood UP}.

Then N = A} UM, is an open dense subset of M and Theorem 1.1 follows from the
previous propositions and arguments.
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