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Initial-Mixed Boundary Value Problems
for Parabolic Complex Equations of Second Order
with Measurable Coefficients

Guo Chun Wen

Abstract. In [2], the authors introduced some results on initial-boundary value problems
for divergence parabolic equations of second order with measurable coefficients. In [1], the
authors considered the first boundary value problem for non-divergence parabolic equations of
second order with discontinuous coefficients. In this paper, we consider initial-mixed boundary
value problems for non-divergence parabolic complex equations of second order in a multiply
connected domain. Firstly, we give a priori estimates of solutions of the above initial-boundary
value problems by the method of symmetric extension, and then by using these estimates,
the methods of auxiliary functions and parameter extension, we prove the solvability for the
foregoing problems. Here the condition (1.3) is weaker than the corresponding one in [1] and
(3], i.e. the constant 4/3 in [1] and [3] is replaced by 3/2 in (1.3).
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1. Formulation of in_itial-fnixed boundary value problems

Let D be an (N + 1) connected bounded domain in the z = (z + iy)-plane C with
the boundary ' = Z,—o T e 02 (0 < p < 1). Without loss of generality, we may
consider that D is a circular domain in |z| < 1 with the boundary T’ = Zj=0 T';, where
Ij={lz—z2jl=7;} G=1,...,N),To =Tn41 = {|z| =1} and z = 0 € D. Denote
G = D x (0,T) with a constant T > 0, and dG = dG; U G2 with dG, the bottom
{(2,0) : z € D} and G, the lateral boundary {(z,t): z € I',t € [0,1]} of the domain
G.

We discuss the linear uniformly parabolic equation of second order
auzz + 2buzy + cuyy + duy +euy + fu+g = Hu, in G (1.1)

where the coefficients a,b,c,d, e, f,g are real-valued measurable functions of (2,t) € G
and H is a real constant sat)sfymg the condition 0 < H < 1. It is ea.sy to see that the
rcal equation (1.1) can be rewritten in the complex form

Lu = Agu,; — Re(Qu,; + Aju,;) — Aqu — Hu, = A3 in G (1.2)
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in which
Q = 2(—a + c — 2bi)
Ao =2(a+c), A =-2d+e), Ay=—f Ay=—g.
Suppose that equation (1.2) satisfies the following
Condition (C): The functions 4; = 4;(z,t) (5 =0,1,2,3) and Q = Q(z,t) are

measurable in G and satisfy the conditions

1 Q supg(A2 +|Q|?) 3
§ < Ap < - — < 1 —_— < =
0<bsdhss ‘Ao‘_q°< ’ infg A2 2
1.3
B \p (1.3)
|Aj| <ko (7=1,2), Ly(A3,G)= (// |A3|”d.7:dydt) <ko (p>4)
G .
where §, g9, ko and p are non-negative constants.
The so-called initial-mized boundary value problem is formulated as follows.
Problem (M): Find a solution u € C*°(G) satisfying the initial condition
u(z,0) = g(2) on D (1.4)
and the boundary condition a;(z,t)$% + ax(z,t)u = a3(z,t) on 8G,, i.e.
2Re(a;du;) + au = a3 on 9G, (1.5)

where v(z,t) is a unit vector at every point on G, (there is'no harm in assuming
that v(z,t) is parallel to the (¢t = 0)-plane), g,a; (5 = 1,2,3) and A with A(z,t) =
cos(v,z) — icos(v,y) are known functions satisfying the conditions

C3lg, D] < ko
C% 2105, 8G2] = €2, ]a;,0G2) + €, plaje, 8G2) < ko (7 = 1,2,3)
Colejal}0G2] = 2% 1[4, 0Ga] + Co1, 132, 8Ga] < ko
with [A( ) — X )
t1) — Az,
Cg() /\’ G, = su Ll 22
’0/2[ d (z,,tl),(zz,I:z)Ean (lzs = 222 + |t — t2f?]
and

5]
cos(v,n) 27 on G, and a; a—g +axg=a3 onT x {t =0}
v

aj(z,t) 20 (j=1,2) and  ai(z,t) +az(z,t) > 1 on 0G,

in which & (3 < & < 1), ko, n (0 < 5 < 1) are non-negative constants and n is the
outward normal at every point (z,t) € 3G.

Remark that when a,(z,t) = 0 on 0G3, then Problem (M) is the Dirichlet problem.
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Problem (O): When a,(z,t) # 0 for every point (z,t) € G2, then Problem (M)
is the initial-regular oblique derivative problem, which will be called Problem (O).

Now, we prove the uniqueness of solutions of Problem (M) for equation (1.2).

Theorem 1.1: Suppose that the complez equation (1.2) satisfies Condition (C).
Then the solution of Problem (M) for equation (1.2) is unigue.

Proof: Denote by u; and u2 two solutions of Problem (M) for equation (1.2). It is
clear that the function u = u; — u3 is a solution of the following homogeneous initial-
boundary value problem (My):

Aou,; — Re[Qu,, + Aju,] — Aou — Huy =0 in G
. u(z,0)=0 on D (1.6)
g
al(z,t)—u + az(z,t)u=0 on 8Gs.
dv
Making a transformation of the unknown function U(z,t) = u(z,t)e” P! where B is a real

constant such that HB +infg A2 > 0, obviously, U is a solution of the initial-boundary
value problem -

AoUzi—RC(QUIZ'*'A]UZ)—(HB-{-AQ)U=HU¢ m G (17)
' U(z,0)=0 on D (1.8)

ou
al(z,t)a— +az(z,t)U =0 on 0G;. (1.9)

v

On the basis of the maximin principle of solutions for equation (1.7), if U # 0 on G,
then U takes its positive maximum or negative minimum on the lateral boundary 9G,.
Suppose that U takes a positive maximum at a point py = (20,%0) € 0G2. It can be
derived that U(po) > 0 and 2 pepo > 0 Thus (ai1(z,t) 3 + ag(z,t)U)|p=p° > 0. This
contradicts (1.9). Similarly, we can prove that U does not attain a negative minimum
at a point pg € 0G,. This shows that U =0 on G, i.e. u; =u, on G

2. A priori estimates of solutions of the initial-mixed problem

First of all, we shall give a boundness estimate of solutions of Problem (M).

Theorem 2.1: Let equation (1.2) satisfy Condition (C). Then any solution u of
Problem (M) for equation (1.2) satisfies the estimate

Clu,G] < My (2.1)

where My = M,(6,qo,a, ko, p,G) i3 a non-negative constent only dependent on 6, qo, «,
kOa p, G.
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-Proof: We first find a solution 1 of equation (1.2) with the initial-boundary con-
dition ¢ = 0 on 8G. On the basis of the results in [1}, [2: Chapter 3] and (3], we can
obtain for ¢ the estimates

C; 2/2[1/)’6] M, and "d’"w;"(c) <M, . (2.2)

in which 8 (0 < 8 < a) and M, = M,(6, o, , ko, p,G) are non-negative constants.
Secondly, we find a solution ¥ of the homogeneous equation

Lu = Aou;; — Re(Qu,, + Aju;) — Asu — Hu, =0 in G

with the initial-boundary condition ¥ = 1 on 8G. Similarly, it can be proved that ¥
satisfies the estimates

[op 0/2[w Cl<Ms,  |[¥lyriqSMs, 0<M<¥T<LI (2.3)

where M; = M;(é,q90,a,k0,p,G) 2 0 (j = 3,4). According to the method in [3] and
[4: Chapter 3/Theorem 3.3], we see that the function U = '—‘—;—‘2 is a solution of the
initial-boundary value problem

AoUz;—Re[QUu-i-AU,]—HU, =0 in G (24)
U(e.0) = M0 =¥(0)

2(.0) =Up(z) on D
dln —a, g -
ala—u+a4U=as, a =az +a; (;L ) as=aial$'_az¢ on 9G,

where A = A; — 24¢(In¥); + 2Q(In¥), in G and a4 > 0 on 8G,. By means of the
maximin principle of solutions of equation (2.4), we know that U attains its maximum

and minimum at points p* = (2*,¢*) and p. = (z.,%.) in Gy, respectively. It can be
derived

maxsg, |a5|

C[U,G) = max {U(z",t'), |U(z.,t.)|} < max {mg.x Uo(2)], } . (2.5)

mingg, a4
Combining (2.2), (2.3) and (2.5), the estimate (2.1) is derived il
Next, we shall prove

Theorem 2.2: Let equation (1.2) satisfy condition (C). Then any solution u of
Problem (M) for equation (1.2) satisfies the estimates

0;12/2[u,G'] < Ms and ||“||w;"(G-) < Ms (2.6)

where
G* = GnN { n(z',“)EaG; {lz _ Zol2 + |t_tc| Z E}}

€ is a small positive number, G§ = {(z,t) € 3G, : ai(z,t) = 0}, 8G} is the boundary
of G3, 8 (0 < B < a) and Ms = Ms(6,q0,, ko,p,G) are non-negative constants.
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Proof: According to the method in [3], we can obtain that any solution u of Prob-
lem (M) for equaton (1.2) satisfies the estimates

Copplu,Gml S Ms  and  lullysag,) < Ms (2.7)

in which G, = {(2,t) € G : dist(z,T) > L} for a positive integer m, 8 (0 < f < @)
and Ms = Ms(6,90, 0, ko,p,€,m,G) are non-negative constants. In the following, we
shall give the estimates of the solution near the lateral 3G, of G. We arbitrarily choose
an inner point p* = (2*,t*) of G* and denote G, = {(2,t) €G3 : |z—z*|P+|t—t*| < e*},
where e* (< €) is an appropriately small positive number such that G,NdG, C G3\8G3.
There is no harm in assuming that |2*] = 1, otherwise through a linear fractional
transformation this requirement can be realized. Now we find a solution u; of equation
(1.2) satisfying the boundary condition u;, = %5 on éz. Thus the function U = u — u,
satisfies the equation and boundary condition

LU := AgU,;: — Re[QU,, + AU, ~ AU -HU;=A in G
U(z,0)=0 on G,

where A = A3 — Lu,. In this case, the solution U can be continuously extended along
G- from G into G (the symmetric domain of G). In fact, it is sufficient to introduce the
function U by

Fat) = {U(z,t) .if(z,t)ecl'ucz
U(1/z,t) if (2,t) € G.

Due to U = 0 on Gg, it 1s clear that Re(zzU )=0,ie. zU = zU; for (2,t) € Gg, and
when z = 1/( € G+G2, then U, = -Us(— l/z ), hence 2U, = zU; for (z,t) € G,. This
shows that U and U; are continuous in GU G U G,. Noting that

Uis = —|2| Uy and U = —27'U; = 227U ((2,t) € GUGy)

it is seen that U is a solution of the equation

AoU.: —Re (QU.: + A1) - LU ~HI, =4 in G (2.8)
where
~ Ao('z,t) ' : ~ A](Z,t)
Ao = _ 4 Al =
Aog(1/z,1)|2| —-A(1/z,6)2% +2Q(1/z,t)2°

~ [Qzt) - ~ Aj(zt)
= Aj = ) 1 =2,3)-
© {Q(l/f,t)z" { (1Y 4,(1/z,t) G )

for (2,t) € G and (2,t) € é, respectively. It is not difficult to see that equation (2.8)
satisfies conditions similar to Condition (C). Therefore similarly to (2.7), we can derive
estimates of U and u in the neighbourhood

={) e GuG:: dist ((2,1),06:\ G;) 2 e}
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of 62, namely
Colpplw,Gol S My and lellwz g,y < M (2.9)

where M, = M7(6’ g0, @, ko,p,&,E‘,G).

Secondly, if there exists a surface
Gs = {(z,t) €0Gy: ai(z,t) >0, v = n} > 3G,

then we can find a harmonic function o = o(z,t) of z in G such that o satisfies the bound-
ary condition % = £ on G3. Thus the function V defined by V(z,t) = u(z,t)e?(**)

1

satisfies the boundary condition ‘3—‘: = %-;ie”, ie.
Ou '
ag— tau=a on Gj. 2.10
15, + a2 3 3 ( )

Noting that
u;=¢e 'V, —-0o,V], . uy=e(Vi—0a,V)

Uz = e_a(vzz - 2UZVZ - (011 - UZ)V)
Uz = c_a(Vzg - RC(UEVI) + ld;lz‘/)

it is easy to see that the function V satisfies the equation
AoV:: —Re(QVi: + B1V,) ~ B,V — HV, = By in G (2.11)

where the coefficients satisfy conditions similar to those in Condition (C). Now, we find
a harmonic function Vo = Vo(z,t) of z in G satisfying the boundary condition (2.10).
Moreover, the function V' defined by

- V(z,t) — Vo(z,t) for (2,t) € GUG;
V(z,t) = ~

V(1/z,t) — Vo(1/z,t) for (2,t) € G
satisfies the equation

AoVos —Re(QVo + BiV) —BaV — BV, = B in GUGSUG

where the coefficients satisfy conditions similar to Condition (C). Hence by using the
method as stated in [1], [3] or [4: Chapter 3/Theorem 4.8], it can be derived that u
satisfies the estimates

Clopnlw Gl S My and  lullya g < Ms (2.12)

where

Gs = {(z,t) € GUG; : dist((z,1),8G, \ G3) > e‘}
and MB = M8(6a (IO,Q,kOaP,“:,&', G)
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Finally, we discuss the surface
Gy = {(z,t) € 3G, : a1(2,t) >0, v # n}.

By using a similar method as before, we can transform the boundary condition (1.5) into

a homogeneous boundary condition % = 0 on G4 where the function V* = V*(z,t)

satisfies the equation ‘ ;
ont‘f - R'e (va‘z + Bl V:) - 32V‘ - H"(‘ = BS in G.

Without loss of generality, we may assume that G lies in the lower half-plane Im < 0
and (0,t) € G4, because through a conformal mapping this requirement can be realized.
Setting b; = cos(v, z) and b, = cos(v,y), and making a transformation

z= %(1+b, +ib2)<+%(—1+b1 +ib)( (¢ =¢€+in) (2.13)

it is obvious that (2.13) is a homeomorphism { = {(z,t) in a neighbourhood of ¢ = 0,
which maps the surface G4 in the (-plane onto a surface Hy on the imaginary axis in
the z-plane. Denote by z = 2((,t) the inverse function of { = {(z,t). Thus the function
‘7((,“, t) = V*(2(¢,1), t) satisfies the equation and boundary condition

20‘7((' - Re (6‘7“( + El ‘7() - §2‘7 - Hi;g = Eg in ((G)
v

E=0 in H4 =<(G4)

Furthermore, by applying the method used for deriving the estimate (2.12), we can
obtain the estimates of V, V* and u, i.e.

Cglhpal,Gi < My and < M, (2.14)

"u”W:-l(E;") =

where

Gi= {(z,t) € GUG, : dist((z,t),0G, \ Ga) > e‘}

and Mg = My(9,qo,, ko,p,€,€*,G). Combining (2.7), (2.9), (2.12) and (2.14), the
estimates in (2.6) are derived il
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3. The solvability of the initial-mixed boundary value problem

In this section, we use the estimates of solutions in Theorem 2.2 and the compactness
principle of solutions to prove the solvability of Problem (M) for equation (1.2).

Theorem 3.1: If equation (1.2) satisfies Condition (C), then Problem (M) for
equation (1.2) has a solution u = u(z,t).

Proof: We are free to choose a positive inﬁeger m and to consider Problem (M)
for equation (1.2) with the initial and boundary conditions

u(z,0) = g(z) + gm(2,0) on D

(al + —1—) a_u + au = a3 on 9G,
m /) Qv

where gm = gm(z,t) is an appropriate solution of the oblique derivative problem for the
homogeneous equation (1.6) with the boundary condition

1\ 9gm 1 dg
(“”;)E*“w'"—‘aa on 0G2

such that g, satisfies estimates similar to (2.6) and g, — 0 as m — oo. According to
the following Theorem 3.2, we know that g,, exists and Problem (M,,) has a solution
um (m =1,2,...) which satisfies the estimates (2.6). Hence from the sequence {um} we
can select a subsequence {um, }, which uniformly converges to a solution ug = ug(z,t)
of equation (1.2) in any closed subset G. C G\6G2, and ug satisfies the initial condition
(1.4) and boundary condition

ala—uo— + azug = a3 on 4G, \ 0Gj.
ov
It remains to prove that ug is continuous on G and satisfies the boundary condition
(1.5). We select an arbitrary point p* = (z*,t*) € 8G; (it can be replaced by any
surface S C G3), and denote by G the point set {|z — 2°|> + |t — t*| < B} N BG,
where 8 is a sufficiently small positive number. We construct a real continuous function

f = f(z,t) as follows:

Mig+1 for (Z,t) € 0G, \Gg/g
(2,8) =

n>0 for (2,t) € Gp/.{
n < f(z,t) S Mio+1 for (z,t) € Ggo\ Gpya
where My is an undetermined positive number. The function f satisfies the estimate
Cl oe[f’aGQ] ﬂl-f-p—e‘ (5 <p—€e< 1)

where ¢ is a sufficintly small positive constant and M;; = M;1(Mio,0G;). Let i, be a
solution of the homogeneous equation (1.6) satisfying the boundary condition d;, = f
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on 3Gz. It is not difficult to see that @, satisfies the estimate C'®[iinm(z,t),G) <
Mz /B*+#7¢, where My2 = Mi2(5,q90,a,ko,G). Now, we extend a; from G3 to 8G,,
such that we have a new function a* € C;:?,/?(BGZ), ay(z,t) > 0 and a* = az on
Gp/2- Moreover, a solution u* of equation (1.2) can be found satisfying the boundary
condition uy, = az/aj on 8G. Setting @13 = Fiim — um + u’, it is easily seen that iy
are solutions of the equation Lu = 0. In the following, we verity that

ip(51) 20  and  d_(z,8) <0 ((zt) € G).
In fact, obviously @4(z,t) > Mo+ 1 — My > 0 on 3G, \ Gg/2 where
a3(z,t) . '

Mo =
0= Mtmax

>0 with M = max |umn(z,t)|
G
with a constant M being similar to M; in (2.1). If 44 takes a negative minimum in

G, then there exists a point p' = (2, #') € Ggj2 such that iiy(2',t') < mingiiy(2,t).
However we have ’

1 i .
(@0+ 2) 52 +ae iy

1)\ o, R 1\ Bul,
=(““”*5)37+%@0wuw+(m@0+;)au
M4 My, 1\ Ou;,
> M”T’ - gls):al(z’t)ﬂ)-fu—e - mﬂl-{-n—e + (al(z’t) + ;) v

for all (2,t) € Gg/2, where My3 = ming, , az(z,t) and M4 = My4(M)3,8G,). Due to
a) < MysB'+# on Gpg/2 with a positive constant Ms, we first choose # small enough,
and then select m large enough, such that

MM

1 8u;,
mpita—c’

m Ov

B M4 M5,

R

Au®
al(zxt)%

are less than ;:—Ml;m for all (2,t) € Ggyz. So

((11 + %) 631‘_: +agtiy >0 on Gp/g.
This shows that @4 cannot take a negative minimum on Gg/;. On the basis of the
maximin principle of solutions of equation Lun, = 0, #4(z,t) = @m(z2,t) — um(z,t) +
um(z,t) 2 0, i.e. um —uly < iy in G can be obtained. By the same reasoning, we
have @_(z,t) <0, i.e. um —ul, > —tm in G. From |é,] < non Gpgys it follows that
|um — uy,| < non Ggyy. By the equicontinuity of the sequence {@n} in G,

lum(z,t) — uin(z,8)| < ldm(2,t)| < 29

is seen for all (z,t) of a neighbourhood of (2*,¢*) in G. Denote by 1ig the limit function
of {um —uy,} in G. It is clear that |ido(z,t)| < 2n. Noting that 7 is an arbitrary positive
number, it is seen that @ at p* = (2*,t*) is continuous, and ip(z*,t*) = 0. Hence
up = g +ug at (z*,t*) is also continuous, where u§ is a limit function of a subsequence
of {u},}. This completes the proof il
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Theorem 3.2: Under the Condition (C), Problem (O) for equation (1.2) has a
solution u = u(z,t) satisfying the estimates

Cppl:Gl< M and  Jullwza g < Mis (3.1)
where B (0 < B < ) and Myg = Mi4(8, 40, @, ko, p,G) are non-negative constants.
Proof: The estimate (3.1) can be derived from Theorem 2.1. In the following, we

shall prove the existence of solutions of Problem (O) for equation (1.2). The boundary
condition of Problem (O) can be written in the form 3% + a,(z,t)u = a3(z,t), i.e.

Ou
cos(u,n)a + cos(v, s) + asu = a3 on 0G,

where s is the tangent vector at every pomt (z,t) € 8G2. In order to use the method of
parameter extension, we consider the initial and boundary conditions with the param-
eter 7 € [0,1]:

u(z,O) =g¢(2)+ 9-(2,0) on D
cos(v, n)a + 7 cos(v, s) + au=a on 0G,

where a is any function in the space Cﬂ’ﬂﬂ(G) and g, is an appropriate solution of the
oblique derivative problem for equation (1.6) with the boundary condition

cos(v, n)a—— + Tcos(v,s)—— + azgr =a—az + (1 — 7)cos(v, s)— on 0G,

65
where g1(z,t) = 0 on G if a = a3 on 8G,. By using the method as stated in [4: Chapter
2/Proof of Theorem 3.3] and the result in [3], there exists a solution ug of Problem (O)
with 7 = 0 for equation (1.2) and ug € Cﬂ 5/2(G)' By the method in [3] and [4: Chapter
1/Proof of Theorem 2.5], we can prove that there exists a number € > 0 such that for
T =¢€,2¢,...,[1]e,1 Problem (O) for equation (1.2) is solvable. In particular, when
T =1 and a = a3, then Problem (O) for equation (1.2), i.e. Problem (M) for équation
(1.2) has a solution u il
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