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Abstract. By means of weighted norms existence and uniqueness theorems are proved for some
classes of nonlinear convolution equations in Lebesgue spaces L, and spaces C of continuous
functions. The applicability of the theorems is shown by examples.
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1. Introduction

In the theory of inverse problems for identifying memory kernels in viscoelasticity and
heat transfer a class of nonlinear convolution equations occurs. Recently for these
equations global existence theorems are proved using weighted norms (see [1, 6, 8]). In
particular Bukhgeim [1] derives general theorems for corresponding nonlinear Volterra
equations with a convolution majorant by means of Schauder fixed point theorem and
the contraction principle in Lebesgue spaces L, and spaces C of continuous functions.

In the present paper such existence theorem is given for some general classes of
nonlinear convolution equations in spaces L, and C applying the contraction principle
in a modified way. This extends the existence lemma used in [8). Further some exam-
ples are mentioned showing the applicability of the theorem, among them equations of
auto-convolution type, nonlinear stress-strain relations in viscoelasticity and nonlinear
Volterra integro-differential equations.

2. Preparations

Let X be a normalized, commutative, separable Banach algebra with norm || - || and
Lp(0,T;X) (1 £ p < oo) the spaces of X-valued functions with the norms

1/p

T
Hull, = /Ilu(t)ll”dt (1<p<o) and |uflo = sup ess [u(t)]],
5 te(0,7)
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respectively. For 0 < T < oo in these spaces we introduce the equivalent weighted
norms
—ot

lullpe = lle™ ull, (o 20)

which satisfy the relations
lullp.e < llull, < e llllp,o- (1)

The convolution operator

(u*v)(t) = /u(t —s)u(s)ds

in these spaces is commutative and invariant with respect to multiplication by e~°*.
From the Young inequality in the weighted norms ||u * v||p,0 < |[z|l1,0||v||p,s and the
estimates

- 1,1
lulhe < lligllellpe  and lulls,e < lle™ lglully (; te T )

following from Hélder's inequality, we have the estimations

flu*vllp,0 < Tl/q"u”ma"v"p,v (2)
and
1\1/q 1\1/q
e v oo < (7)) el ollne < (o) el ol (3)

where p > 1. Further we define the set of functions

to each component of its argument

M={Me(m—+m+)

M is non-decreasing with respect }

3. Main result

Our main result is an existence and uniqueness statement for second kind operator
equations of the form

u+ Gou+ GuxGu=g . (4)

where G; (¢ = 0,1,2) are operators in the spaces L,(0,T; X) and C(0, T; X) satisfying
Lipschitz conditions in the weighted norms. More precisely, there holds the following
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Theorem. Let G; € (L,(0,T;X) — L,,(O,T;X)) (:1=0,1,2), where 0 < T < ©
and p > 1, satisfy Lipschitz conditions of the form
IGiu = Givllp,e < Mi(|lullp,os []lp,0) [l = vllp,e (6200 >0) (5)
fori=1,2 and
IGou — Govllp,0 < ’\(U)Mo("u”p.m ||v||,,,,,)||u = Vlp,0 (0 2 00 > 0) (6)

where M; € M (i =0,1,2) and A is a non-increasing continuous function with A\(o) —
0 as o — oco. )

Then equation (4) has a unique solution u € Ly(0,T; X) for any g € Ly(0,T; X).
The same statement holds for the space C(0,T; X).

Proof. 1. At first we consider the auxiliary equation

f+Gof =g, (7)

i.e. the special case of equation (4) without convolution term. By contraction principle
we show the existence of a solution to equation (7) in the ball B, ,(9) = {f : ||f—9llp,c <
p}, where p = 2||Gog||, and o > 0y is chosen as a solution of the equation

M) Mo(p + llgllp, o + llgllp) =€ (8)

with some € € (0, 3]. Due to the assumptions on A a solution o of equation (8) exists for
any sufficiently small positive €. Further by (6) and (8) for the operator Agf = g — Gof
in B, ;(g) we have the estimates

|40 fi — Ao f2llp,c = 1Gofi — Gofallp,e
S AMO)Mo(Il fillp.or I f2llp,o) I f1 = F2llp.o
< No)Mo(p + llgllp.or 0+ llgllp.o) L1 — Follp,o
<ellfi = f2llpo

so that Ag is a contraction. Moreover,

140 f — gllp.c = IGofllp,
SNGof — Gogllp.o + 1Gogllp,o ,
< AX(@)Mo(p + llgllp.os 19llp.0) 1S = gllp.o + Gogllp,e
1
<(e+3)p
<p
so that Ap maps B, ,(g) into itself.

2. Next we are going to show that a unique solution of equation (4) exists in the
ball By o(f) = {u: |lu— fllp,e £ p} with some p and o, also using the contraction
principle. In view of equation (7) the operator Au = g — Gou — G u * Gou writes

f—Au=GuxGu+ Gou—Gof
= (Giu— G1f) *(Gau — G2 f) + G1 f *(Gau — G2 f)
+(Gi1u—G1f)*Gaf + G1f *Gaf + Gou ~ G, f.
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Making use of the inequalities (2) and (3), we obtain

If = Aullpo < TY9|Gru — G fllp,o|Gau — Gafllp,e

1\1/4
+ (=) 161 fls NG = Gafllpo

P
1\1/4e
+(55) 162 Slpl1Gre = G fllpe

1\1/¢ ’
+(5) 161 l511G2 1l + 1Gots = Gof .o

Further, by the assumptions (5) and (6) we have
”f - Au“p,o < Tl/qu ("f“p,a + ||u - f“p,va ”f”pm)
x M, ("f"pa +llu = fllp,os ”f”p,v)”u - f”?:,a
1\1/e
+(55) " (16371 Ma(Wllpo + Il = s 1flp0)

+1G2 fllp My (I fllp.e + l1u = fllp.o0 1 fllp,0) )l = fllp.o

14,/
+(25) 16 flplGa s
+ A(o) MO("f”p,a + [Ju - f”p,tn ”f”prI)"u = fllp.o-

Now we choose p; > 0 and 0,(p) > 0o such that there hold the estimations

TYVM (1 £llp + 2 ) M2 (I fllp + s I flls)p S @ (@ € (0,1))

and

/
()" (162 1 22151y + .71y + UGl M3 (F 1 + 1. 1£11) )

1\1/¢ .
+(55)  1GFlp G2 1l + Xo) Mo (Il + 17y )e < (1 = @)o

provided p < p; and ¢ > 0,(p). On account of the inclusions M; € M (i =0,1,2) it
then follows that

If - Aullp,e < p (9)
if u € Byo(f),p < p1 and 0 > a1(p). Le., A maps the ball B, ,(f) into itself.

For the difference of the operator A we write

Aug — Auy = Ghuy * Gauy + Gouy — Grug + Gaug — Goug
= (Giuy — G1uz) * (Gauy — G2 f) + (Gruy — Gyuz) * Gaf
"+ (Gruz — G f) * (Gauy — Gaua)
+ G1f * (Gaus — Gaug) + Gouy — Goug.



On a Class of Nonlinear Convolution- Equations 501

Estimating as above, for uy,u,; € B, -(f) we obtain

|Auy — Augllp,o
< AM (1.0 + 2,1 £ 150 + )

/
x (M1l + 2. 1515)T 20+ () 16211
+ MQ(”f"p,o +p, “f“p,a + P)
% (Ms (1l + 2,100 ) T 0+ (. =) e 1)

+ XMo(Iflp.o + 2,1 fllpo + 2) Yl = w2llpe (o2 a0).

This time we choose p; > 0 and 0, > 0¢ such that

i 14,1/
My (ISl + 2017l + 2) (M2 (171 + o, US1)T 70 + (=) G 1)

- 1\1/ '
M (ISl + 017l + o) (M1 (11 + 2, 111720+ (=) 161 71

+A@) Mo(lifllp + 2,1 fllp +p) S <1
provided p.< p; and 0 > ;. Then it follows that

|l Aur — Auzllpo < plluy —uzllpo (w1 uz € Byo(f)) (10)
if p < pyand o > o,.

The estimations (9) and (10) show that the operator A is a contraction in B, ,(f)
with p < p3 = min{p),p2} and ¢ > 03(p) = max{o1(p),02}. Hence equation (4) has a
unique solution in every ball B, ,(f) (p < ps and o > 03(p)).

3. It remains to prove uniqueness in the whole space L,(0,T; X). For this aim let
u be an arbitrary solution of equation (4) in L,(0,T; X). From equations (4) and (7)
we obtain

u— f=Gof — Gou — Gu * Gau.
Estimating by means of (6) and (3), we deduce the inéquality

I = fllne < A@) Mo (Il ) s = fn,a (5) 161wl 1Gaull,

which due to the convergence A(¢) — 0 as 0 — oo implies that lu = fllpe — 0 as
o — oco. This means, every solution u € Ly(0,T; X) of equation (4) belongs to some
ball B, ,(f) with p < p3 and sufficiently large o > 03(p), in which uniqueness of the
solution has already been shownl

Remark. The solution of equation (4) depends (loca.lly Lipschitz- ) contmuously in
the norm || - ||, on the data g: :

llur — uallp S'M(T, IGru1llp, |G2uzllp, i lp, ||u2||p)||91 - g2llp

where M is a (continuous) function non-decreasing in its arguments.

t
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4. Additional statements
There are four corollaries to the Theorem. Since the convolution G, * G2 satisfies a

Lipschitz condition of form (5) if G, and G, do it, we have at first the following
Corollary 1. The statements of the Theorem generally hold for equations

u+Gou+Z(G,~llu*Gg,zu*...*G,-,,-ﬂu) =g (11)

=1

where

Gi,j € (Lp(0,T; X) — Ly(0, T; X))
(i=1,.,n;7=1,..,i+1; n € IN) fulfill the Lipschitz condition (5) and

Go € (Lp(0,T;X) — Ly(0,T; X))

fulfills the Lipschitz condition (6).
Immediately from the proof of the Theorem there follows also

Corollary 2. For k; € Lo([0,T) x [0,T); X) or k; € C([0,T] x [0,T); X) (i =
1,...,n) with || k||(t,s) < K; = const the statements of the Theorem hold true for equa-
tions

u+Gou+Z/k(t $)Giyu(t —s)Giou(s)ds = g (12)
.= 1%
where Go and G;; (i =1,..n; j = 1,2) are as in Corollary 1.
In comparison with Theorem 2.2 of Bukhgeim [1] we state the following
Corollary 3. Let Go € (Lp(0,T;X) — Lyp(0,T; X)) (p > 1) fulfill the Lipschitz
condition
IGou — Govllp,e < ¥(llullpollvllporo)llu=vlpe (o200 >0) (13)

where the function V(r,p,0) is non-decreasing in r,p and non-increasing in o with

lim ¥(r,r U) <1 (14)

O ==+ 00

for some r =19 > 0. Then equation -
u+Gou=yg

(see (7)) has a solution u € L,,(O T; X) for any function g € Lp(0,T; X') which satisfies
the condition

||h||p,a = ||lg — g0 — Gogollp,c — 0 as o — 00 (15)

with some function go € Lp(0,T; X), provided ro > [|gollp- In case p < oo condition
(15) is fulfilled for any g,g0 € Lp(0,T; X), in particular for go = 0. In the case p = oo
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condition (15) is fulfilled for go = g if lim;— 4o ||Gogl|(t) = 0. If condition (14) is fulfilled
for any r > |lgol|,, then the solution u is unique in L,(0,T; X).

Proof. The existence of a solution follows from the estimations
lAour — Aouallp,e < ¥(llgolls + 2. llg0llp + £, o) llur = u2llp.o
| 4ov — gollp,s < ‘I’(”gO”p +p, ”90”1”")/’ + l|Rllp,0 _
for the operator Agu = g — Gou in the ball B, ;(go), where p and o are chosen such
that

¥(llgolly + . llgolly + p,0) <1 and  |lhllp,e < (1= E(ligoll + o, llgoll, @)) -
The uniqueness of the solution u can be obtained from the estimation

e = gollp.o < ¥(llulip.osllgollp.er o) in = gollp,c + [R50

as in the proof of the Theorem using (14) i
The proof of the Theorem also shows the validity of the following
Corollary 4. The statements of the Theorem hold true for equation

u+ Gou+ F(Giu*Gou) =g ‘ (16)

where G; (i = 1,2,3) are as in the Theorem and F € (Lp(0,T;X) — Lp(0,T; X))
satisfies the assumptions FO =0 and

[[Fvy — Fuoallp,e < M(”vl ”p,oa ”v2”p,0)””l —v2|lp,0 (17)

with M € M.

5. Examples

We illustrate the applicability of the Theorem and Corollaries 1 - 4 by a few examples.

Example 1. At first we consider the nonlinear integral equation of generalized
convolution type

u(t) + /kl(t, s)u(s)ds + /kz(t, s) Fi(u(t — s)) Fa(u(s))ds = g(t) (18)

in the spaces Lp(0,T) (p > 1) and C[0,T]. In the literature, as a rule (see [5]), the
special case of equation (18) without factor Fj is treated. From Corollary 2 with n = 2

we obtain existence and uniqueness of a solution u in L,(0,T) or C|0, T] for any function
g in Lp(0,T) or C[0, T}, respectively, if

ki € Loo((0,T] x [0,T)) or ki€ C(0,T]x[0,T)) (i=1,2) (19)
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and F; 'satisfy' the Lipschitz conditions
|Fi(w) - Fa0)l < Nilu—v] (w0 € R) (20)
with constants N; (i = 1‘; 2).

In the special cases ky =0, k2 = +1 and Fju = u (2 = 1,2) equation (18) reduces
to second kind autoconvolution equations which are dealt with by Bukhgeim {1].

Example 2. In the theory of viscoelasticity one may propose nonlinear stress-strain
relations of the form 4

t 1
o(t) = Ee(t) + /kl(t —s)e(s)ds
0

+ / ko(s) k2(t — s) Fi(e(t — 5)) F2(e(s)) ds

0

(21)

where o is the stress, £ the strain, and £ > 0 a constant. The determination of ¢ by
given o then is a special case of equation (18) with kernels depending on one variable
only. Under corresponding assumptions (19) and (20) we have a bi-unique relationship
between a,¢ in L,(0,T) (p > 1) and C[0,T] in any finite interval [0, T] (also a relation
of form (21) with ¢ and ¢ changed may be given as first relation).

Another model equation with this - also from the physical viewpoint — important
property is described by the relation

c=Fe4+mo*e+my*xmy*smaz*c*x€*¢€ (22)

with functions m; in Ly(0,T) or C[0,T} (z = 0,1,2,3). The unique solvability of relation
(22) for € in these spaces follows from Corollary 1. See [2, 3] for general constitutive
relations in nonlinear viscoelasticity.

Example 3. In the theory of inverse problems for identifying memory kernels in
linear viscoelasticity and heat conduction (infinite) coupled systems of bilinear Volterra
integral equations of the form_

t

m(t)+/\/A(t _ s)m(s)ds = g(2) (23

0

occur where . . T
A(t) = Ax(®) (24)
k=1

and Ay = Ag[m] is the solution of the equation
Ax(t) - /nk(t — s) Ax(s)ds = fi(t) (25)

0
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with kernel

t

na(t) = /zk(z —7)m(r)dr = /Ik(r)m(t ~r)dr  (k=1,..n)  (26)

(see, in pa.r.ticular, 8] and also (7, 9)). For Ix € Ly(0,T) one has ||n|ls,c0 < Ni|mllo,00
for some constants Ni, and

lAk[m]llco,e < eTlimlleo.e ||fk lloo,o

1
14k(ms) = Akimalloo,e < T eIPtller || Ax[ma)loo,o [Ink — 5,0

where ni are related to m; (i = 1,2). Hence the Theorem with Gy = 0, Gi(m) = A[m]
and G(m) = m yields the unique solvability of equation (23) for m in Leo(0,T) or
C[0,T) for any g, fx in Loo(0,T) or C[0, T}, respectively.

In equation (25) the right-hand side may depend also on 'm, namely fi = fe(m,t),

where f;(0,t) in Lo(0,T) or C|[0,T], respectively, and f; fulfills a Lipschitz condition
with respect to m.

Example 4. The convolution equation of first kind

[ ute=s)ate)ds = o) (27)

where g € C'[0, T] with g(0) = 0 and y is solution of the problem

9 Ay = f(2))

28
y(0)=c#0 %)

with A € Leo(0,T), can be reduced to the sécond kind equation
cez(t) + / (f(z)(s) + A(s) y(s))z(t — s)ds = g(t) (29)

0

by differention. In equation (29) there is

y(t) = cexp (—jA(s)ds) + /tfl:xp (j A(r) dr) f(a:)(s) ds

0 8

If the function f.satisfies a Lipschitz condition, then also the operator y{z] in C[0, T
does it and by Corollary 2 we obtain existence and uniqueness of a solution z € C[0,T.

We point out that the more difficult autoconvolution equation of first kind is considered
in [4].
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Example 5. As further example we consider an integro-differential equation of the

form .

at) + flu(t),t) + / K(t, ) Fy (u, @)t — 5) Fy(ue, )(s) ds = g(1) (30)

with u(0) = ¢, where k € Lo ([0,T) x [0,T]) or k € C([0,T] x [0,T)), £(0,-) € L,(0,T)
and f, F; fulfill the Lipschitz conditions

|f(u1,t) = f(u2,t)] < Nlus —ua|  (u1,u2 € R) (31)
| Fi(u1,v1) = Fi(ua, v2)| < Ni(lug — ua| + Jor —vaf) (u1,uz,v1,v2 € R) (32)
with constants N and N; (i = 1,2). Writing
t
u(t)=c+ /v(s) ds, v=1u (33)
0

in (31), we obtain an equation for v. In this equation from (32) and (33) we have

”f(ul")_f(u?")” < N“ul _uzllp,o

p.o —
| Fi(ur,v1) = Fiua,v2)||, , < Ni(llur = ullp,o + llor = v2lp,0)-

From (33) by Young’s inequality there follows

. 1
lus = uzllpo < min (7, 2 )1 = vallpo-

Therefore, the operators G;v = Fi(u,v) (i = 1,2) satisfy assumption (5) and the op-
erator Gov = f(u,-) fulfills assumption (6) with A(c) = 1. Corollary 2 yields existence
and uniqueness of a solution v in Ly(0,T) (p > 1) or C[0,T], i.e. u in W;(0,T) or
C?'[0,T], to equation (31) for any g in L,(0,T) or C[0, T), respectively.

We remark that in Examples 4 and 5 the Lipschitz continuous function f of z or u
may depend on z(h(t)) or u(h(t)), respectively, where it is assumed that h € C*[0,T]
with h{t) > 6 > 0 in case p < oo, h € C[0,T] in case p = oo, and in both cases h
satisfies 0 < h(t) < tin [0,T). ’

Example 6. In analogous way as (30) integral equations of the form

t
u(t) + f(Jaou(t),t) + / k(t,s) Fi(u, Jo,u)(t — s) F2(u, Jo,u)(s)ds = g(t)  (34)
0
and integro-differential equations of the form
u(t) + f(Dgou(t), u(t), Jagu(t),t)
t
+ / k(t,s) F (v, Dg,u,u, Jo,u)(t — s) Fr(u, D,g,u, u, Jo,u)(s)ds = g(t)  (35)
0 _ .
u(0)=c
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with operators of fractional integration
t .
1
Jayu(t) = =— [(t —s)** "'u(s)d 1, k=0,1
o u(t) T(ar) ~0/( s) u(s)ds O<ar<1; ,1,2)

and operators of fractional differentiation
d 1
Dp,u(t) = = Ji—gu(t) (0<8i< i k=0, 1,2)
can be handled (if ¢ = 0 in (35) only 0 < B« < 1 is required.) There holds the estimation

1 _ 1
Martllp,o < T(an) 1™ oo llellpe < =2 llullp,o- (36)

Further we have

1 - . .
Dg,u = mu(O)t Prt Ni—pt € Ly(0,T)  if u€ Ly(0,7T)

and if u;(0) = u2(0) = ¢, then
. . 1 . .
IDgeur = Doy uallp,e = [1T1-pu (81 = t2)llpo < —=5; llt1 = allp,o- (37)

Hence if k € Loo([0,T) % [0,T)) or k € C([0,T) x [0,T]) and £(0,-) € Ly(0,T) or
£(0,0,0,) € L,(0,T), respectively, and f, Fy, F; fulfill uniform Lipschitz conditions
with respect to the dependent variables, then equations (34) and (35) have a unique
solution u in Ly(0,T) (p > 1) or C[0,T] and u in W}(0,T) (p > 1) or C'[0,T),
respectively, for any g in L,(0,T) or C[0,T).

To an equation of form (35) the following integro-differential equation of first kind
can be reduced by differentiation:

t

/ (d(s) + a,(t,s)Dg, u(s) + az(t, s)u(s) + aa(t, s)Jmu(s)) (38)

X (u(t —s)+ b(t,8)Jo,u(t — s)) ds = f(t), u(0)=c#0

where a; in Loo([0, T} x [0, T]) or C([0,T) x [0,T)) (i = 1,2,3), b and b in Loo ([0, T) x
[0,T]) or C([0,T] % [0,T)), f in W)(0,T) (p>1)or C'[0,T].
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