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On the Sharpness of Error Bounds for the
Numerical Solution of Initial Boundary Value
Problems by Finite Difference Schemes

H. Esser, St. J. Goebbels and R. J. Nessel

Abstract. The present paper studies the sharpness of error bounds obtained for approximate
solutions of initial boundary value problems by finite difference schemes. Whereas the direct
estimates in terms of partial moduli of continuity for partial derivatives of the (exact) solutions
follow by standard methods (stability inequality plus Taylor expansion of the truncation error),
the sharpness of these bounds is established by an application of a quantitative extension of the
uniform boundedness principle. To verify the relevant resonance condition a general procedure
is suggested, in contrast to our previous investigations which were based on rather specific
properties of the discrete Green’s functions associated. Exemplarily, details are worked out in
connection with Crank-Nicolson, Du Fort-Frankel and Saulyev schemes.

Keywords: Initial boundary value problems, finite difference methods, sharpness of error
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1. Introduction

The initial boundary value problems to be discussed are given via (with a < b for
a,b € R, the real axis)

Lu(z,t) = p(z,t) for (z,t) e Q@ ={(z,t):a<z <b, t>0}
u(z,t) = Po(z,t) for (z,t) €elo={(z,t):a<z <b, t=0} (1.1)
u(z,t) = P (z,t) for (z,t) €Ty = {(z,t): z € {a,b}, t >0}

where L is a linear (parabolic) differential operator and the data ¢,y and 1, are real-
valued functions defined on Q,I¢ and Ty, respectively. It is 1mporta.nt to note that we
only discuss those problems (1.1) for which solutions u not only exist but indeed belong
to appropriate Banach spaces C("*)(Q) of real-valued functions on @ = Q UT, which
possess continuous partial derivatives of order r € INy (:= IV U {0}, with W the set of
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natural numbers) with regard to z and of order s € IV, with regard to t such that the
norms

lelloa = sup_lu(z, 1)l (veC@) =CcI®)

(z,0)€N
s
+2.

j=1

Oiu
ot

c(m) @)

are finite. Let h = "%" for n € IN and k = A(h) for some positive function A with
lima—o+ A(h) = 0. On the uniform grid (ny € INp)

Q,._{(:c ): z=a+ih, t =gk (lgign—l,jewo,jzno)}
ro,,_{(z t): z=a+ih, t = jk (1§i5n—l,jeﬂvo,05j§n0)}

Typ= {(x t): z € {a,b}, t =3k (jéwo)}

Qr =Qp U Fo,h U I-‘l,h

(no > 1 corresponds to multi- step methods, cf. Section 4) consider a discretization of
(1.1) given by
Lyup(z,t) = Jro(z,t) for (z,t) € Q4

un(z,t) = Po(z,1) for (z,t) € Ton (1.2)
up(z,t) = Pi(z,t) for (z,t) €Tl

where Jj, is a linear averaging operator and L a finite difference operator of type

Lyup(z,t) = Z V(2,0 (M)un(n)

nef,

with real-valued coefficients 4 (;,)(7) such that the set {v z,9(n) : 7 € Q4} is finite
for every fixed (z,t) € Q4.

In the following we are interested in sharp estimates for the error ||up —

u Ilﬁh,’l‘ !
measured by sup-norms like (T > 0)

"vh”ﬁh'.’. = sup {|Uh(I,t)| : (z,t) € Q= {(z,t) €QL: 0<t< T}} (1.3)

The error bounds are given in terms of partial moduli of continuity for partial derivatives
of solutions of (1.1), thereby confining ourselves to those problems (1.1) for which the
solutions actually belong to the appropriate space C("*)(Q). It may be mentioned that
these error bounds are obtained by standard methods (stability inequality and Taylor
expansion of the truncation error) and include those known for smooth solutions. On
the basis of a quantitative extension of the uniform boundedness principle it is then
shown that these error bounds are sharp in the following sense: There exists a problem
(1.1) with suitable data ¢,%o and %, such that on the one side the solution belongs
to the Lipschitz class under consideration, thus admits a certain (large-) O-rate of
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approximation which, on the other hand, cannot be improved to the corresponding
(small-) o-rate.

To work out this program, Section 2 does not only recall some basic facts concerning
discrete Green’s functions but also adapts the quantitative uniform boundedness prin-
ciple mentioned to the present situation of numerical approximations. Indeed, whereas
our previous contributions (cf. [1, 2, 4]) were based upon rather specific properties of
the discrete Green’s functions in order to verify the relevant resonance condition, the
procedure in Section 2 is quite general (see also the concluding remarks in Section 6).
The following sections outline the details in connection with a general Crank-Nicolson
scheme (Section 3), a Du Fort-Frankel scheme (Section 4) and a Saulyev scheme (Section
5) in order to illustrate the wide applicability of the method.

2. Discrete Green’s functions and a quantitative uniform
boundedness principle

For the definition of discrete Green’s functions and for a useful representation of errors
we need some further properties of (1.2).

(H,) For each h = b_T“ (n € IV) and for all data ¢,vp and ¢, there exists a unique
solution of problem (1.2) which can be calculated via (n = (z,,ty))

wet) = S 1,0 en)

nESdy, t, <t (2 1)
2 3 .
v Ao+ 3D Ayt
n€lon, ty <t n€lr a, t, <t

with coefficients 7((21)(’7) = ’y,(,{gz")(n) (7 = 1,2,3) depending on A, (z,t) and
n. Formula (2.1) means that for the computation of ux(z,t) one only uses

informations at the points n = (z,,t,) with ¢, < t.

(H2) J4 is a surjection in the sense that for every real-valued function v, on 2, there
exists a real-valued ¢, defined on 2, such that vy = Jrp on Q.

(Hj3) For the error (cf. (1.3)) .
Ryu = [lup — u||§'."r (2.2)

one has limy_.q; Ryu = 0 for all u of the Banach space C("’)(ﬁ) under con-
sideration, where u, is the solution of problem (1.2) corresponding to the given
data ¢ = Lu,3g = u and ¥, = u. In other words, the discrete solutions uj
should indeed converge to the exact one u.

These requirements have to be verified for each concrete problem: Whereas hypotheses
(H,) and (H;) are assumed to be known in the examples to be considered, condition
(H3) will in fact be equipped with rates, even establishing (inverse) discrete convergence.
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For (£,7) € Q4 x Q2 the discrete Green’s function G4(€,7) is then defined for each fixed
n € 24 as the unique solution of

(LaGalm)(€) = {; s e

Giw(€,n) =0 for £ €ToaUT . .

for £ € Qp

Note that G is well-defined in view of the assumptions (H,) - (Hz). Moreover, (2.1)
implies that i
Gu(&,n)=0 for all £ = (z¢,te) with te <ty - (23)

Lemma 2.1: Let vy be a rgl-valued function on Q with va(z,t) = 0 for (z,t) €
Fon UL n. Then for every £ € Q) there holds true the representation

va(€) = Y Ga(&mLava(m) = D Ga(&n)Lava(n). (2.4)

LISUY nEQ,t, <tg
Proof: First observe that the sum in (2.4) is indeed finite because of (2.3). Denoting
the right-hand side of (2.4) by wx(£), one has
Lp(wp —vn)(€) =0 for £ €y and (wh —va)(€) =0 for £ €ToaU I‘,,;,’

so that (2.4) follows from the unique solvability of (1.2), assumed by hypothesis (H;) 8

In particular, since for the error uy —u one has (up —u)(z,t) = 0 for (z,t) € Tg,n Ul s
(cf. (1.1) and (1.2)), one can apply Lemma 2.1 to obtain the representation of the error

(cf. (2.2))

Ryu = Z Gur(-,m)Ln(un — u)(n) = Z Gr(-,m)mau(n) (2.5)

€N, 5 nEQn, T

n,..T QA,T

where the truncation error 7, is defined by
Thtt := Lp(up —u)'= Jhp — Lyu = JpLu = Lyu- (2.6)

(cf. (1.1) and (1.2)).

As is well-known, to prove convergence (cf. hypothesis (H3)), it is sufficient to show
consistency and stability (note that for a consistent discretization stability is actually
equivalent to (inverse) discrete convergence). Indeed, a stability inequality like

lvallg, , < MliLrvallan r_v (2.7)

(with a constant M < oo, independent of h and k < T) where v is deﬁned on Q4
satisfying vy = 0 on g4 UT) 4, immediately leads to the estimate

Ryu < M||Ln(un — u)“Qh.T—k = M"Thuuﬂh,r-x - (2.8)
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(cf. (2.2) and (2.6)). It therefore remains to treat the truncation error (consistency).
For this purpose we introduce the partial moduli of continuity

w(1,0(6,u,Qr)

- sup{|u(1: tet)—u(z, )] (z,t), (z+e,t) €, || < 5}
w(z,0)(6,u, 1)

= sup{lu(z +£,8) — 2u(z, 1) + u(z — ,)] : (z+e,1) € Dr, Je| < 6}

for § > 0, with an analogous definition for the partial moduli w(o,j)(6,u,§fr)< (=12
with respect to the variable t. Here Q7 = {(z,t) € €: t < T} (cf. (1.3)). In our
applications in Sections 3 -5 the approximation error Ryu will be estimated by a (linear)
combination of partial moduli. The sharpness of these estimates will then be established
in connection with Lipschitz classes, determined by abstract moduli of continuity, i.e.
by functions w (e.g. w(é) = 8 with 0 < a < 1), continuous on [0, c0) such that, for
0<ée,

0 =w(0) <w(b) Sw(éd+e) w(8) +w(e). (2.9)
For moduli w additionally satisfying )
w(8) _
P M A (2.10)

this will be achieved by an application of the following quantitative extension of the
uniform boundedness principle.

For a (real) Banach space X with norm || - ||x let X* be the set of all sublinear,
non-negative-valued, bounded functionals F on X, i.e. F maps X into [0, 00) such that,
forall f,g € X and a € R,

F(f+g9)<Ff+Fyg and Flaf) = |a|Ff

IFllx- :=sup{Ff: ||Ifllx <1} < oo.

Theorem 2.1: Suppose that for a sequence of remainders (F,)°L, C X* and for
a measure of smoothness {Ss}s>0 C X* there are test elements go € X such that
(6 >0,n — o0)

lgallx = O(1) | (2.11)
Frga # 0(1) ' (2.12)
Ssg9n € K min {1., 0;56)} . (2.13)

where 0(5) 13 a function, strictly positive on (0,00), and (p,,)‘,’l"’=l C (0,00) i3 a strictly
decreasing sequence with imy, .o pn = 0. Then for each modulus w satisfying (2.9) and
(2.10) there exists a counterezample f, € X with

Ssfu = O(w(a(8))) (6 —0+)
Fofu # o(w(pn)) (n = o0).
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For a proof and further comments see [2, 3] and the literature cited there.

In the context of this paper the Banach space X will always be identified with
C("9)(Q) for appropriate values of r,s € INg, whereas the measure of smoothness {Ss}
will be the combination of partial moduli of continuity of the exact solution mentioned.
Clearly, for the remainder functional F,, we choose R; for h = 9;—“ (cf. (2.2)).
prepare a suitable choice of test elements, the following property of discrete Green'’s
functions will be useful in connection with the resonance condition (2.12) for the error.
In fact, the next lemma is particularly important for a treatment of the case w(§) = 6,
so far excluded by (2.10).

Lemma 2.2: For T > 0 let g € C("*)(Q) ( such that Lg is well-defined ) be a
function with g = 0 on I'o UT, and, if no > 0, additionally with g =0 on Ty s for each
h < b0 (60 >0), but g #£0 on Qr. Then there exists & > 0 such that, for all h < §,

1
> Gatminkom| > 3lolloy > O (2.14)

Q —
nE, T .

Proof: Obviously, ¢ may be considered as a solution of problem (1.1), correspond-
ing to the data ¢ = Lg,%o = 0 and ¥; = 0. In view of hypotheses (H;) and (H;3) the
solution g, of the associated discrete problem (1.2) satisfies, for A — 0+,

”gh”Qh,'I‘ - ”g”Qh,T < Rig = o(1).

Since lima—o4 [|g9llo, » = llgllc(@yy, there exists § > 0 (without loss of generality, let

6 < &¢ if ng > 0) such that ||ga||e, > ”9”0(51)/2 for all h < §. Therefore in view of
Lemma 2.1 it follows that

1
sligllcayy < llgrllanr = || D Gu(,m)Laga(n) (2.15)

LISUXS Q" r

already establishing (2 14) n

Choosing the quantities in Theorem 2.1 as mentioned above, we can then give a

sufficient condition for (2.12) to be fulfilled, namely to determine test elements g, such
that

Thgn = MJpLg on (2.16)

for a constant M # 0 and a function g according to the conditions of Lemma 2.2.
Indeed, because of (2.5) and (2.14) for 32 =n - oo

Raga=| Y GaCommontn] =M1 32 Gac, n)JhLy(n) # o(1).

€n - Q
n€iinr QA,T n€Qn, T Qn,'r

It is property (2.16) which will be verified for the examples in Sections 3 - 5. It may
be mentioned that in [4] the resonance condition (2.12) has been established by means
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of a rather specific structure of the difference operators involved. The treatment given
here in particular shows that one does not need any additional assumptions upon the
discretization (1.2) to ensure (2.16). Moreover, note that if the discrete Green’s functions
are positive, say, we may continue the argument in (2.15) according to

1 ‘ ‘
slollc@n) < llgrllanr < Inlgllawr|l D Gal-in)

0 —
nE T .1

If || JaLglla,.» is bounded independently of A, this implies that for A — 0+

S G| # o) (2.17)

Q -_—
LIS Qar

In this situation, (2.12) (cf. (2.16)) can be replaced by the postulate (cf. [1]) to deter-
mine test elements g, such that (e.g.)

Thgn(z,t) > C >0 for all (z,t) € Qu 7. (2.18)

3. Crank-Nicolson scheme

In this section the quantities in connection with problems (1.1) and (1.2) are specified
as follows: For r = 2,5 = 1 (or s = 2) we choose

Lu(z,t) = %u(z,t) - 6% (a(z)a%u(a:,t)) (3.1)

for a coefficient function & € C|a, b} satisfying a(z) > x > O forall z € [a,b]. Here Ca, b]
is the space of real-valued functions «, continuous on [a, b} with ||a|| := max{|a(z)| :
a < z < b}, whereas C([a,b] (r € IN) will denote the subset of all r-times continuously
differentiable elements. Concerning the difference scheme let us introduce the notations

up(z + h,t) — up(z,t) un(z + h,t) —up(z — h,t)

Orun(m, ) = h , Oun(z,t) = 2h
5:“};(3?, t) — u'l(xat) - 1}:[;(1 - h,t) |
dcun(z,t) = mint ka = uh(m’t), Bun(z,t) = un(z,t + k)z_kuh(z,t —k)

For a parameter 9 € |0, 1] the operators L = LL") and J, = J,(,") are then defined by
(no = 0)

Li")uh(x,g) = Orup(z,t) — O, (oz (:z: - -g) O; [Jun(z,t + k) + (1 — ﬂ)uh(x,t)])

I\Do(z,t) = 9p(z,t + k) + (1 - 9)p(z, ).

(3.2)
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Note that for 4 = 0 this scheme is an explicit Euler scheme, whereas 9 = % leads to
the Crank-Nicolson scheme and 4 = 1 to an implicit backward Euler scheme (cf. [5: p.
527] and (8: p. 118]).

It is easy to show (cf. [5: pp. 525/528]) that hypotheses (H,) and (H;) of Section
2 are satisfied for (3.2). Regarding (H3), we need stability and consistency (cf. (2.8)).
Concerning stablhty, let v be defined on Qu satlsfymg vk =0on Ty, UT, 4. Suppose
that either

1
9>= or 2 (;Tz) (1 - 29)|lafl < C < 1. (3.3)

\V]

Then it was shown in (6] (cf. [8: p. 118]) that the stability inequality (2.7) holds true.
Concerning consistency, we are in fact interested in the following (quantitative) estimate
for the truncation error.

Lemma 3.1: For u € C®)(Q), a € C®a,b) and T > 0 one has

e

Th U

”J,(:’)Lu - Lio)u‘

QuT—»

ou = 1 ?u —
< w(o,1) ( o - Qr ) + §||a||w(2,o) (h, a?,QT) (3.4)

bl nZa 2
+shllellwa o) { b 5.8 ) + Kub?,

Qh’l‘k

the constant K, being given by

0%u

Or?

1
Ky = |la"|

(3)
: el

C(ﬁr) a’ )

In the case 9 = 5 and u € C(z'z)(ﬁr) the estimate can be improved to

k u 1 O*u —~
< —-w 0 + = w, — Qr
Qh roe 4 (0,1) ( 6t2 ’ T) 2"a" (2,0) (h’ 61.2 ’ )

2

[ 0%u L
+ ghllallvn (b 550 ) + Kub

Proof: Let (z,t) € Qu -k be arbitrary, fixed. In view of (1.1),(1.2) and (3.1),
(3.2) one has for the truncation error (2.6)

1@t = 95 @t D+ 1= DG @) - dulan)]
+9 [—~a(1:)a—;;(x,t +k) - a'(z)a—:(:c,t + k) + 3,.(01 (a: - %h) Dou(z,t + k))]

+(1-9) [_a(z)%(z;t) _ a'(z)%(z,t) +a, (a (1- _ %h) zu(x,t))]
=: (1) + 97(9) + (1 = 9)7(3)) u(z, ),
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say. For 7(3) it follows that

I7ayu(z, t)] < —a'(z)a—u(z,t)

a(z) (—%(z,t) + a,Eu(x,t)> +

a(z + 3h) - o) o(z) —a(z — 3h)—
+ 3 cu(z,t) + h
= Sl + Sz.

Concerning S; one immediately concludes

O:u(z,t)

Sy < lel

h
d*u 1 8%u
_ﬁ(x’t) + ﬁ /(h. — S)ﬁ(.’t + s,t)ds
0

(3.5)

h
1 8%u
+ﬁ /(h - s)_612 (z —s,t)ds
0

1 8u
< glalloc (4 55.97)

whereas for S; a Taylor expansion of « at the point z with suitable &;,¢; leads to

3
Sy = —a'(z)a—::(:c,t)

+ hl_2 ((ha(z)-i- h—za (m)+ (3)(51 ) (u(z + R, t) — u(z,t))
( a'(z) — —a"(z) + 5 s (3)(52)) (u(z,t) — u(z - h,t)))‘

<53+ S,
where
=|-a (a:) (z t) + o'(z)8u(z, t)‘
ol 1 d%u &u
< o) ﬁ/gh—s>(ﬁ<z+s,n— G- s0) ds
8%u
< gl llwn (55,00
and ’
S, = %a"(z)hza,zu(z,_t)‘
h —
= 3) (3)
+ 2 (Je@€no.ucz, t)‘ | (gz)ha u(z,t)’)
1 o*u
< ZR2Nat Y 2 (3)
S = L] s

= K, h%
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An analogous estimate may also be obtained for 7(,y so that
I|ryu(z, ) + (1 = I)|rgyu(z, t)]

1 0?u u
S élla"w(Z,O) ( a Z:QT) + h”a ”(d(] 0) ( a Z’QT) + Kuhz.

It remains to discuss 7(;). On the one hand side,

Ou
Enlt

%/(g—;‘(z,t+.k)— ‘;—“(I,Hs)) ds
1/(‘;’;@ t) - u(z,t+s)) ds

Ju —
Sw(o,l)(k 61; QT)

On the other hand, if 9 = 1 and u € C»¥(Qr), then

Irayu(z,t)] <9 z,t + k) — Ou(z,t)| + (1 —

(:c £) = Bl t)‘

=9

+(1-9)

1 [/ 0u Ou

[rayu(z, )] =

—glﬁ(k%(z’t)_*_/(k_s) (x:t+s)ds

Ou 8%u
+k§(z,t + k) - /(k - s)bt—z(z,t + k- s)ds)

k 0%u
= 4W(0 1) ( 6t2 ,QT)

Summarizing, the assertions of Lemma 3.1 are completely established &

With the aid of stability (cf. (2.7)) and consistency (with rates, cf. (2.6) and Lemma
3.1) we obtain the following a-priori estimate for the error (cf. (2.8)).

Theorem 3.1: Let « € C®a,b], T > k and 0 < I < 1 be arbitrary, fized. Given

a problem (1.1),(3.1) with solution u satisfying u € C3(Q), let up be the solution of
the associated discrete problem (1.2),(3.2).

a) If one of the assumptwns (3. 3) i3 satisfied, then for the remainder (2.2) there
holds true

Ou ~ 1 0%u
RPu<M [W(o,l) (k, -37,97) + 5 lleallwe,o ( e 279T)
2

1 o (3.6)
+§h”a'”w(l,o) ( 6 2,97‘) + Kuhz]
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with constants M and K, given via (2.7) and Lemma 3.1, respectively.

b) For 9 = % and if u additionally satisfies u € C(2(Qr), then

k Pu 1 u
Rﬁll/z) < M [_w(o 1) ( 612 ,QT) + —||a||w(2’°) (h, F,QT)

0%u .
#3hle oo (b 55.0r) + Ko7
These direct estimates are sharp in the following sense.

Theorem 3.2: Under the assumptions of Theorem 3.1 let « € C®)[a,b] and T > 0.

a) If ¥ € [0,1] is arbitrary, fized and k = ph? for a constant p > 0 (i.e. A(h) =
ph?), then for every modulus of continuity w satisfying (2.9) and (2.10) there ezists a
counterezample u,; € C*V)(Q) such that (6§ — 04)

Ju,, 8%u,,
w(o,1) (5 -y ,QT) +w(2,o)< 922 ,QT)

Ouy, = '
+ o (6, 552,81 = 0(u(6)

(3.7)

(3.8)

thus RV u,, = O(w(h?)) (cf. (3.6) for k = ph?), but on the other hand (h — 0+)

Ry, # o(w(h?)). (3.9)
Moreover, the counterezample can in fact be chosen su;ch that additionally esther
u, — Ou,,
w(2,0) (5, W’QT) + w(1,0) ( Rt T) = O(§?%) (3.10)
or 5
w(o,1) (52, %,ﬁ'r) = 0(6%) (3.11)

is satisfied, t.e. if (3.10) holds true, then the sharpness is based on the remaining module
w(o,1) (62, %‘t‘,ﬁT) (cf. (3.8)), whereas in the situation of (3.11) the - sum

wW(2,0) (6, %‘fﬂ,ﬁr) + bw(y,0) (6, %‘f,ﬁr) becomes relevant.

b) Let 9 = § and k = A(h) = h. Then for every modulus of continuity w satisfying
(2.9) and (2.10) there ezists a counterezample u,, € C*(Q) such that

6%uy, — 8%u,,
bw(o,1) (5, W,Qr) +w(2,o)( 322 ,QT>

3 (3.12)
+bur (6, 55,81 ) = 0(E)

thus Rgll/z)u‘.J = O(w(h?)) (cf. (3.7) for k = h), but on the other hand

R, £ o(w(h?)).
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Proof: The assertions follow as applications of Theorem 2.1 in connection with
(2.16). To show statement a) with respect to (3.10), choose

X=CUY@) * and  Fu=R"u withh=2"°
. . n
Ou
Ssu = w(o,1) ( "Bt QT) o(6) =86,  pa=nTt (3.13)
1. 1 2mn?t
gn(z,t) = T?sm (27rE) Lg(z,t) = =5 sin (m) Lg(z,t)

where g is an arbitrary, fixed function such that ¢ € C("*)(Q) for cach r, s €. INo,
g=00nToUT,, but g # 0 on Q7 (cf. Lemma 2.2). Note that Lg € C*?)(Q) since
a € C®)|q,b]. Elementary calculations establish conditions (2.11) and (2.13) since -

2 'a;t,, . =0Q)
Ssgn < " c@n i’ (6 = 0+, n — o).
8|22 =062n2"=o(—” )
ot? Q- ( ) Pn

c(Qr)

Concerning (2.12) we proceed via (2.16): On the one hand side, LE,")g,, = 0 on 2, since
gn(z,t) = 0 on Q4. On the other hand, for every (z,t) € Q4

Low(at) = %? (27r )Lg(z )

+ 5sin (27r ) [6L9 )_a'(zj%(z,t) e )‘9 2 (z1)

= ﬁLg(z,t).

Therefore it follows for the truncation error (cf. (2.6)) that.

L
#(b —a)?

which establishes (2.16). Havmg verified all the conditions of Theorem 2.1 we obtain
a counterexample u,, € C4(Q) (Cc CA1(N)) satisfying (3.9) and Ssu, = O(w(62)).
Note that because of the additional smoothness of u,, with regard to the variable z we
further have

s gn(z,t) = J,‘,”’Lgn(x 1) = L ga(z, ) = J,‘.”Lg(x t)

J%u,, 82 w
Ww(2,0) ( o2 ,QT) + 5w(1,0) ( au2 y T) = 0(52) [=‘O(w(62))]

estabilishing (3.8) and (3.10).
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To construct a counterexample in connection with (3.11) we proceed in the same
manner. Again we use the quantities F,, ¢ and p, of (3.13), but now in connection

with X = C2(Q) and

Pu — u
S.su = W(g'o) (6, w, QT) + 6!.4.)(1‘0) ( a 2 ,QT)

0= 55 (= (n0))

Note that because of a(z) > # > 0 and a € C®)[q,b] the test elements g, even
belong to the class C(4:2(Q). Therefore conditions (2.11) and (2.13) immediately follow.
Again the resonance elements g, have been constructed such that g,(z,t) = 0 for each
(z,t) € Qx. Together with

Lgn(z,t) = —a(z )( a) Li((z)t) - (bz_ﬂa)ng(:z:,t) ((5:1) € )

this establishes (2.16) (cf. (2.6)). Therefore by Theorem 2.1 there exists a counterex-
ample u,, € C?(Q) (c C?(N)) which satisfies (3.9) and (3.8) as well as (3.11).

Part b) is a further consequence of Theorem 2.1. Recalling that k = h = bn
(3.13), but replace the space X, the measure of smoothness S5 and the test elements
gn by X = CH4A(Q),

o%u 1 . (2n%nt
Sou=buan (.55 8r)  and anet) = Spoin (22 Lo

respectively. Thus the theorem is completely established ®

For the Crank-Nicolson scheme (J = %) with constant coefficient function a(z) = 1
the sharpness in the remaining case w(§) = 6 has been shown in [4] using a rather
concrete telescope argument applicable to the discrete Green’s functions under consid-
eration. Note that the discrete Green’s functions for ¥ = % do not have any positivity
properties (cf. (2.17)). Here let us continue with another approach, namely to construct
a counterexample for w(6) = § using Lemma 2.2.

To thisend, let a(z) = 1 and let ¥ € [0, 1] be arbitrary, fixed. Using the abbreviation
d = ;=, consider the function :

g9(z,t) = {1 — exp(—d?t)] sin(d(z — a))
in connection with Lemma 2.2. Obviously,

Lg(z,t) = d* exp(—d?t) sm(d(x —a)) +d? [1 — exp(—d®t)] sin(d(z — a))
= d?sin(d(z — a))

and therefore

J,(lo)Lg(x,t) = Ly(z,t) = d*sin(d(z — a)). (3.14)
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To discuss the case w(§) = §, one may then use
I uy(z,t) = sin(d(z — a))
a‘; a counterexample. Indeed, Lu,(z,t) = d?u,(z,t) and
)AL
=-1z [sm(d(z — a)) cos(dh) — sin(d(z — a))]
so that for the truncation error (cf. (2.6)) ‘

T,("’)z_lu(x,t) = J,(,',)Lu,_,(:r,t) - L(")uw(a:,t)

=sin(d(z — a)) [dz + ﬁ(cos(dh') - 1)}

= sin(d(z - a) [‘f—2 gt 3 CI R

(27)!
In vi_ew of (2.5), (2.14) and (3.14) we finally obtain

Rﬁv)“w =l > Gu(, ) uu(n)
nEQn, T [T
& . (—1)’(dh)?i—*
- ﬁ+2d22%— S Galm)I O Lo(n)
‘ j=3 1) nEQh T
# o(h?)

but obviously u,, satisfies (3.10) - (3:12) for w(é) = 4.

4. Du Fort-Frankel,scheme

For this and the next section let r = 2,s = 1 and (cf. (1.1))
[0 & A
Lu(‘I,f) A= (55— 6_2) ‘U.(I,t).
The Du Fort-Frankel scheme (cf. [8: p. 41]) is given by (cf. (1.2))
Lpup(z,t) = 8?u;,(x,t)

b uo(z,t) = _h_2 [sin(d(x + h - a)) - 2sin(d(z - a)) + sin(d(z — h — a))]

Q1

5 |un(z + h,t) —up(z,t + k) —up(z,t — k) + un(z ~ h,t)

Jhp = .

(3.15)

(4.1)

(4.2)

Because of the three timelevels involved, this multi-step procedure requires initial data

for t = k, too, so that we have to choose ng = 1. Let u(h) :=

ka throughout. Since

properties (H,) and (H;) of Section 2 are obvious (cf. proof of Lemma 4.1 below), to
discuss the convergence property (H3), let us start with the following stability inequality,

a proof of which is included for the sake of completeness.
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Lemma 4.1: IfT > k and p(h) < i, then .
"vhuﬂ,,.-,- S 2T”thh”nh,1‘-k (43)
for every function v, defined on Q) with vn(z,t) = 0 for each (z,t) € CoanUT 4.

Proof: One may interpret v as the solution of (1.2), (4.2) correspondmg to the
data o =0, %, =0 and Jhp = Lyvy. Then

va(z,t + k) = M(vh(z + h,t) + va(z - h,t))
1+ 2u(h) . (4.4)
1—2u(h) 2% '
) T 2u(n) 5 O gy bl )
Using the matrix
A =2p(h)(ai )72, e R"™ x R™!
with .
{1 fori=j+lorj=1+1
a;; =
0 else
and the vectors :
Vi = (va(a+hijk),oa(a +2h,58), .. vl +(n—1)h,jk))
Qs = (Lava(a+ h k), Lava(a + 2h,3K), -.: , Lava(a + (n = 1)k, jk))
one may write (4.4) as (j > 1) .
1 — 2u(h) 2k
b pr _x
Vi1 = Ty A +1 T+ 2uh) - T T aum @

V' denoting the transposed of V. Note that the shape of the matrix A already re-
flects the (homogeneous) boundary condition ; = 0, whereas the initial condition is
considered via Vo = V; = 0. In terms of the sup-norms

[Vllo = ll(v1, -, on-1)llc = sup vl
1<i<n—1
IAV" lloo
[Allo = sup
® 0#VER"-! “VHOO

one has ||A||e < 4u(h). Moreover,

_ 1 1 - 2u(h)
h)< = — >
0<y()_2 = l_*_2"(’1)_0
so that, for j > 1,
A 1 1 —2u(h)

V. <.—A Moo + ——=——IVi-1llos
Wil S g lllelVille + 1551Vl 1+2 (h)nQ,nw |

< max{[|[Vjlloo, 1Vi-1lloo} + 2k[1Qjllco-
Iteration yields .
1Villoo < max{[|Volloo, [[Villeo } + 2(j — 1)k  Spax [|@ille

=20 - Dk max [IQilleo

1<i<;5
already establishing (4.3) &
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Lemma 4.2: There ezists a constant 6 > 0 such that for every h = 3% < § and
u€ CANQ) (with T >k = u(h)hz)

-2

Ou — 1 8%u —
+ u(h)w(o,1) (k, E‘;QT) + 5w(2.0) (h, 55,97) .

Proof: For arbitfary, fixed (z,t) € Q4,7 one has

1 Ou —
”T’lullﬂn,r-k < 5%(0,2) (k: E:QT)

*r,,.u(a:,t) _ (%(x,t) _ 6?u(:c,t)) - (g%(::,t) - 3:5:u(z,t))
_ %(u(z,t + k) = 2u(z,t) + u(z,t - ’C))
= (7‘(1) + 7(2) + 1—(3))u(2:,t),

say. Taylor expansion yields (cf. (3.5))

) |
1 Ou u
Irarlions-s = |3z [ (Friet+9) =250+ Gt -o))

Qn,T-»

A
[
£
(=]
&
_‘?T‘
QP
2l
iﬂ
SN——”’

|

[\
~
n
)
N4

1 ?u —
“T(z)u”nh,’l‘—k < sw (hs—— QT) )

K
1 Ou
frayullanros = nz / (z,t+s)— -6—t(z,t —k+ s)) ds
0

Qn,7-»

so that the assertion follows B

As in the previous section, Lemma 4.1 and 4.2 fit together to the following a-priori
estimate for the error (2.2).

Theorem 4.1: Let u(h) < 1 and T > k. Given a problem (1.1),(4.1) with solution

u satisfying u € C(Q), let up be the solution of the associated discrete problem
(1.2),(4.2), using ezact starting values up(z,t) = u(z,t) on Lo n. Then

Ou
Ryu<T [w(o,g) < " ,QT)

Ou — d%u
+2#(h)w(0,l) (k7 %aQT) +“)(2,0) ( ' 9z Q)QT)]

The sharpness of this estimate is again a consequence of Theorem 2.1.

(4.5)
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Theorem 4.2: Let u(h) < ,:—, and T > 0. For every modulus of continuity w
satisfying (2.9) and (2.10) there ezists a counterezample u,, € CZV(RQ) such that (k =
X6) = w(8)8* < &)

W(o,2) ('\(5) QT) + 1(6)w(o,1) (/\(5) Qv Q.T)

+ w(2,0) ( 66 > ,QT) = O(w(6?)),
thus Ryuo = O(w(h?)) (cf. (4.5)), but on the other hand (h — 0+)V
Riuy # o(w(h?)). '
Proof: Applying Theorem 2.1 we choose (cf. proof of Theorem 3.2)
b-a
n

\ . .
Ssu = w(z,0) ( Ou Q'r) a(8) = 62, pn=n"2

» 353
! (1 = cos (27r” ;a)) Lg(z,t)
(1 — cos (27rnz:2)) Ly(z,t)

where g is an arbitrarily often differentiable function as described in Lemma 2.2. Con-
ditions (2.11) and (2.13) are satisfied. To examine (2.16) we compute the truncation
error (cf. (2.6), (z,t) € Q4):

X = 0(2'3)(6) F,u=Ryu with h=

g,,'(:z:,_t).=

=n| - :N"

rgn(z:1) = Lan(z,t) = — (bz_—”a)2 Lg(;,t) - - (122_—"11)2 JnLg(z,1).

Hence Theorem 2.1 provides a counterexample u,, as specified, in fact Uy € c@ 3)(Q)
so that, additionally, )
du,, 2y 2
w(0,2) /\(5), It - Qr + p1(6)w(o,1y /\(5), 3t Q1 ) = 0(5 )=O(w(§ )); .
Therefore the assertions are completely established B - .

Let us mention that for u(h) <  the discrete Green’s functions associated with
(4.2) are in fact positive so that it is sufficient to examine (2.18) instead of (2.16). In
the case that the abstract modulus of continuity is given via w(6) = 6, the function
uy(z,t) = z* may be used as a counterexample ((z,t) € Q). Indeed,

Lu,(z,t) = —122?
Lyuo(z,t) = ——((:c + h)* — 22 4 (z — h)") = —12z% — 2h?
Thtw(z,t) = (L — Lp)u,(z,t) = 2h%.

Therefore in view of (2.5) and (2.17) we have shown that Ryu, # o(h?), taking advan-
tage of the positivity of the discrete Green’s functions associated.
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5. Saulyev scheme

Another discretization of (1.1), (4.1) in connection with solutions u € C(21)(Q) is given
by the Saulyev scheme
Lg"’)uh(x,t) = Oun(z,t) ‘
- }—?5 up(z ~ h,t + k) = un(z,t + k) — un(z,t) + un(z + h, t)
— (1 = 9)0:0;un(z,t)
I0(z,1) = 9o(z,t + k) + (1 = 9)p(z,1)

(5.1)

where 9 € [0,1] and no = 0. For every ¢, ;¢ there exists a unique solution of (1.2),
(5.1) (cf. [7: p. 31]), and there holds true the following convergence theorem which in
particular implies that hypotheses (H;) - (H3) of Section 2 are satisfied.

Theorem 5.1: Let 9 € [0,1], T > k be arbitrary, fized and suppose that k = ph?
with p=! > max{3 - 9,1 =9+ V1-J}. Given a problem (1.1),(4.1) with solution
u € C3(Q), let up be the solution of the associated discrete problem (1.2),(5.1). Then
for the remainder (2.2) there holds true

Oou —
Riﬂ)u S T ((d((),]) (k, au,QT)

%u — Ou —
v (1 55 ) + I (1 37.8r) ).

For a proof one may refer to [4] and the literature cited there, in particular to [7:
p. 35]. It may be mentioned that for 9 = 0 the scheme passes into the explicit Euler
scheme already considered in Section 3.

(5.2)

Theorem 5.2: Let 9 € (0,1, T > 0 and p~* > max{;i -9,1 -9+ V1 —19}.
For every modulus of continuity w satisfying (2.9),(2.10) there ezists a counterezample
u, € C(Q) such that

duy = Puy
w(o,1) (5?, %,QT) + w(2,0) (5, 6%’QT>
Ou, =
+ D1 0) (5, %,QT) = O(w(8)),
thus Rg")uw = O(w(h)) (cf. (5.2) for k = ph?), but on the other hand (h — 0+)

R, # o(w(h)).
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Proof: We specify the quantities in Theorem 2.1 according to

a S

X =C®VQ), Fau= R},"’; with h = b; , o(6)=6, pa=n
Ssu = wo,) (52, %,m) + w(2,0) (5, g%,m) +w(10) (5, ‘Zt—“,ﬁf)
gn(z,t) = % (1 ~ cos (277"' - “)) Lg(z,t)

- nl—z (1 — cos (27m;:;1)> Ly(z,t)

where g, are the same resonance elements as used in the proof of Theorem 4.2. Then
(2.11) is satisfied, whereas (2.13) is a consequence of (§ — 0+,n — c0)

Hagn 62gn +9 Hagn _o(1)
S < C(Q) Oz? c(f) c@)
= 192 d%g d%g
B - +6 . +6 = = O(én).
ot lle@  1192° llc@ 11920t o

Since we have for the truncation error

21 \?2
Thgn = — (m) I{Q(I»t)

condition (2.16) is fulfilled, and Theorem 2.1 provides the desired counterexample &

In the case w(§) = 8, ¥ € (0,1] the function u,(z,t) = zt satisfies RS:’)u“J = O(6),
but on the other hand Rﬁ")uu # o(h) (cf. [4]).

6. Concluding remarks

So far the resonance elements have been constructed on the basis of condition (2.16).
But note that the test elements g,, actually considered in the examples of the previous
sections, additionally satisfy the conditions (M # 0)

Lg,=MLg on 4 ‘ (6.1)
gn =0 on (6.2)

where ¢ is an arbitrarily often differentiable function as described in Lemma 2.2. Obvi-
ously, (6.2) implies Lygn = 0, and therefore (2.16) is valid since (cf. (2.6))

Thgn = JnLgn — Lngn = MJpLg.

It may be mentioned that the two conditions (6.1) and (6.2) allow a further interpre-
tation of the resonance condition (cf. (2.12)): Because the functions 43 and g induce
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the same data for the discrete problem, namely ¢ = M =Lgon Q,andg, =g=0

on Fo,n UT a, their discrete counterparts (via (1:2)) are equal: (%)r = gn. The fact
that limp_.o4 ||g;,||m = ”g”C(QT) then implies that Rpg, is bounded away from zero

(= 52).
)1, il 1)L, e

"ll_{lgo Rign = |M| ||9||C(ﬁr) >0.

(6.3)

In other words, we have established condition (2.12) of Theorem 2.1 without using
discrete Green’s functions explicitly. Nevertheless the representation of the error via
(2.5) is still used to derive a lower bound in connection with the abstract modulus of
continuity w(6) = 6 (cf. (3.15)).

The methods employed in this paper are not restricted to initial boundary value
problems. In [1] we were concerned with the sharpness of an error bound obtained for
the five point discretization of the Dirichlet problem

Lu(z,t) = p(z,t) forall (z,t) € Q=(0,1)?

(6.4)
u(z,t) = P(z,t) forall (z,t) el

where L = A = aa—:z + g—; is the Laplace operator and I the boundary of Q. Thus the
discretization is given by the formula
Lyug(z,t) = o(z,t) forall (z,t) € Q4

.o (6.5)
up(z,t) = Y(z,t) for all. (z,t) €Ty

where for A = & (uniform grid)

@ ={(z,)€0: z=ih and t=jh (i,jelNo)}
Qh‘ﬁﬁhﬂﬂ, Th=0snT
Lyun(z,t) = 8:0;un(z,t) + 8, 9cun(z, t).

Theorem 6.1: For a solution u € C*?(Q) of (6.4) and its discrete counterpart
up of (6.5) there holds true

1 0%u u —
Ryu = {jup — ullq, < 1 [w(2,o) ( FE 270 ) + w(o,2) <h, W’Q)] . (6.6)

For a proof of this well-known estimate see also [1] where, above all, it was shown
that (6.6) is indeed sharp. It may be mentioned that the relevant argument in [1] was
based upon the fact that the discrete Green’s functions associated are non-positive-
valued (maximum principle). Using the method of thlS paper, however, one may imme-
diately proceed as follows.
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Theorem 6.2: For every modulus of continuity w satisfying (2.9) and (2.10) there
ezists @ counterezample u,, € C%2(Q) such that

u, —~ ’u, —
W(2,0) (6, W’Q) + w(o,2) (5, —8t_2_’9) = O(w(8%)),
thus Ryu, = O(w(h?)) (cf. (6.6)), but on the other hand (h — 0+)

Rpu,, # o(w(h?)).
Proof: Using Theorem 2.1 we choose

X =C®D(Q), Fuau=Rju with h=

3=

*u u — .
Ssu = w(z,0) (5, a_;;uQT) +w(o,2) (5, &—:,QT) . 0(6)=8, pn=n"?

gn(z,t) = nl—2(1 — cos(2nnz)) Lg(z,t)

where g # 0 is a function arbitrarily often differentiable on Q such that g(z,t) = 0 for
(z,t) € T'. Again conditions (2.11) and (2.13) follow by simple calculations, whereas
(2.12) is a consequence of the considerations at the beginning of this section (cf. (6.3)
with M = 47r2), replacing Qr and ToU T, by QandT, respectively B

References

[1] Bittgenbach, B., Esser, H., Luttgens, G. and R. J. Nessel: A sharp error estimate for
the numerical solution of a Dirichlet problem for the Poisson equation. J. Comput. Appl.
Math. 44 (1992), 331 - 337.

[2] Bittgenbach, B., Esser, H. and R. J. Nessel: On the sharpness of error bounds in con-
nection with finite difference schemes on uniform grids for boundary value problems of
ordinary differential equations. Numer. Funct. Anal. Optim. 12 (1991), 285 - 298.

(3] Dickmeis, W., Nessel, R. J. and E. van Wickeren: Quantitative eztensions of the uniform
boundedness principle. Jahresber. Deutsch. Math.-Verein. 89 (1987), 105 - 134.

[4] Esser, H., Goebbels, St. J., Littgens, G. and R. J. Nessel: Sharp error bounds for the
Crank-Nicolson and Saulyev difference scheme in connection with an initial boundary value
problem for the inhomogeneous heat equation. Comput. Math. Appl. (in print).

[5] Isaacson, E. and H. B. Keller: Analyse numerischer Verfahren. Zurich: Verlag Harri
Deutsch 1973.

[6] Lees, M.: Approzimate solutions of parabolic equations. SIAM J. Appl. Math. 7 (1959),
167 - 183.

[7] Saulyev, V. K.: Integration of Equations of Parabolic Type by the Method of Nets. Oxford:
Pergamon 1964.

(8] Thomée, V.: Finite difference methods for linear parabolic equations. In: Handbook of
Numerical Analysis: Vol. I (eds.: P. G. Ciarlet and J. L. Lions). Amsterdam: North-
Holland 1990, pp. 5 - 196.

Received 19.10.1994



