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. The Transient Lubricatioh Problem
as a Generahzed Hele-Shaw Type Problem

G. Bayada, M. Boukrouche and M. El-A. Tallbl

Abstract. The aim of this paper is to bridge the gap betweqn Hele-Shaw theory and lubrica-
tion theory. A first generalization of the Hele-Shaw problem is considered for which existence,
uniqueness and regularity theorems are given. Then taking shear effects into account, lubrica-
tion fluid mixture approach has to be used, inducing a new formulation of the initial problem
Connection of the two kind of problems are then given, establishing Hele-Shaw phenomena as
a particular case of lubrication problem on a mathematical basis.
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0. Introduction

The aim of this paper is to bridge the gap between Hele-Shaw theory and lubrication
approach. Hele-Shaw theory is mainly concerned with flows between two closed fixed
flat surfaces while lubrication approach is used for devices with moving surfaces as jour-
nal bearing or seals. - The preponderance of the shear viscous effects in the lubrication
approach prevents the introduction of full-air/full-fluid interface as in the Hele-Shaw
theory and induces a new kind of free bounda.ry problems. Relation between this ap-
proach and the classical Hele-Shaw problem one’s w1ll be clarified.

The plan is as follows: :

We consider a first generalization of the Hele- Shaw problem taking squeezmg effects
and gap geometry into account. As for classical Hele-Shaw problem, using time integra-
tion change of variables (see, for example, {3, 16, 20, 26]), we reformulate the problem as
a variational inequality for which the existerice and uiqueness follows from the classical
theory of variational inequalities (see, for example, {11] and [31}). But classical time
regularity results are not sufficient to recover the properties of the unknown initial prob-
lem. We are able to prove some subplementafy regularity results for a time dependent
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valational inequality of the first kind, which allows us to recover the properties of the
physical unknown and the strong formulation of the initial problem.

If shear effects are to be taken into account, lubrication fluid-mixture approach (21
has to be used, inducing a new family of free boundary problems. The existence proof
can be obtained in the same way as [22] and [19] does; uniqueness results are given for
a particular case, using a second kind of variational inequality, initially introduced in
Brezis [11]. Finally, we prove that the solutions of the weak formualtion of both Hele-
Shaw problems and shearless lubrication problem are the same, establishing Hele-Shaw
phenomena as a particular case of lubrication problem on a mathematical basis.

1. About the physical aspect and strong formulation
of the classical Hele-Shaw theory

Let Q¢ a given volume limited by S; and S;, two fixed walls parallel to an (z1,12)-
plane, which are € apart, and T, lateral vertical boundaries. Initially we assume that
fluid occupies a given bounded region Q§ C Q¢ and is injected through S, a feed
hole included in Sy, with 8S; = T;. For each 7 € (0,T) (T > 0), the boundary of
the unknown region Q¢(7) containing fluid is denoted by I'e(7) and Q¢(r) C Q. We
consider the flow of incompressible viscous fluid subject to an exterior force density F<.

The real three-dimensional problem is for each 7 € (0,T) to find Q¢(7), a velocity
field u®(z,7) and a pressure p*(z,7) in Q%(7), with = = (z,,22,23) so that

Ou*

3 —vAu® + Vp® = F¢ in Q°(7) (1.1)
-
Divu®* =0 in (1) (1.2)
u-N=uv'"N on Ié(7) (1.3)
aug auq 7H L
« — P°)N; Ly L) N; = LN, re(~Y (4,7 =1,2,3). (1.4
o =2 w (GE+ 52N = N on () (=128, (1)

Figure 1: Real 3-D phenomena
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Here v is a kinematic viscosity, N is the outward normal on T'*(7), v° is the velocity of
I'¢(7), v 1s the coefficient of surface tension, IH is the mean curvature of ['*(7), p is the
density of the fluid and p, is the exterior pressure.

Other boundary conditions are to be given on the velocity and/or the pressure.

At both surfaces S| and S; we have u® = 0, except on the injection hole S| where
the fluid is injected with the velocity u® = (u§,u§,u§) such that uf = u§ = 0 and
u§ = g(z1,T2)e”.

Moreover, a supplementary condition, the wetting angle has to be given at the
intersection of the free boundary I'*(7) and the surfaces S; and S;. But the knowledge
of this angle is very controversy, especially for transient phenomena, as Hele-Shaw one’s.

A discussion of equations (1.4) may be found, e.g., in [36: p. 451]. Some results of
existence and uniqueness for free boundary Stokes problem appears in [2, 7, 8, 34|, but
in all of these cases, the free boundary does not touch the external sides, so the problem
of the wetting angle does not inters.

In Hele-Shaw model, in view of obtaining a two-dimensional model, it is assumed
that the free boundary is vertical (the wetting angle is equal to 7)

Assuming the surface tension negligible, a dimensional analysis of the preceeding
system for small ¢ leads to the following conclusions (see [10]):

a) « must be equal to 3.

b) The dimensionless pressure is independent of z3, continuous at the free boundary,
and satisfies Hele-Shaw two-dimensional system where p is the conveniently rescaled
function for the pressure and t is the conveniently rescaled time:

Ap=0 in Q(t) (1.5)

v-n=-Vp-n on I(t) (1.6)

(Po) p=0 on I(t) (1.7)
0 Vp-n=W on I (1.8)
p=0 on e =00\ (1.9)

p=0 in Q%) =9Q\Q@) (1.10)

where Q(t) and I'(t) are the projections on the (z;,z2)-plane of the unknown region
Q‘(t) and his boundary I'*(t), respectively, n is the outward norma.l I'1 = 851 while W
is directly related to the injection flow through I'y.

At this stage, no reference has been made to the sign of the pressure, through this
assumption plays a major role in the mathematical treatment of that system.

2. Some mathematical results

The first analytic treatment of the injection of a fluid appears to go back to Richardson
(see [19] and [30]), who formulate the problem as a differential equation for the Riemann
mapping function from the unit disc onto §(t), identifying JR? with € and assuming that
Q(t) is always simply connected. But no proof-of existence or uniqueness of solutions
of this differential equation is given in [29] and [30]. However, a partial (small time)
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existence and uniqueness proof for the same differential equation have ben given in [35]).
Gustavsson [28] gives a more elementary proof of existence of solutions in the case where
f(€) is a polynomial or a rational function. In that case the differential equation can
be reduced to a finite system of ordinary differential equations in ¢ and this system has
a unique solution by standard theory. Here the unknown is an analytic function, no
reference has been made to the sign of the pressure. A measure theoretical approach
has been introduced by Sakai (see [32] and [33]).

Taking the positivity of the pressure into account and using Baiocchi transformatxon
[3], Gustafsson [26] has investigated the weak (distributional) solutions of the problem,
and the related moment problems, whose solutions turn:out to be the same as Sakai’s
solutions. G. Coppoletta [17] considered the weaker problem in which he put the regu-
larized function 8.: § = 1in Q(¢) and 0°< 8 < 1in Q\Q(t), in place of the characteristic
function x(t) on Q(t). With Baiocchi transformation an elliptic variational inequality
is obtained. The existence and uniqueness of the solution (p, ) of the weaker problem
is proved but he was unable to go back-to the initial problem (p, x). S

H. Begehr and R. P. Gilbert have generalized the problem to IR™. The injection
of fluid takes place at certain discrete points which are given,:as well as the rates of
injection at these points. They extend the results obtained by Gustafsson [26] for the
Hele-Shaw flows in the plane to flows in R". In [6] they investigate the problem where
the flow rate u is related to the pressure gradient by an anisotropic tensor. In [23]
R. P. Gilbert and Wen Guo Chun, using the same analytic treatment as Richardson
[29], reduced the problem to an ordinary differential equation describing the solution of
a moving boundary problem. S. D. Howison {27]considered cusp development. Other
families of problems are obtained by taking Neumann condition on I'ex (for example,
(16], [20] and [24]), or by considering the sucking problem (W < 0) (for example, [18]
and [25]).

Previous generalizations are mostly mathematlca.l ones. A more physical approach
will demonstrate that the pressure must be associated with a particular elliptic operator
(in divergence form): the evolutionary Reynolds equation, taking full account of the
geometry of the gap and of the boundary conditions of the surfaces.

3. First generalization of the Hele-Shaw theory

3.1 Statement of the problem and notations. We consider the generalization of
Hele-Shaw problem taking first squeezing effects and gap geometry into account. The
effective gap is denoted by eh(t,z) wher h is a smooth function of time and space which
does not depend on &:

Other conditions satisfied at the fixed and moving bounda.nes hke (3 2) - (3.5) are
obtained in the same way as in the classical Hele-Shaw problem by a.symptotlc analysis
for small €. The following problem yields:

(Pg) Find for each t € (0,T) the pressure p € L*(0,T; H'(2)) (where  is the projec-
. tion on the (z;,z;)-plane of the limited volume Q¢) and the free boundary (¢,
such that

v("—suvp>=% in Q1) ' B
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—1’;—2‘/ pn=y-n  on F(t) ' . (3.2)
p=0 on I'(?) (3.3)

%Vp- n=W on I ' (3.4)
p=0 on Fex =00\ - (3.5)

p=0 in Q°(t) := Q\ Q(2) (3.6)

Q(0) = Q. : (3.7)

This problem differs from the classical one (Po) in nature in that we have Poisson’s
equation.

3.2 Assumptions and variational formulation. For values of time t € (0,T), the
boundary of the region

Q1) = {z: t >m(z)}

containing fluid is denoted by I'(t) and parametrically described by
L(t) = {z: S(t,z) =t —m(z) = 0}.

Proposition 3.1 (Maximum Prmclple) Let p a solution of problem (Po) such that
(H.0) T(t) is sufficiently reqular
(H1) W>0inT[and & <0in (0,T) x Q.

Then
1°)p20ae nQx(0,T)

2°) Q(t) C Qt') for any t < t'.

Proof: From conditions (3.1) and (3.4) and the strong maximum principle we de-
duce statement 1°. Since p > 0 in Q(t) and p = 0 outside (t), then g% < 0 on I'(2).
Therefore from condition (3.2) we deduce v-n > 0 on I'(t), i.e. statement 2° follows. B

We shall now show how this ;;roblern can be reformulated as a variational inequality.
To this end, we assume that

(H.2) h(t,z) = I(t)g(z)

(H.3) h € CY([0,T] x'Q):and, for some a > 0 and b.> 0, h(t, z)e(a b)fora.ll
(t,z) €[0,T] x Q.

We consider the following change of unknown: .

z(:,z)=ﬁ1y /_za(r)p(r‘,z)dr and  Q(tz) = / W(r,z)dr.  (3.8)
0 . o 0 .
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Remark 3.1: Since p > 0in (0,T) x 2 and p = 0 in Q° = 2\ Q(t), and because
Q) C Q¢') for any t < t', then the function z defined by (3.8) also satisfies

2(t)>0 inQ and z(t) =0 in Q°(t) for any ¢ € (0,T).
Moreover, z(-,z) is increasing for any z, so that

% >0 in (0,T)xQ and % =0 in Q°t) for any t € (0, T).

Formally deriving the differential equation satisfied by 2, assuming condition (H.0)
and the smoothness of p, we obtain, using conditions (3.1) - (3.3),

t

Vi= o [ PO)VRne)dr - S Pm(e)pm(z),2)9m(z)
m(z)
= %; B(r)Vp(r,z)dr ((t,z) € (m(2),T) x (2\ ))
m(z)

and

t

div(¢°Vz) = / div (;;—IIVp(T,a:)) dr - 12Lyhs(m(z), z)Vp(m(z),z)Vm(z)

m(z)

t
= %(r,z;) dr + h(m(z), z)
ot
m(z)

= h(t,z) ((t,z) € (m(2),T) x (2 \ )

and

t t
3
div(¢*Vz) = /div(II;—VVp(T,z))dr =/aat—h('r,z) dr
0 0

= h(t,2) — h(0,2) = h(t,z) — ho(z)  ((t,2) € (0,T) x ).

Denoting by xo the characteristic function of Qy, we obtain that z solves the linear
complementarity problem
(-—div (¢°Vz) — xoho(z) + h(t,z)) >0
220 in Q (3.9)
(-div (9°Vz) — xoho(z) + A(t, z))z =0
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with boundary conditions

302 0z
g n =Q onT;, 2z=0 on T, :z=%=0 on I'(%). (3.10)

Let K be the closed convex subset of H!(f) defined by
K= {cp EV: ¢>0ae in Q} with ¥ = {cp € HY(Q): p=0on r} (3.11)
Then problem (3.9), (3.10) can be written as the following variational problem:

(P}) Find 2() € K for each ¢ € (0,T) such that
[ 9996 = 2> [(rahota) - bt 2)e - 2+ [ @)
Q Q ' ' '

for all p € K.

For each t € (0, T), the existence and uniqueness of a solution z € L*(0, T, H'(Q))
of problem (P’;) follows from the classical theory of variational inequalities (see (11)
and [31]). As already mentioned this regularity is not sufficient to recover the initial
properties of p given in problem (P’).

“To go back to the initial problem (P’y), supplementary results are needed for the
properties of the time dependent variational inequality (P’;).

3.3 Some regularity results for a time dependent variational inequality of
the first kind. Let F and G such that

(H.E) FeC' (0, T; H-'(Q))n L>(2 x (0,T)) and G € C'( x [0,7))
and let us consider the following problem:

(P2) Find v(t) € K for each ¢ € (0 T) such that a(v,p — v) > (F,(p —v) + (G, —v)
for a.ll @ € K and v(O)

Here K a.nd V are deﬁned in (3 11) a(:,-) is the bilinear continuous and coercive form
on ¥V defined by’ . :

ov oy - )
a(v p) = Z / ”Bz-gdz (v € HY(Q))
=19 ' J
with a;; = aji € C2(§) and A the associated second order 6perator' )

2
A= 0 (.9
A=-) dz; (“"azj)’

I]_
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(+,-) denotes the usual inner product
(F,¥) = / FUdz (¥ € L}(Q))
0 :
in L?(Q) and (-, -) defines the duality product
(G, %)= | G¥do (¥ e L*Ty))
ry -
in L2(T') with Ty NTex = 0.
Existence and uniqueness for v satisfying problem (P,) is obvious. In order to study
the time regularity of v, we consider the following penalised problem (see {31: p. 276]):
Av, + eH.(ve)=F+e on Q

(P2) 2, dv,
ve =0 on [ex and iJzz:] a;ja—zi cos(n,z;) =G on I
where e = e(t, z) is a parameter function.
Let us introduce the assumption
e€ CY0,T; H () N L>(Q x 0,7))
(He) e O(F +e)
’ ot

e >0, 'ét—SO, F+e>0,

" For example, e(t,z) = (1 — xo0)h(t,z), F(t,z) = xoho(z) — h(t, z) for some regular
function hy = h(0,z) and H, is an approximation of the Heaviside graph H as, for
example,

20..

.. 1 fs>e¢
H,(s):{s/e if0<s<e
0 if s <0. '
In the following we need also the supplementary assumptions

(HG) G>0and & >0

oG OF  Oe
HGF) — > dl—+=-F-¢)2>0.
( )at_Ga.n (8t+6t e)_O |
Theorem 3.1. Assuming (HE), (He) and (HG), there ezists a unigue solution
ve € K to problem (P§), for every ¢ > 0, and v,(t) strongly converges in H'(), as
€ tend to zero, to the solution u(t) of problem (P;), for each t € (0,T), and the error
estimate

lo — vellury < CVe  where C = ! / edr (3.12)
infai; Jq
18 true.
Proof. We have, for p € ¥,
a(ve,p) + (eHc(ve), ) = (F +e,0) + (G,¢) (3.13)

as F+e > 0and G > 0. Multiplying (3.13) by v leads to v; =0, i.e. v. € K. Taking
¢ =v — v, in (3.13) ¢ = v, in problem (P;) and adding we deduce the statement. R
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Supplementary regularity results are given in the following

Theorem 3.2. Assuming (HE), (He) and (HG), the solution v of problem (P,) is
such that

ve Whe(0,T; H(Q)) (3.14)
gt_v >0 a.e.-on [0,T] . (3.15)

18 true.

Proof. Let t,s € [0,7]. PuttingW = v.(t) — v.(s) and subtracting (3.13) for s
from (3.13) for ¢ we obtain- ‘

a(W, @) + (e(t)He(ve)) — e(s)He(Ve(s), ¢)

.16
— (F(t) +e(t) - F(s) - e(s),9) + (G() ~ G(s)p) O
forallp e V. Choosing.cp €W in (3.16) we have .
oW, W) + (e(t)He(ve(t) — He(ve(s)),W) + ((e(t) — e(s)) He(2e(s)), W)
= (F +e)t) - (F + +e)(s).W) + (G(¢) — G(s), W)
and, as
(He(ve(t)) — He(ve(s)))W >0 and e>0
we have
W) < |t~ 5| ( ORLO ’FUZ it
HiLxa)
+|29=E) ) W o
Lxry/
and from assumptions (H.E) and (He) we get '
[ve(t) = ve(S)l grgay < Clt =l ((t,s) € [0,T) x [0, T]) (3.17)
where , '
€= o e (2t (=) 1Pl o e + 190 (o))

with a constant ¢; depending only of .
While passing to the limit on € in (3.7) we obtain

lv(?) — v(s)ll iy < Clt —s| for all (¢, s) €[0,7] x [0,T). (3.18)
We deduce (3.14) as a consequence of (3. 18). From (3 17) if we put u, = Qv /3t so u,
is a solution of the problem

OF Qe Oe

5 atH(v,(t))+— © )

Au, + eH(ve(t))ue = %

with boundaries conditions

. oG
u, =0 on [ and ]Z_l a.,a = cos(n, z;) = =y
Multiplying (3.19) by ue , using assumptions (H e) and (HG) and the fact that H’ >0,
we obtain u, =0, i.e. >0, and, as & — 2¢ weakly in L?(0,T; H'), then 2 520
a.e. in LZ(O,T;HI). ]

on FI.

at
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Theorem 3.3. Assuming (HE), (He) and (HF G) we have
v, '
{J: €N v(t,z) > 0} = {:c EN: E(t,x) > 0} a.e. on(0,T).
Proof. From the penalized problem (P$), we have

Av, = —eH,(v.)+ F+¢ in H™Y(Q)

and by derivation we get

Ove)  Oe ) 3& e OF . 4
A(at ) = -G He(w) —eHICO G 4 g+ m HT@)

Putting U, = %"f — v, we obtain

v a_F

AU, = v (1 H.(v.)) — eH,(ve)y + e +eH (v.)— F —e.

Using the Green formula we gain

o 0= (% 6,0 Y (- &) oo v7)

- (eH;(vc)%, U;) + (%I: % F- U;).

From assumption (H.E) we have (e — E) >0, thus
_ oG ave _
a(U,,U) 2 <§ -G, U] >— (eHé(lve) R )
dF Oe _
+ (E-FE'—F—C,UC).
Using now assumption (H G F), the inequality ‘
a(U7,U7) < (eH (ve)av‘ U;) = / eH,(v ,)8"’
is obtained where T = [0 < a—c.;’h <wv, < e]. InZ® We have
and U, =v, — aav: <e

Therefore U, 3% < ¢%. So a(U;,U;) < Ce. And from the coerciveness of the bilinear
form af(-,-) we deduce that U — 0 in L*(Q2), but

Ove - ov B . 2
( 5 —v,) — (E - v) weakly in L*(Q).

Therefore, (22 —v)™ = 0 a.e. in L?(Q2). Moreover, as $* > 0 a.e. on (0, T) (see Theorem
3.2), if v(t,z) = 0, we deduce that v(r,z) = 0 for all 7 € (0,t]. Then' t('r,a:) = 0 for
all 7€ (0,t),ie. 22 =0. 8 oo

H,(ve(t)) <

m|»—a
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3.4 Application to the generalized Hele-Shaw problem (P{). In-the following,
we will show how the preceding results in Subsection 3.3 can be used to give regularity
results for the generalized Hele-Shaw problem (Py).

Theorem 3.4. If the function h satisfies the assumptions (H.2) and (H.3), ?9': <0
in (0,T) x Q, and if the function Q € CY([0,T] x ) satisfies Q > 0 and %? >0, then

the unique solution z of the variational problem (P}) is such that

e WO T H Q)N L®(0, T HH(Q)NY)  end =220 ae.

Moreover, assuming (H.0), W > Q and (at + ho — h)xg < 0 we deduce that 121/1'3%
satisfies the initial problem (Pg), where Q(t) = {z € Q: 2z(t,z) > 0} for any ¢t >0.

Proof. Let F = xoho — h, G = Q, a(z,¥) = fn 9°V2V¥ and e = (1 ~ xo)h. As
F+e=(h - ho)xo € L*(Q), we deduce, from the classical theory of elliptic equations

(see [1]) that the solution v, of the problem (P$) belongs to H2() and there exists a
constant C depending on Q such that

vz < € (2”6”01 (o.r,12) T ”FlICl(O,T;L’(n)) +1Gll e (O.T;H‘(Q)))

for any lift G of G in H'(£) such that G = Q on I'; and G = 0 on Cex, which induces
a weak convergence in L*°(0,T; H%(f2)) of a subsequence of v,.

The previous choice of f, G and e obviously satisfies the assumptions (He), (H E)
and (HG) and allows to apply Theorem 3.1. So (3.12) is valid. So v, strongly converges
to v in L°°(0,T; H'(?)), which is also the weak limit of v, in L°°(0 T; H*(Q)), an
using Theorem 3.2 the first part of the present theorem follows, m pa.rtlcula.r for the
unique solution z of the problem (P}).

To prove the second part, we remark first that £(t) defined above is a well defined
open set as z(t) € H*(Q). Taking first ¢ = z £ e¥ with ¥ in D(Q(t)) - the usual space
of C* functions ‘with compact support in §(t) - in the variational problem (P}), we
obtain

a(z, %) = (f,¥) +(Q,¥) in Q(t).

Using the Green formula, we have
—div(g®Vz) = f = xoho — h in Q(2).
Putting @ =  x (0,T),@* = Q(t) x (0,T) and @° =@ \@* we have
 —div(¢®Vz) = f = xoho—h in d)~+

and by derivation we gain the equation (3.1) in @*

3 ' . o
i (79 (%)) = -aw (o0 (1207 2)) = g
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Taking ¢ € D(Q) and using the duality (-,-) between the spaces D'(@) and D(@), we

(e @) (e (@)
S

where & = Uyg(o,yI'(t) and

ohx) \_ [,8 _ _ [0k -
_<—T"p>v_ h& =— E(p-{- /h(pc'os(n,t).
: : ‘Q+ z

Q+

And using the above equation we gain

2/ 38‘1 < ) /iupcos(n t).

Therefore

3 0 [0z | » R 08 302\
6— (E) = hcos(n, t) thus 20 9 (12 l at) = — hun

on ¥ and so (3.2) follows. By time derivation of the first equality in (3.10) and of (3.8)
we gain (3.4). Finally (3.3), (3.5) and (3.6) follow from Theorem 3.3. B

Remark 3.2. For the classical Hele-Shaw problem (Pg), » and W have constant
values. Then from Theorem 3.2, the unique solution z of the variational problem

(P,) Find 2(t) € K for each t € (0,T) such that

/VZV(V’—Z)>/(X0—1(‘P—z)+/tw(‘P—Z) (peK)
o , . -

I

satisfies the followmg properties:

z € Whe(0,T; H' (Q)) nL°°(0 T, HQ(Q)OV)

z(0) =0, z2>0, % > 0 a.e.

Moreover, assuming (H.0), W > 0 and t < 1 we deduce that 2% satisfies the initial
at

problem: (Pg)/(1.5)-(1.9) where Qt)={z€Q: 2(t,z) >0} fort > 0.
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4. Flow between closed surfaces with shear effects:
The lubrication approach

In this case, as for example in a journal bearing, the surface S) has a horizontal velocity,
while S, has only a vertical motion so that shear effects are propitious. It is not possible
to assure the assumption of a vertical free boundary which would be attached, one of
the ends to S), and the other end to Ss. _

Experimental results [21: p. 15] makes the occurence of two distinct areas, one full
of fluid which will be named Q¢(7) (where Stokes equation is valid and p > 0), the other
Q¢ \ Q¢(7) is the cavitated zone, where the pressure is constant (p = 0) and appears to
be a mixture of fluid and air.

e
N P g

&

Mushy region Mushy region
Figure 2: The cavitation phenomenon

Two approachs have been used to cope with this phenomena. One of them [21: p.
37) homogenizes the phenomena and considers it as a two-dimensional phenomena by
introducing 8, the lubricant concentration. The other one [14] takes full account of the
three-dimensional character of this phenomena, with the appearance of bubbles of air
and introduces in Q¢ \ Q¢(7) the relative height as a supplementary unknown. We use
here the first approach. Both approaches lead to the same mathematical problem.

By definition, the value of 8 is one on Q°(7) and lies between zero and one in the
mushy region. The incompressibility condition (1.2) of the fluid is replaced by the mass
conserving condition

o8 . . . e
a +div(6u®) =0 (4.1)

which is valid on the whole Q¢. Boundary condit_ioxfs for the velocity are
on S;: uf=3gi (:=1,2),u§ =0o0n 5\ St and u§ =€%gs on 5

on'Sy: uf=0(i=1,2)and uj =5

whefe gi are known t:uhctions of r,z, and z,.
As in the previous subsection, an asymptotic analysis leads [10] to the following limit
system as £ goes to zero, with the assumption that « = 3 and 7 = ¢ and introducing
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y=2
o  u, o '
Bz, =:quz— (r=1,2) in Q(t) - (4.2)a
-8 ' . '
5;3 =0 i Q) ' (4.2)s
2,, .
uaa;;' =0 and p=0. in Q\Q) (4.3)

where p and u are rescaled functions. As p is independent of y, integrating (4.2), with

respect to y and taking into account the boundary conditions we obtain (see [15: p.
25])

1 Op y
u; = Ey(y - h)a_x. +91E'

Integrating u; with respect to y between 0 and h, and using the nia.s‘s.conserving con-
dition (4.1), we have, for any (z1,22) € A\ Sy, - '

h - :h
d AR DR ) A B | :
5 (/edy) _QE fEa—z,. (G/u;dy) +6us| -, =0 (4.4)
. A -LE . 0 . .

0.

h

oh h3 38p h
u3|y=h—a | and‘ /If:dy—fm%+g-§~
0

Then from (4.4) the 2D Reynolds equations yields
- RS\ a6h) . -
div (EVP)_ 5 + div(6hV)

where V = %(gl (t,z1,72),92(t, 21, 22)). Finally we get the following strong formulation:

div '('li;;vp); % +div(hV), =1 in Q1) (4.5)

@ + div(8RV) = 0 g in Q%) =Q\ Q@) (4.6)
E®oh-V-nn  ar® @D

(Ps) p=0  on I(Y) (4.8)
= li;;g—:—h0V~n . on I _ (4.9)

p=0 . on ['=08Q\I (4.10)

p(1-6)=0 - in 5 (4.11)

9=0 . - " at t=0. (4.12)
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Before stating a weak formulation of this problem (P3), we define
Q=90x(0,T) =Ty x(0,T)
Qe =0 x{t} for te[0,T) Tex =Tex x (0,T)

E={(,9€H‘(Q): ¢=0 on Teatt=0andt=T}
and we assume that
(H.5) Ve (H'@Q) x H'@)) n (L>@) x L=@)).
The weak formulation of the problexh (P3) is:

(P4) Find a pair (p, ) satisfying

p€ L*(0,T;H'(Q)), 6€ L @)nH(0,T;H"'(Q)) (4.13)
0<6<1, p(1-6)=0 ae inQ (4.14)

on L (4.15)
/9 /hSVpVgJ +/9hVch + /W(p =0 VepekE (4.16)
8] ,_o = o _ in H“(Q) (4.17)

In [22] and [19] Gilardi and El-Alaoui studied a problem very similar to the problem
(P4). Main difference being related with the boundary conditions. They proved the
existence of a solution for this kind of problem by way of an approximation by an
elliptic problem. Exactly the same procedure can be performed for the problem (Ps)
with only minor changes so that we obtain the followmg theorem.

Theorem 4.1. There ezists at least one solution to the problem (P.,)

Moreover, the followmg maximum principle holds.
Theorem 4.2. If W >0 on I'1 x [0,T] and 6y >0, then p >0 a.e. in Q2 x[0,7)
Proof. Following [19], we build the sequence (pcj of solution of the problems '

—e% +p.=p~ on [0,7)] (4.18)

p(T) =0 | ’ (4.19)

in the Banach space H 1(Q) From the classma] Cauchy-prsthz Picard theorem [12: p
104], there exists a unique solution p. € C*([0,T}; H'(2)) of problem (4.18) - (4. 19)

Multiplying (4.18) by p. and E% and integrating over @ we obtain

“p‘”L’(Q) s “p—”L?(Q) . (4.20)
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S ”p_”u@)’ . (4.21)

Ope.
HE ot

L@l

respectively. Differentiating (4.18) with respect to :é, multiplying by Vp, and then
integrating over @ we get
”VP!”L?(Q) VP~ ”L?(Q) (4.22)

From (4.20) - (4.22) we deduce that there exist p € L?(0,T; H!(f2) and ¢ € L*(@) such
that

pe — p  weaklyin L?(0,T; H'(Q)) (4.23)

eaap: — weakly in LQ(O,T;HI(Q))._ _ (4.24)

From (4.23), ep. — 0in L? (0, T; H'(R)), therefore ¢ = 0. Passing to the limit in (4.18),
we deduce that p = p~ a.e. in@Q. Taking now p, as a test function in (4.16) and passing
to the limit over €, we deduce .

1 3 2
w
T R*VpT|* > /p
)

as W > 0, therefore p” =0 ae. in@,1e. p>0ae. in@Q.- 8

5. About the umqueness of problem (P,)

5.1 Partlal results of uniqueness. Partial results of uniqueness appeared in [13].
They are.valid; however, only when the'solution is a limit solution of pa.rabohc regula.r-
ized formulation. : -

Using a similar Hele-Shaw problem approach, we will prove a uniqueness result for
problem (P4) in the particular case where V = 0, with no conditions, neither about the
sign of & 3: , nor on the regularity of the free boundary. For this, we first give an other
equivalent weak formulation of the problem (P4). Then we w1ll introduce in .Theorem
5.1 a second va.r1at10nal approach

5.2 An other equivalent weak formulation of the problem (P;3). The purpose
of this subsection is the study of a new formulation of the problem (P3) which enables
us, when shear effects are cancelled to obtain a .uniqueness result.

Remark 5.1. As H}(0,T; V) is dense in L2(0 T V), with V {cp € HY(Q) :
=0on Fex} we can write (4 16) in the form- '

/<69h >'+ lé—u/hi‘va—/ehvw= /ch (p € W)
0 Q T @ ' ‘ b3}
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a.e. in (0,T].

Remark 5.2. Using Remark 5.1, the problem (P,) is equivalent to the following
problem

(Ps) Find a pair (p,8) € L*(0,T; V) x (L=@) n H' (0,T; H"(Q))) satisfying, for all

p €V,
S <1 and p(1-6)=0 ae inQx[0,T)] (5.1)
<agth,(p> T/h VpVep - /0hVV<p =/W(p a.e. in [0,T] (5.2)
2 f , o
6_ =0 . in HT(Q). (53

Theorem 5.1. Let W > 0 and h = I(t)g(z). If (p,0) is a solution of problem
(Ps) with V = 0, then 2 (gzvcn by the definition (3. 8)) is a solution of the foilowmg
variational problem:

(Ps) Find z E K such that, for all ) € K,

/ o9 (v-5) > [ n(s-5)+ K (¢ -%)

Q
2(0)=0

where Q 1s given by the definition (3.8).
Proof. As V =0, equation (5.2) reduces to

0h 1 : '
<%,§p> + ™ /hSVpVAp /W<p. a.e. in [O,T]“

for all ¢ € W. Then by time integration

(J %)+ [ oo [ [ ws

or;

for all ¢ € V as h = I(t)g(z) and, using (3.8), we obtain
(8h — Boho, v) +/93VZW = /Qs‘>
. P ¢ 4 ! T "I‘.

for all é€ .V... P.u'tvtinglno‘w =9 §5 forally € ¥ yields

[ 6-5)- [olo-5)- fon-n(e-3)
fo-m(-5)



76 G. Bayada, M. Boukrouche and M. EI-A. Talibi

and as

/(1—9)h(¢—%)=/(1—0)h¢ 0<pew)
Q Q

we deduce the required inequality

[#95(o-8)> oo (s-5) - fo(o-3

’ Ty
for all 9 € K. Moreover, the definition of z (see (3.8)) gives z(0) = 0. &

In the following subsection, we will prove the uniqueness of the solution of such
problem by studying a more general formulation.

53 A second abstract variational approach. Let f H+nh w1th fr € L™(Q)
and f, € C'(Q x [, T]) and G € c'([0,T) x Q) with £¢ > 0 Consider the following

problem

(PZ) Find z € C°(0,T; V) such that & € L2(0 T;V)NK and forall p € W,

a(zso—%)+lk(so) (%)g(fw—%) <G<p ?;>
2(0)=0

where ; K
0 orp € K ) .
—1 — . >
I {+0° for ¢ ¢ K for K »{(pEV. » > 0}
a(-,-) is the bilinear continuous symmetric and coercive form on H!(Q2) with the asso-

ciated second order operator A defined for problem (P3), (-,-) denotes the usual inner
product in L2(2) and (-, ) defines the duality in L3(T}). :

To prove the existence and uniqueness of the solution of problem (PZ), we hope
to apply in the space W Proposition II.9 of [11]. The linear form defined by ¥ —
(f(1),¥) + (G(t),¥) from W to IR is continuous. Using the density of ¥ in L?(2) and

the Riesz theorem, there exists a unique function F € L*(Q) such that

(F(),%) +(G(), %) = (F(1),¥) forall Y €W. (5:4)a

But the required assumption F' € ¥ is not satisfied as in our initial problem f; = xoho
and this is a characteristic of our problem. To cope with, we regularize f; using the
convolution between f; and the mollifiers functions &, (see, for example, {12: p. 66]).
Let f{ = & * fi so that ff lies in H'(Q) N L*(R) and fl — f1 as € = 0. We define f.
by fe = ff + f2 and F, by :

(Fe(t),¥) = (fe(1),¥) + (G(t), %) (¥ € W). (5:4)s

Let us consider first the following approximation problem:
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(PZ.) Fore € (0,1) find z, € C°(0,T; V) with 2% € L*(0,T; V)N K such that, for all
Y € K,

a (z,,go - %tz_‘) > (F,,cp - %z;) a.e. in (0,T)
z¢(0) = 0.

Here F. € C°(0,T; H'(Q)) and %‘ € L*(0,T;H'()). Then from a theorem of
Kato, appearing in [11: p. 80, there exists a unique solution z, € C°(0,T; H!(?)) of
problem (PZ,), such that z, has right derivative in all ¢t € [0,T] and

) t
‘6"‘@) 5/‘ oF, ds.

o Mm@ ™S 1% e
However, f; and f{ are not functions of the tlme S0 ﬂ‘L(s) f(s) Therefore

Bz, /H ds . (5.5)

HY(Q) HY(Q) '
and from [11: Proposition 11.9]
% € L=(5,T; H'(Q)) forall 6 € (0,T). (5.6)

Thus the statement is proved. B -
The following propositions give some a priori estimates for z.(t).

Proposition 5.1. If z, is the unique solution of problem (PZ,), then the estimate

ds ' (5.7)

leelrcay S / B8

H;(Q)

18 true.

Proof. We have

o .
Vz(t) = /V (az‘(s)) where V = (%’«%) :
. 0

Using the Cauchy-Schwarz inequality we obtain

|Vze(t)|2=(0/ ()4 )sz(/ v (az'(s))
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/IVze(t)l dt <t/‘

SO

%(s ds.

HY(R)

Using (5.5) we deduce

thus
2

el < & ( / B

dr
HY()

Taking the square root of the two members of this inequality we get the result.

dr
H1(Q)

2.

Proposition 5.2. If 2, is the unique solution of the problem (PZ ) then the inclu-

ze(t) € HZ(Q)

18 true.

Proof. Following [11: p. 120] we consider the problem -

'z,,(t)+.r.7Az,,(t)=z¢(t) in Q

zy(t) = on Tex

Z a,Ja 1(t) cos(n z;)=G() on I

i,j=1

2y(0) =0

(5.8)

(5.9)

where z is the unique solution of problem (PZ.). As %% € L*(0,T; H'()) we have

% ¢ 12(0,T; H*(R)) and

ot ot
ot

2
d [0z, . oG
Z a;j% (#) cos(n,mj) = i on I7y.:

=0 ont Tex

02y +nA (%) = Oz, in Q, ae. in (0,T)

(5.10)
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Since 2 7 > 0on I} and QL > 0in Q, a.e. in (0,T), then by the maximum principle

we have %’L >0in 2, a.e in (0,T). Consequently, we can use %’L as a test function in

problem (PZe), so
a (o0 G290 - 229)) 2 (s, 209 - 0o (5.11)

%a(zn(i) = 2e(t), zq(t) - Z‘(t))

t

/ ¢ (zv(s) 2e(s), 215 )- 2 oz

0

ds

(5.12)

) d
j (zn(s), at()—az‘ ) /a(z,(s), z"(s)_azf(s))

Then taking (5.11) in (5.12), we get

%a(zq(t) = z¢(t), zq(t) — Z‘(t))

sj%M>Mu—% ) ds /@u@%r&wﬂ

Using the Green formula we have

| / / Az,,(s)(%(s)—%z:(s)) dzds
0N

_ //F,(s) (%(s) - ‘Z‘ (s)) dxds+j/G (% a"‘(s)) drds
0 Q

[ o
> Za(am(®) = 2(0) 20(t) - 2(1))

and from (5.4)s, this inequality becomes

O/tQ/AZ"(s) (%(s) B %(s)) dzds — 0/tﬁff,(s) (aatﬁ(s) - ‘Z‘(s)) dzds

> %a(z,,(t) ~ 2(t), 74(8) = 2(8)) 2 0

whence

//(A;q(s) - f:(s))'(aatﬁ(s) _ % (s)> dzds >0. . .  (5.13)
0N
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Putting now : : :
$p .= —Azy + f, ‘ (5.14)

and using (5.10) we have

0z, Oz _ . (’B‘I),,,, 3 gf_e)

%~ o 5t En (5.15)

From (5.13) - (5.15) we get

// ns( o af‘)d ds < 0. (5.16)

Therefore
' af, ' 0%
/ / ¥y e dds > / / @, 2305 dzd
00 00
1 2 1 2
= 5 |¢n,z(t)| dz — 5 lq)n,e(o)l dz
Q Q
50
”q’n,e(t)”u(n) ”q’n,e(o)”m(n)
Ofc(s
+/||q)n,e(3)”1,2(9) A(s) ds.
, ) L2(2)

Remember the following Gronwall inequality (see [9: p. 15]):
Let I C R*, p € C(I; R*) and ¢ € L) (I; R*) such that

t
1
%cp(t)2 < 5<p(s)2 + /l/)(T)(p(T)dT for all s,t€l,s<t.

Then

<p('t) < p(s)+ /z/)(;)dr' forall s,t€l,s <t

Using this inequality, the previous one gives

ds  (te(0,T)).
L2(2)

t
. a €
N8 n,e ()l 2y < 180,02y + / Ha_j;(s)
0
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As fe(s) = ff + fa(s) with ff € H'(Q) and f, € C'(Q x (0,T)) and z,(0) =.0, then

t
”(pq,e(t)”L:(Q) < "fe(o)”i}(ﬂ) + / H%(s)
0

ds (te(0,T)).  (517)
L’(n) iy

So from (5.14) we get

J[%

|- Az, '*"fe"Lz(n) < "fe(o)"um) + (s) ds (te(0,7)).

L)

Then ||z4|| 72y < C) ||Az,,||L:(n) < C,, where C; and C; are constants mdependent of
n. Then z,(t) weakly converges in H2(2). Moreover, from (5.9) and-(5.14) we can write

2(t) = 2e(t) = N®q.e(t) — nfe(t)
Then _ '
,l'i_xg llzn(t) - ze(t)ll L2 gay < 'liig:)’l ||‘I’7,¢(t)||L=(n) =0.
So the H?*(Q) weak limit of z,(t) is exaetly 2¢(t) which completes the proof. B
Theorem 5.2. There ezists a unique solution z of problem (PZ) A .

Proof. From problem (PZ,) we have

a (z,,tp‘— é?:) > »(F,,cp aazte) [ for' all p€ K,a.e.. m 0,7
which is equivalent to ‘ - '
a (Zf, %) = (Fe,‘%) ‘ . ; . (518)
i a(ze,p) > (Fe,p) forall p € K, ae. in (0,T). - (5.19)
From (5. 7) there exists z(t) € L? (0 T H'(R)) such that z,(t) tends towa.rds z(t) with
Ao 2(Re) T (520)

Moreover, from (5.5) we deduce that for all p € D(O T Lz(Q))

’ .. [0z, \ . N 3sp Op dp. ,"
l‘i’%-<5"”> ‘..‘3‘1‘3<"’ at> B T<z’~at > ‘.-<at #)
In the previous line (-,-) denotes the duahty between the spaces D(O T LZ(Q)) and
D'(0,T; L*(%)), whence ‘ o

ll‘ BN

litn <%,¢> =~<%,¢> " forall ¢ € D(0,T;L¥(Q)). - (s.21)

e—0
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And from (5.18) and (5.4), we have
a(z,,%) —<G,%> (fu?'z_e) =0.

(—Az, + fe, %) = 0. (5.22)

Then

As
lim(—Azz + fe,¥) = lim a(ze,¥) + (f,9) (¥ € D'())

from (5. 7) there exist z(t) € L2(0,T; H'(Q)) such that, for all ¥ € D'(f),
lm(-Az + fo, ) = a(z,9) + (f,%) = (- 4z + f,¥). (5.23)

From (5.21) and (5 5), 2 tends strongly towards 22 in L2(R2), thus (5.23) and (5.22)

gives (—Az + f, & 55)=0. Then by the Green formula we get
(+5) - (%) + (e 5)

a(z(t),at(t)) (F(t),at(t)> N )

From (5.20) and (5.24) we deduce that z satisfies the variational inequality

Thus by (5.4), yields .

o (o0 - 50) 2 (FOe-F0)  (oew) (5.25)

with

2(0) = 0. (5.26)
Usmg now [11: Proposition I1.9]. As F € L2(0,T; L?(f2)) there exists one and only one
z € C°(0,T; L*(R2)) which is ‘solution of the variational problem (5.25) - (5.26), such
that 22 € L*(0,T; V). Consequently, as C°0,T;¥) C C°(0,T; L*(R)), we have both
ex15tence and uniqueness for z € C%0,T; V) as solution of problem (5.25) - (5.26),

such that 42 € L?(0,T; V). And by (5.4), the problem (5.25) - (5.26) is the variational
problem (PZ). ®

5.4 Application to the particular problem (P6). The results of the last subsection
enables us to conclude about the existence of solution for problem (Pg), and then for
problem (P,4) - (P5) when V = 0, which is nothing else than a particular case of problem
(P2).

Theorem 5.3. Let W > 0 and h = I(t)g(z). Then there ezists a unique z €
C°0,T; V) with & € L2(0,T; ¥V n K), which is solution of the problem (Ps).

Proof. Choosmg fi =6ho, f2=—h,G=Q and a(z,9) = fn g3V 2V in problem
(PZ), the result follows immediately from the previous subsection. B -



The Transient Lubrication Problem 83

Theorem 5.4. Let W > 0 and h = I(t)g(z). Then there ezists a unique solution
(p,8) of problem (Py,) - (Ps) with V = 0.

Proof. From Theorem 4.1, 5.1 and 5.3 we have existence and uniqueness result for
p. Moreover, if (p,6,) and (p, ;) are two solutions of problem (Py) - (Ps) with V =0,
then from (5.2) we have (2 (8, — 62)k),p) = 0 a.e in [0,T]. By time integration
between 0 and ¢ € (0, T} and using (5.4), thls implies ((6, (t) — 62(t))A(t), ) = 0 so that
91 = 92 mn V’ a8

6. Connection between the two variational approachs
(P;) and (PZ) :

The next section allows us to prove that the two variational formulations introduced in
the previous sections are indeed related with the same solution.

Theorem 6.1. If z is the solution of problem (P2), then z satisfies the inequality

(gt U z(t)) (%,v - z(t)) + (G,v — z(t)) (6.1)
for allv € K and is also the solution of the variational snequality with constramt on g:
0z 0z 0z 0z
- > —-— .
(ch at)+1"("°) Ik<at>_(f",so at) <th 6t> (6.2)
_-f0 ifpeK
for allp € v where Ik((p) = {oo fodK.
Proof. To show inequality (6.1) we will ﬁrst_ establish the inequality
a(2(t) - 2(s), ¥ - 2(5))
(6.3)

< (F) = F(9), o - #(5)) + (6(0) - G(a), p - 2(5))

for all p € K and for 0 £ s <t < T. To do that, we choose ¢ — z.(s), where 2. is the
unique solution of problem (PZ,), as test function in (3.16). Then

a(2(t) = 2(s), ¢ = 2(s) + ((He(ze(t) ~'e(s) He(2(5)), @ = 2e(s)
= (FO +e(t) = F(s) = els), o = 2(5)) + (6(0) = G(s), 0 = ()

which can be rewritten as

a(2e(t) - 2¢(s), 0 = 2:(s))
= ((F(t) = F(s), = 2(5)) + (G(8) = Gls)yp — 2:(s)) )
+ ((e(s) = e®) (Helze()) = 1), = 2e(s)) - (69)

+ (—e(t) (Helze(t)) = Helz())) 0 - 2e(s))
=A+B+C.

¢



84 G. Bayada, M. Boukrouche and M. EI-A. Talibi

Let us consider the following partition of £2:
0= (2:(9) 26) U ((26(9) £ €)1 (> 2(5)) U (9 < 2e(s) <)
where on (z.(s) > ¢)
' ' He(z(s))-1=0
He(2e(t)) = He(2e(s)) = 0
and on (z.(s) < &) N (p > ze(s))
(He(ze(s)) = 1) (@ — ze(s)) (e(s) —e(t)) <0
e(t) (He(z0)) - Ho(2(5)) (¢ - 2:()) 2 0.
So o ] ) .
B [ (Hloels) = 1) () — e(t) (o = 22(6)) < [ e (els) - e(0)

© (9L (s)<e) Q
s [ lH) - el o - w0 < [ deett)
(w<z:(s)<e) Q

and(64) can be rewritten now as

’-.a(z,(t)_— 2e(s), ¢ — z',(s)) <A+ / 4e(e(s) — e(t)) + / 4e e(t).
o Q
Letting ¢ — 0, we obtain (6.3). Dividing (6.3) by t — s and letting t — s we get

a (%,v - z(t)) < (%(2),v —'z(t)) +(Gv—2(t)

for all v € K and a.e. in [0, 7] as a;‘ = &% ae. in [0,T). Then (6.1) is gained.
From (6.1) with v = 0 and v = 22(t) we have

o(5:0) = (Goe) + (Ge)

and from problem (P2) we get, for all ¢ € K,

- a(z,0) 2 (Fie) + (G, p)
a(z,z) = (F,z) + (G, 2).

From (6.7), by time derivation, we have

0z 0z oF G 9z
2 (z' a) = (F’ a) * (w) * <W>«+ <G’ 5>-

Then (6.5) and (6.8) give

o(+5)= (r5)+ (e 5)

and with (6.6) we gain (6.2). @

~ (6.5)

(6.6)

(6.7)

(6.8)
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Theorem 6.2. Assume (H.0) - (H3), V = 0,W > Q and (% + ho— h)xo0 < 0.
Then sf 8o = xo, the solution of problem (Ps) is also solution of the problem (Py) and
6=xae inQx(0,T).

Proof. From Theorem 5.1, if (p, 8) is the unique solution of problem (Ps), then z .
defined by (3.8) is the unique solution of problem (Pg¢). Using the fact that 3 = xo and
Theorem 6.1, we find that z is also the unique solution of problem (P,’), and Theorem
3.4 end the proof. & '

7. Conclusions and remarks

As problem (PZ) has been deduced from a physical model using both 6 and p as un-
knowns while problem (P, ) has been deduced directly from another model of Hele-Shaw
type when 8 does not appears, the connection between them is precised; which enables
us to establish Hele-Shaw problem as a particular case of lubrication in the last theorem.

In Theorems 5.1 and 5.4 we have neither a condition on ‘3’: nor on the regularity of

the free boundary I'(t).
Theorem 7.1. Assuming (H.0) - (H.3), if (p,6) is solutton of problem (Py) - (Ps),
then z is the unique solution of the following variational problem: .

(PY) Find z(t) € K for each t € (0,T) such that

a(-z,np—z)z(f,cp—z)-i-(Q,cp—z) (‘PGK)

0 (7.1)

with f = 6gho — k.
The proof of this statement is similar to that of Theorem 5.1, by choosihg p=9¢ -z

Theorem 7.2. If z is the unique solution of the above variational inequality of
first kind,. then z € W'=(0,T; H'(2)) N L=(0,T; H(Q) N V), z >0and & €
L>(0,T; H}(Q)NK). Moreover, assume (H.0) - (H 3), W > Q and (32 +ho—h)90 < 0.
Then we deduce that

v 0z . _ 1 in Q(t) | v
(1213& ”) with 6 ‘-{(ooho)/h in Q0(t) = Q\ Q(t)

sut;’sﬁes. the problem (P3) with V = 0.

Proof. The proof is similar to that of Theorem 3.4. To prove that the 8 so defined
satisfies problem (P;3) with V 0, we choose ¢ = ¥+ z in (7.1) with 0 < ¢ €
H3(Q°(t)). ® o -
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