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Degenerate Parabolic Differential Equations
of Fourth Order and a
Plasticity Model with Non-Local Hardening

G. Grun

Abstract. By the means of energy estimates we prove existence and non-negativity results for
degenerate parabolic partial differential equations of fourth order in arbitrary space dimensions.
In addition, we present an elasto-viscoplastic model of Norton-Hoff type with isotropic, non-
local hardening which takes the formation of dislocation patterns during plastic deformation
into consideration. Finally, we give an existence result for this model.
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1. Introduction

In its first part this paper is concerned with existence and non-negativity results in
arbitrary space dimensions for degenerate parabolic partial differential equations of
fourth order of the following form: ’

oo+ div(m(e)(VAe+VA(e)) = f(,,0)  in 2x(0,T)

d 7]

= — = 1.1

EM4 ayAg 0 on 0 x (0,T) (1.1)
o(+,0) = po(+) in Q

We begin with a presentation of our general solution concept under comparatively strong
requirements on the diffusion coefficient m = m(p) and the initial value go. As appli-
cations we have in mind the Cahn-Hilliard equation and a model for the evolution of
the dislocation density in the theory of plasticity. Afterwards, we shall investigate in
which weaker sense we still can expect the existence of solutions of (1.1) if we do not
impose the rather restrictive conditions mentioned above. By doing so, we generalize
recent papers of F. Bernis and A. Friedman (3], and Yin Jingxue [16], which deal with
similar problems in one space dimension, in the case of bounded diffusion coefficient m
to arbitrary space dimensions, and in the case of unbounded diffusion coefficient m to
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the dimension N = 2 which is the relevant one for applications. Unfortunately, we still
cannot answer the question about continuity or uniqueness of a solution of (1.1).

We devote the second part of this paper to a simple elasto-viscoplastic model with
isotropic, non-local hardening. In our context, the attribute non-local refers to the fact
that the growth of the hardening parameter does not depend directly on the plastic
strain rate, but via a convolution operation on the dislocation density. We describe
the evolution of the latter by a degenerate parabolic equation of type (1.1). Here, the
gradient term has a destabilizing effect, and is therefore responsible for the expected
pattern formation.

Let us now specify our requirements and results. We make the following assumptions
on the data:

Q C RY is open with boundary 8Q of class C!'!. (1.2)
The diffusion coefficient m € C'(IR) N H'*°(IR) has the properties

>0 ifs>0
m(s) {:0 ifs=0 . (1.3)
>0 ifs<O.

If f # 0, we require in addition
lim m(s) > 0. (1.4)
3—00

Let the function f : RN x R x IR — IR be continuous, fulfilling the estimate

|f(z,t,0)] < C(1+ o) (1.5)

with a constant C' independent of (z,t). Furthermore, we demand the existence of a
constant R; > 0 with the property

For a special constant R > 0 (we can choose R = R,) let the function Go : R — R{
be defined by

G{,’(s):% and  GA(R) = Go(R) = 0. )

For the initial value g € H'(Q2) we require

/nGo(go(z)) dz < oo. (1.8)

Let the function A: IR — IR be continuously differentiable and fﬁlﬁlling the estimate
|A'(s)l < C for every s € IR. (1.9)

In Section 2 we shall prove the following existence result.
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Theorem 1.1: Under the assumptwna (1.2) — (1.9), there ezists a pair (p,J) with
the following properties:

0 € Wy (I HY(Q), L} (Q)) N L*(I; H2(Q)) N L= (I; H(Q))
J € L*(Qr; RY)
oc = —divJ + f(-,-,0) in L*(I;(H'(Q))).

Moreover, J fulfills the relation J = m(p)(VAp + VA(Q)) in the following weak sense:

//QT In = //QT m(0)VA(e)n - /AT m(e)Apdivn — /QT m'(e)VeAen  (1.10)

for allp € L*(I; H(Q; RN)) n L2+ N+¢(Qr; RN)' with nv = 0 in Q2 x [0, 7).
Eventually, the instial value go 1s assumed pre-continuously, i.e., there ezists a set
E C I with u(I — E) =0 such that p(-,t) converges to po in H*(Q), for t € E,t — 0.

In contrast to non-degenerate parabolic differential equations of fourth order the
solutions of which in general become negative even in the case of positive initial values,
we expect for solutions of problem (1.1) under an appropriate choice of the initial values
non-negativity (or even positivity) for (almost) all times. Here, the value of the growth
exponent in the degeneracy is crucial. The larger n is, the stronger is the tendency
towards positivity. We underline this in Section 3 by proving the following results. .

Theorem 1.2: Let n > 1 be the growth ezponent of the diffuston coefficient m at
zero. Under the same assumptions as in Theorem 1.1 we get the following statements:

1) For each n > 1, g is non-negative almost everywhere on Q.

2) Ifn > 2, then there does not ezist any subset E C Q with positive measure such
that

/ o(z,to)dz =0
E

for any tq € (0,T).

3) Ifn=2 orn > 2, then there ezists a positive constant C depending only on the
data and T which bounds for almost all t € [0,T] the integral

/nlog(g(z,t)) dz or /ng(:c,t)z_"dz,

respectively.
Moreover, depending on the dimension N we obtain the following positivity result.

Theorem 1.3: Let N = 2andn >4, or N =3 and n > 8. Under the assumptions
of Theorem 1 p(:,t) is positive on Q for almost all t € [0,T).

Let us remark that by appropriately choosing the initial values we can restrict the
range of our solution of (1.1) to an intervall [a, b], provided the diffusion coefficient m
degenerates in a and b. This observation is crucial for the treatment of the Cahn- Hilliard
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equation (see, e.g., in [7] or [16]) which models phase separation in binary mixtures. In
particular, we refer to the paper of C. M. Elliott and H. Garcke (7] which - as we learned
after finishing the first part of our work — was developped parallelly in time and offers
similar existence and non-negativity results.

Assumption (1.8) conceals a sign condition on gy which for large n makes it im-
possible to apply our concept to problems with initial values of compact support. In
Section 4 we free ourselves from the boundedness conditions on the diffusion coefficient
m and on the integral [, Go(go)dz, and under appropriate assumptions on A and f we
shall obtain existence and non-negativity results in a weakened sense. In particular, we
will see that for sufficiently large n the support of p does not shrink. But on the other
hand, we shall demonstrate that in general we cannot expect growth of the support in
course of time.

In Section 5 we combine the classical equations for the description of elasto-viscoplas-
tic material behaviour — as they are, e.g., expressed by the Norton-Hoff model with
isotropic hardening ~ with a degenerate parabolic equation of similar type as (1.1). The
latter is supposed to describe the evolution of the dislocation density and in particu-
lar to permit the modelling of the formation of patterns of cellular structure which is
observed on the micro scale during plastic deformation. For more detailed information
regarding modelling and mathematical results we refer the reader to Subsection 5.1.

Notation. By Q7 we denote the space-time cylinder  x (0, T), I stands for the time
interval (0,T), and i denotes the Lebesgue measure. For subsets E C  we define the
set

Qo(E, to) = {(J:,t) € QT| z€E and t€(to—oto+0)}.
As usual, f stands for mean-value integral, v is the outer unit normal vector to 2, and
WkP(Q) is the Sobolev space of k-times weakly differentiable functions in LP(Q2), the

weak derivatives of which are integrable to the power p. Furthermore, we make use of
the following abbreviations:

« H™(Q) = Wm2(Q)
o H}(Q) = {u € H}(Q): aa—yu =0 on 69}
o« H(O) = {u 2Q):  udz=
H2(9) = {u € HY(Q) ][n dz =0}
o H%(Q) = {n € H¥QRM): v =0 on 99}
. Vi) = {7] € H3(; R?) : divpe H3(Q) and nv =0 on 39}

o WNI;V,H) = {u € L¥(I;V): u € L(I; V')}, V C H C V' an evolution triple.

o By the word tensor we always denote tensors of second order on IR3. We do not
make any distinction between covariant and contravariant components, and identify
the set of tensors with M3*3 | the set of (3 x 3)-matrices. Equipped with the trace
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form, this set becomes an Euklidean. vector space. M3 is the subspace of the
symmetric (3 x 3)-matrices.

e For a tensor field 0 € H!(R®; M3*3) we define the vector field div o by the formula

=1
¢ By (u,v) we denote [, uvdz. Here, the arguments u and v are either scalar, vector

or tensor functions. We do not require that both factors are elements of L2(2), but
their product must be element of L'(2).

e (-,") denotes the dual pairing on (H'(Q))' x H(Q).

e (-, m2(n) denotes the dual pairing on (H2(2))' x H2(R).

o [u>6={ze:u(z)>6}and [u> by = {(z,t) € Qr: u(z,t) > 6}
e L(V,W) is the set of bounded linear operators from V to W.

2. Proof of existence for the model problem

Let us begin with an examination of the following auxiliary problems (Ps) (6§ > 0) with
non-degenerate non-linearity:

(Ps) o+ div(rﬁg(g")(VAgé + VA(Q6))) = f(-,,0%) in Qx (6,T)

0 5_0 . s5_¢o
3 —aVAg =0 on 00 x (0,T)

ms(z) = m(z) + 6.

We shall solve the problems (Ps) by use of the Faedo-Galerkin method. We observe that
the eigenfunctions (®4 )xe v of the Laplace operator with Neumann boundary values and
meanvalue zero combined with the constant function ®; = 1 form a total and free subset
of H3(2). Under assumption (1.2) they are in particular smooth, and in addition the
normal derivatives of A®; vanish on 9. Thus they are a suitable choice as ansatz
functions for the Galerkin method.

2.1 Application of the Faedo-Galerkin method to the auxiliary problems
(Ps). Let S* be defined by S¥ = span{®o,®,,...,®x} and P* be the orthogonal
projection on S* in L?(2). By use of the Peano existence theorem we obtain - at least
locally in time - the existence of functions wy, ..., wi which solve the following explicit
system of ordinary differential equations: : :

k
0i(t) =) w;(t)®;(-) for all t€ [0,T] (2.1)
Jj=0 .
03(-,0) = P*pq _ (2.2)

2 (64.25) - (mu(e) (Vack + VAED), VE;) = (£C. e 9;)  (23)
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forall j =0,...,kand t € (0,7).
Global solvability for arbitrary, but fixed T can be proven by use of a priori esti-
mates. For this purpose we multiply the system above by ¢§ — Ap{. This yields

1d
5&7(”92”22(9) + ||V9i||§,=(a)) + (ma(gi)VAgi,VAgi)
= (ms(e)VA(eh), Veb) + (ms(ef)Vact, V(ef - AeD))  (24)
+ (f(a ) gi)a Qi - Agi)

We take advantage of the growth conditions on m (see (1.3)), f (see (1.5)) and A (see
(1.9)), and obtain, by the use of the Young inequality, standard absorption techniques
and the Gronwall lemma, the following a priori estimates depending on 8, but indepen-

dent of k:

0% uniformly lies in a bounded subset of L°°(I; H'(f))

2.5
ms(0§)VApS uniformly lies in a bounded subset of L? (Qr; RN). (2:5)

In order to prove compactness in time of our approximate solutions g}, we multiply
equation (2.3) by P*v for arbitrary v € H'(f2), and obtain for ¢y € [0, T] the estimate

((8)er0) = (ma(e})(Vek + VA(eD), VP*) + (f( to, ), P*v)

. 1/2
< (IVebllurn(to) + (mate) VAt Vach) " (t0)

+ ||f(',fo,Bi)||m(n)>||ka||Hl(n)~

Since S* is invariant under application of the Laplacian, the projectors P* are uniformly
bounded in L(H*(Q), H!()), and with the a priori estimates above we conclude that
the following estimate is valid independently of k:

(¢%): uniformly lies in a bounded subset of L?(I; (HI(Q))') (2.6)
Observing the relation
((Vod)e,n) = —((o})e, divn) = —((e):, P*divn)
which is true for all n € H%(R), we continue with the estimate:
(Vo). uniformly lies in a bounded subset of L*(I; (HX(%))"). (2.7)
Let us remark that the last result is meaningless for the limit process k — co. But we
shall need it in a subtle way when §é tends to zero.

For the sake of completeness, let us now recall the following parabolic compactness
and imbedding results.
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Lemma 2.1 (Aubin - Lions; see (13: p. 57]): Let Bo, B and B; be reflezive Banach
spaces with compact imbedding By —— B and continuous imbedding B — B,. Then
for 1 < p,q < oo the Banach space

W={v: v € LP(I; By) and ngL"(I;Bl)}

s compactly imbedded into LP(I; B).

Definition 2.2 (see [18: p. 416]): We call V C H C V' an evolution triple if the
following conditions are fulfilled:

o V is a real, separable, reflexive Banach space
e H is a real, separable Hilbert space |
e The imbedding V — H is continuous, and V is dense in H.
Lemma 2.3 (éee [18: p. 422]): Let V. C H C V' be an evolution triple, 1 < p < 0o
and p' the dual ezponent to p. Then the space .
WALV, H) = {u cue LP(LV) and u € LP'(I;V')}

1s continuously imbedded into C(I; H).

Now we have gathered all the informations necessary to let ¥ — oco. By time
integration of equation (2.3) we get for arbitrary v € L%(I; H'(Q)) the equality

T T
/ ((0})e, P*v)dt — / (ma(gi)(VA(gi)+VAgi),vpkv)dt
S

0

. (2.8)

- /(f(.,t,gi),P*v)dt.

0

From the a priori estimates (2.5) - (2.7) and the assumptions (1.3), (1.5), (1.9) we finally
infer the following convergence results for a subsequence (o} )xem:

00 — o® pointwise almost everywhere and strongly in L*(Qr)

(ef)e — of weakly in L?(I;(H'(Q))')
(Vo) — Vol weakly in L?(I;(HR())')
VAel — VAR weakly in L?(Qr; R")

f(-,-,gi) N f(-,-,gé) strongly in Lz(QT)

ms(0f)(1 + A'(gi))v" — mg(gé)(l + A'(0%))v  strongly in L*(Qr)

if v* — v strongly in L?(7) (for the last point we have made essential use of the
boundedness of ms, A’ and the Vitali convergence theorem, see, e.g., in [1: p. 46]).
Thus passing to the limit in equation (2.8) and using Lemma 2.2 we find a function

o’ € W3 (I H'(Q), L*()) n L*(I; H*(Q)) N L*(I; HA(Q)) n C(I; H'(2))
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with the properties

T T
/ gl,v)dt /(mg(gg)(VAgd +VA(96)),Vv)dt = /(f(~,t,g6),v)dt (2.9)

for every v € L*(I; H'(Q)) and
' *(-,0) = eo(") (2:10)
in Q.

2.2 A priori estimates independent of § > 0. For the limit process § — 0 we have
. to improve our a priori estimates decisively. Just modifying (2.5), (2.6) or (2.7) would
not be sufficient because in this case we would not get any information concerning the
L*(Qr)-norm of Ap®. A uniform estimate of the latter, however, is essential in order
to identify a weak limit of (mé(gé)VAgd) in L?(Qr) with a limit of (9%)s—o in the
sense of (1.10).
Now we shall take advantage of a concept of F. Bernis and A. Friedman used in
[3] for proving non-negativity of solutions of (1.1) in space dimension N = 1. Using
peculiar primitives of the inverse of ms as test functions the authors get rid of m; in
the elliptic part of the equation. In combination with a convexity argument, which in
this context seems to be new, we shall apply this idea for proving a uniform bound on
the L? (I; Hf(Q))-norm of ps.
For fixed R > 0 let us consider the functions

6—0

t t

gs(t) =/r%(s)ds and Gs(t) = /96(3) ds.
R

R

Remark 2.4: It is possible to choose R = R; (cf. (1.6)).
We have

>0 if t>R .
gs(t)s =0 if t=R and G(t){>0 if t#R (2.11)
. 0 if t=R.

<0 if t<R

The following estimates are obvious:
1 1 2
lgs(t)| < 3|t - R| and Gs(t) < 3“ — R|*.

Especially in the case t > R we can - using inequalities (1.4) and R > 0 - refine our
estimate, and obtain with a constant C independent of § > 0 the estimate

lgs()] < C(t - R). (2.12)
For the convex functions G5 we have the following growth depending on 0 < é; < 6,:

Gs,(t) < Gs, (t) < Go(t) for each t € IR. (2.13)
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Let us proceed further by testing equation (2.9) with ¢° — Ag + gs(0%). Under the
premises

T
J ettt = 5 (16 2scan(T) eI oy ©) (214)
TD ]
[ et 8%yt = 5 (IVe 1@ ~ 196 (D)) (215)
T ' |
/(93,96(96))& = /Gs(é’&(z:T)) dz —/Gs(eo(fﬁ)) dz (2.16)
0. Q 2 .

which we are going to justify later on we obtain

1
e (@) + [ Go(e'(a, 1) do
Q

T T
+ [ (mate’)vae,vac) di+ / 18280 3qq dt
0

1
< 3lleollyuqay + / G (eo(=)) dz + / (me(e%) + 1) VA(e"), Vo)

0
T

T A
+/(m6(96)VA95 V(e® - A(g ))) dt+/(f(.,.’96)’96 _Aga) dt

// - 0%)gs(0®) dzdt
2‘>R]r

=+ +I3+ 14+ Is + Ts.

Here we have already made use of the non-positivity of the integral

// f(zyt196)96(96)d1dt.
[e*<R]r

By the means of (1.8) and (2.13) it is possible to estimate I, and Z, by a constant
C just depending on gg. For the other terms we obtain — using the Young inequality,
(2.12) and the assumptions (1.3) - (1.5) and (1.9) - the following inequalities with a
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constant C independent of § > 0:

T
I; < C/ IVe°li7:(qy at

1
5/ ms(e®)VAe ,VAg)dt+C/||Vg 1220 dt
0

i~]

1
L4%o sy [ 18t +C / 0* ey
0

o

Absorbing the terms containing VAg® and Ap? on the left-hand side, taking into account
the non-negativity of G5 and applying the Gronwall lemma, we finally arrive at the
following a priori estimates independent of § > 0 D.

o°  uniformly lies in a bounded subset of

L= (L H (@) N LA (1 Hi ()
m5(96)VA96 uniformly lies in a bounded subset of L%(Qr) (2.17)

/ G6(g6(:c,t)) dz  is uniformly bounded for t € [0, T).
Q
In the same way as in (2.6) and (2.7) we proceed, respectively, with the following
estimates:

0% uniformly lies in a bounded subset of L?(I;(H'(2))') (2.18)
Vo! uniformly lies in a bounded subset of L?(I; (H%(f))"). '

Let us now present the following lemma as basis for our estimates above.

Lemma 2.5: Let u € W} (I; H(Q),L*(R)) and let G € C*(R; R) be convez with
linear growth of its derivative g. Then

]z(uz,g(u)) dt = /G(u(z,‘f’g)) dz _/C(u(x, n))dz
2 Q

e}
for arbitrary elements 7,12 € I.
Proof: By the convexity of G we have the inequalities

%/(G(u(z,t)) G(u(z,t - h))) dz > /a"(u)\ g(u(z,t - b)) dz

Q

%/(G(u(z,t)) ~ G(u(z,t - b)) dz < /a,-"(u)" g(u(z,t)) dz
Q Q

) From the regularity theory for elliptic boundary value problems and the boundary reg-
ularity of © we infer that on H?(2) the H?-seminorm is equivalent to the L?-norm of the
Laplacian.
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Here 8! (u) and 8;*(u) denote the forward and backward difference quotient of u with
regard to time, respectively. Time integration of the first inequality from 7, +h to 72 +h
and of the second inequality from 7; to 77 yields

%(/M/ G(u)dzdt — / / G(u)dzdt) / / 0P (u)g(u) dzdt
1( / / G(u)dzdt — / / G(u)dxdt) / / A7 M (u)g(u) dzdt.

r2—h Q2 n-h Q

Passing to the limit A — 0 in these inequalities, using the linear growth of ¢ and the
regularity of u we finally obtain the result il

The premises (2.14) and (2.16) are simple consequences of Lemma 2.5. By minor
modifications in its proof and by the fact that Vp? is element of C(I; L*(Q; RN)) we
arrive at (2.15).

2.3 Limit process § — 0. From the first a priori estimates of (2.17), the last one of
(2.18) and the Aubin-Lions lemma we conclude that a subsequence (V¢®)s—o converges
pointwise almost everywhere and strongly in L?(Qr; R") to a function Vp. Using
standard imbedding results for anisotropic Sobolev spaces we can improve this result
furthermore. For this purpose we recall the following imbedding result (see, e.g., in [6:

p- 10]).

Lemma 2.6: Let  be of class C*! and v € L®°(I; LP()) N LP(I; W'P(Q)). Then
v € L"(I; L)) and the estimate

T 1/r . ;
vlarar <7(1+ ) (Iolbeonr +1900har)

is true. Here the constant v only depends on N,p and the structure of Q. Moreover,
r,p,q and N have to fulfill the relations

1_ N N
r p Pq
g€ P,I;/.N_pp] and r€[p,00) ifl<p<N

2 .
q € [p,00) and r€(%,oo] if 1< N <p.

Combining this lemma with our convergence results for Vg® and the Vitali conver-
gence theorem we immediately obtain the following lemma.
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Lemma 2.7: There ezists a subsequence (Vo®)s_o which for every p < (2N 4+4)/N
converges strongly in LP (QT; RN) to Vop.

Since there are simple counterexamples illustrating that the integrability of |Aul?
and m(u)|VAu|? does not imply that of |[VAu|, we cannot expect — using only the
estimates derived so far — the existence of spacial derivatives up to the order three for
solutions of (1.1). Hence we proceed further in the following way.

Let
=ms(e®)(VA(e®) + VALY)

be the flux associated to ¢°. From our a priori estimates (2.17) - (2.18) we derive the
following convergence results for a subsequence (0%)s—o:

o — o weakly in LZ(I;(H'(Q)))

o — » strongly in L*(Qr)
Vol — Vo strongly in L?(Q7; IRN) if p<(2N +4)/N
ng.—‘ Vo weakly in L2(I (H%() N

Js — J weakly in L?(Qr; RN)

f(0%) = f(,0) strongly in L*(Qr).
Writing equation (2.9) in the form

T T T

_ /(Qf,v)dt—/(Jg,Vv)dt=/(f(_’t’ga)’v) dt

0 0 0
we can pass to the limit for § — 0, and obtain in L?(I;(H'(R))')
0t = —leJ+f(,,Q) |

In order to relate J to p we note the identity

T T
JUsmyat = [ (matet)vaet)n) d

T T
- /(ma(eé)Ae°,diV n)dt - /(m'(eé)Aoéveé,n) dt
0 0
which is true for all vector functions n € L2(I;(H'(2))V) N LY(Qr) fulfilling nv = 0 on

00 x [0,T] and ¢ > 2+ N. Using once more the a priori estimates (2.17) - (2.18) we
infer the convergences

Ao’ — Ap weakly in L*(Qr)

ms(e®)A'(e®)n — m(e)A'(e)n strongly in L*(Qr)
m'(e®)n — m'(o)n strongly in LY(Qr; R™)

mg(ga)divn — m(g)divn strongly in L*(Qr).
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Thus J fulfills the relation

J =m(p)(VAp + VA(p))

in the sense of (1.10).

For the proof of the pre-continuity of Vg(-,t) in t = 0 we first observe that Vp(-,t)
converges for ¢t — 0 weakly in L2 (Q RN) to Vgg. On the other hand, testmg equation
(2.9) with Ag® and passing to the limit § — 0 yields the estimate

t

t
lirglsélp||V96(',t)||3ﬂ(n) < IVeollZ2¢a) +C/||V9||3,2(n)df’+ /(f(~,t,9),A9) dt
0 ' 0 '

with a constant C independent of t. Since V® converges strongly in L? (QT; RV ) to
Vo, there exists a set E C I with the property u(I— E) = 0 such that V’(-,¢) converges
for t € E and a sequence § — 0 strongly in L2(2, RV) to Vo(,t). Thus passing to the
limit ¢ — 0 in the estimate above yields for ¢t € E

limsup | Ve(, 2@ < IVeoll 2y

L

hence lim;—o ||Vo(-, t)llL2¢a) = |V eollL2(qy Which proves Theorem 1.1.

3. Proof of the non-negativity results

Our proof of the Theorems 1.2 and 1.3 is based on the observation that the last a priori
estimate of (2.17) conserves the non-negativity properties of the initial value for (almost)
all times. For this reason let us have a closer look on Gg in a p031t1ve nelghbourhood
of the origin. Consider

m(s) = [s|"fo(s)  (n>1)

and .
>0 in [0,00)

fo € C([0,00)) N C((—00,0)) with  fo { >0 in (<00,0).

We cite from [3]: ' ,
Ao +0(t* ™) if l<n<?2

Go(t)=1¢ —Alogt+0(1) if n=2 3.1)
At + R(t) if n>2.

Here Ag, A1 and A, are positive constants, only dependmg on fo and n, and R(t) has
the growth properties
ot ") ifn>3

R(t) = ¢ O(-logt) if n=3
o(1)  if n<3.
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Proof of Theorem 1.2: ad 1): Using the fact that with exception of a set of
Lebesgue measure zero each point z € Q is a Lebesgue point of a function u € L'(2),
it is sufficient to show that there does not exist any set E C Q having for any ¢ € [0, 7T)
the property

][ o(z,t)dz < 0.
E !

Let us argue by contradiction. Suppose there exist E C Q and ¢y € (0,T) such that

f o(z,to)dz = —e < 0.
E .

The inclusion ¢ € C(I; L*(R)) implies the existence of ¢ > 0 fulfilling

ﬂ ‘g(:c,t) dzdt < —-¢' < 0.

Q. (E,to)

Let S C Qo(E,to) be defined as the set of all (z,t) € Q,(E, ty) which fulfill p(z,t) < —¢'.
Obviously, u(S) > 0.

Since the functions g® converge for § — 0 strongly in L%(2r) to o, we can - perhaps
after the selection of a subsequence - apply the Egorov theorem, and get for arbitrary
v > 0 a subset S, C S with (S — S,) < 7 and the property that (o° )s'—o converges
uniformly on S, to g. This yields for sufficiently small 6§ > 0

0% (z,t) < =" <0 forall (z,t)€S,, § <&

On the other hand, we obtain by (2.11)

i PUKICE /i Gute®)
¥ (2,1)
-

gs(s) dsdzdt > u(S-) / gs'(s)ds.
7 ' R

’

Using the monotone convergence theorem we conclude that the last term converges for
§ —=0to ’

1"
—€

u(S>) [ aos)ds = +oo.
A :
This contradicts the third a priori estimate of (2.17).

ad 2): Suppose there exist nevertheless a subset'E C Q and a point ¢y € [0,T)
having the properties described in Theorem 1.2. Then for each ¢ > 0 we could find

a(€) > 0 such that _ .
]9[ o(z,t)dzdt < <.
Que)(Eoto) 2
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Statement 1) of Theorem 1.2 implies that the measure of the set [ > £} N Qo) (E, to)
is bounded by o(e)u(E). For this reason the set S, = [p < €] N Qq(,)(E,to) at least has
measure o(€)u(E). Applying the Egorov theorem once more we make ourselves sure
of the existence of a subset S, C S, with measure Jo(e)u(E) such that a subsequence
- (o )5» —0 1s umformly convergent on S, to g. For sufficiently sma.ll ‘6, we have on S,
that 0 < ¢% < €' forall §' < 8. Hence

// Gs (0% (1)) dzdt > %0(6)#(3) / gs:(s)ds. "(3.2)
Qe (e)(E,t0) R ’ !

The right-hand side of this inequality converges for §' — 0 to

]
€

So(Eu(E) / gos)ds > §a(e)yw>{

R

€2 if n>2
—loge' if n=2..
Taking into account that in inequality (3.2) we have integrated over Q,(.)(E,t0) and

that the last a priori estimate of (2.17) is valid for a.ll times ¢t € |0, T] we obtain a
contradiction in the limit €,e’ — 0.

ad 3): First, we observe that on the set [e > O]T the convergence g%(z,t) — o(z,t)
implies the convergence G5(¢%(z,t)) — Go(o(z,t)) for § — 0. From statement 2) of
Theorem 1.2 we infer that this convergence takes place for almost all (z,t) € Qr. Since
we deduce from the last estimate of (2.17)

T+e
/Gg(gs)dxdt <C
T—e Q Co )
we can apply the Fatou lemma, and end up with

T+e

/ Go(o)dzdt < C.

r—e @

Combined with (3.1) this yields the theorem il

Remark 3.1: Since Gy does not generate any singularity in the case n < 2, the
integrability of Go(p) is obvious.

Proof of Theorem 1.3: Exemplarily, we prove the first result: As the function
o(+,t) is element of H?(Q), the Sobolev imbedding theorem implies its Lipschitz con-
tinuity. If o(-,t) vanished at a point o € Q, we could conclude with statement 3) of
Theorem 1.2 that

1 A
0o > /g(:z:,t)z'" dz > ¢ / |z — zo]* "dz > c2/r3‘"dr.
13 [}

Q

For n > 4 this is a contradiction §
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4. Perspectives and limitations of the presented solution
concept

The boundedness conditions on the integral fn Go(0o) dz, on the diffusion coefficient m
and on its derivative m' were essential ingredients of the existence and non-negativity
results presented above. Unfortunately, these requirements make it impossible to use our
concept as soon as the diffusion coefficient m has polynomial growth or as soon as n > 2
(cf. (3.1)) and the initial value gy has compact support. But for some applications like,
e.g., the spreading of a viscous droplet on a plain surface (cf., e.g., [3] and the references
therein), one should be able to handle these difficulties.

In this section we derive existence and non-negativity results in a weakened sense.
For the sake of simplicity, we confine ourselves to the following problem:

(P') ot +div(m(p)VAp) =0 in Q x (0,T)

0 17
3 _EAQ_O on 00 x(0,T)
o(-,0). = oo(-) in Q.

4.1 Initial values with compact support. In this subsection, for n > 2 we free
ourselves from the boundedness requirements on the integral fn Go(oo) dz. For merely
technical reasons we require in addition to condition (1.3) that

m(s)=0 if s<0. (4.1)

Let us remark that it is also possible to handle the more general equation considered in
Theorem 1, provided the regularity of the inhomogeneity f (++,-) permits integration by
parts in the last term of equation (2.4). In that case - already by testing with g% — Ap?
- we obtain a priori estimates independent of § for the W} (I, H(Q), L*(2))-norm of
¢® and for the L?(Qr)-norm of Js, respectively. :

Having applied the procedure of Subsection 2.1 for proving the existence of weak
solutions p? of non-degenerate auxiliary problems (as in (2.9) and (2.10)) we pass to the
limit 6 — 0 and get a pair

(e,7) € Wy (LI, H\(Q), L*(Q)) N L*=(I; H*(Q)) x L*(2r; RN)
with the property
or = ~divJ in L*(L;(H'(Q))).

Globally, we cannot expect a relation between J and g in the sense of (1.10) since
it is not possible to control the L?(Qr)-norm of Ag®. Neither do we obtain a global

non-negativity result: But the following statement of merely local character may be
derived. : : ' ' :

Theorem 4.1: Assume conditions (1.2),(1.3) end (4.1) are fulfilled. Let o be a
weak solution of the auziliary problem (P%) associated to problem (P'). Let & € C§R(R)
be non-negative having the property

/fO(IF)Go (90(1')); dz < oo.
Q
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Then for each subset S CC [y > 0] there ezists a constant C(S) which 1s independent
of t and & such that

T

/ |A0%(z,t)|? dzdt < C(S) and /06 (gé(x,t)) dz < C(S)
0Ss S

for allt € [0,T) and § > 0.

Remark 4.2: The results of the Theorems 1.2 and 1.3 apply to the interior of [&o >
0], i.e., in this region the non-negativity and positivity properties of gy are conserved
for almost all times ¢. In particular, the support of o does not shrink in course of time.
Unfortunately, the second estimate stated in Theorem 4.1 does not suffice to identify J
even only locally with m(g)VAp in the sense of (1.10).

Proof of Theorem 4.1: In the weak formulation of problem (Ps) analogous to

(2.9) we choose v(z,t) = £(z)gs(0%(z,t)) as test function. Here the function & € Cso(R)
is non-negative, and its support is compactly contained in [€o > 0]. Using the smooth-
ness and time independency of £ we can apply Lemma 2.5 and obtain

. T
[ecs@@)az + [(ac cae)
Q . 0

T T
= /{Ga(go)d:c + /(ha(gé)VAgs, VE) dt - /(A96V£, Vo®) dt
143 o - 0
(here hs is defined by hs(s) = ms(s)gs(s)). Integration by parts yields
T
/ €Gs(0%(T)) dz + / (A%, eA0%) dt
Q

o .

T
= [eooads - [(adve v (42)
" T ° T
+/(h'o(96)Ae6V96,V§) dt+/(hs(96)A96,A£) dt.
0 0

For the derivative of hs we calculate
f dr
Ry(s) = m'(s / LU
0=ro) [ 2

As m'(s) and fpm(r)~'dr grow in a positive neighbourhood of the origin like s"!
and s’ ", respectively, the following estimate is valid with a constant C independent of
6> 0:

=0 ifs<0

Rhi(s
IR )l{gc if s> 0.
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Inserting this result into (4.2) yields

T

/ £Gs(e"(T)) dz + / (A0’ £A0%) dt
Q 0
< [¢Gotenydz+ [ (1a2119€119¢1+ |ac'] 6] 1A¢]) doct.
0 T

Now we choose - following the concept in [3] - £ = {* for some s > 4 and a test function
¢ € C§°(R). Since g° is uniformly bounded in L>(I; H'(2)), we get the result B

Remark 4.3: It is not possible to conclude from this result, which by minor mod-
ifications can also be applied to equations of the form

o+ e (D079 + 98)) 0

with positive A and boundary conditions as in problem (P'), that the support increases
in course of time. In one space dimension this can already be illustrated by the following
example of a steady state solution with compact support:

Let Q be the interval [— 27",+2T"] and M be a positive constant. Consider the
function '

M4+ Mcos(Az) ifze(—5,+%
g(z) — { ( ) ( A A)
0 otherwise.

Obviously, g is element of H3(Q)NC>®(~ 5,+3)NC=(2\ [- %, +%]) and fulfills the
equation above in the sense of Theorem 1.1, respectively in the sense of Theorem 3.1 in

(3]

4.2 Diffusion coefficients with polynomial growth. In this subsection we present
existence and non-negativity results for problem (P') under the assumption

m(s) = |s|® foran a>1. (4.3)

Since we are mainly interested in modelling the spreading of a viscous droplet, we confine
ourselves to the case N = 2. By modification of the proof of Theorem 1.1 we obtain the
following statement.

Theorem 4.4: Under the assumptions (1.2), (1.8) and (4.3) there exists a pair
(0, J) with the properties

0 € W3 (I; H(Q), L*(Q)) N L= (I; H'(%))
J € L>~*(Qr; R?)

and

T
/ 0t,V H’(ﬂ) dt = /(J Vv)dt (44)
0
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for allv € L?(I; H}(Q))n LW(I;H‘(Q)). Moreover, J fulfills the relation
J =m(e)VAe

in the following weak sense:

// Jndzdt = — // m(p)Apdivndzdt — // m'(0)Volon dzdt (4.5)
Qr Qr Qr
for allp € L*+<(I; W' 2*¢(Q; R?)) N L°(Qr; R?) with nv = 0 on O9.

Sketch of the proof: As in Section 2, we obtain approximate solutions ¢ of
problem (P}) by application of the Faedo-Galerkin method. By testing with Ag$ we
immediately derive the following estimates independent of § and k:

m'/?(g8)VAp!  uniformly lies in a bounded subset of L? (Qr; R?)

4.6
02 uniformly lies in a bounded subset of L>(I; HY(2)). (4.6)

For proving time compactness of (p§)xev it is necessary to take into account the growth
of the diffusion coefficient m. We make use of the uniform boundedness of the projections
P* in L(H?*(R), H2(Q)), and obtain for arbitrary v € HZ(Q) the estimate

((Qi)l’ ka) '10 < Cllml/z(gi)VAgil|L7(n) Lo ”ml/2(gi)” L2+e(Q) |t0 ”v”H.’(ﬂ)
The estimates (4.6) and the Sobolev imbedding theorem (N=2!) then imply

(6%): uniformly lies in a bounded subset of L2 (I; (HE(Q))')

(Vo8): uniformly lies in a bounded subset of L2,(I;(V3(Q))'). (&.7)
Passing to the limit k¥ — co we find a function
o’ € W} (I HX(Q), L*(Q)) n L (I; H(Q)) N L*(I; H“(nj)
which solves problem (P}) in the following sense:
. T T
/ (0f,v) ey dt = / (ms(e)Vaet, vv) at (48)
0 0 .

for all v € L2(I; H3(Q)) N L>=(I; H'(Q)).

From the estimates (4.6) we easily conclude that for a subsequence § — 0 the flux
Js = ms(0®)VAg® weakly converges in L27¢(Qr; R?) to J. Combined with the first
inclusion of (4.7) this yields (4.4). For the proof of (4.5) we observe that gs(o%) is an
admissible test function in (4.8), and we obtain as in the first and third statement of
(2.17) _
Ag®  uniformly lies in a bounded subset of L*(Qr)

/ Gs(e®)dz s uniformly bounded for ¢ € [0, 7. (4.9)
Q B
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respectively. Using the last statement of (4.7), the first one of (4.9) and Lemma 2.7
it is clear that for a subsequence (¢%)s—o the gradient Vo’ converges pointwise almost
everywhere and strongly in LY (QT; HZ) to Vg for arbitrary ¢ < 4. Thus passing to the
limit in (4.8) we find a function

o € W} (I; HX(Q), L} () N L™ (I; H(Q))

which solves problem (P’) in the following sense:

T T
/ 00, 0 macay dt = / m(0) Ao, Av) dt — / (m'(¢)Ve, AoV) dt
0 0

for all v € L2+e(I; W22+¢(Q)) N L (I; W1*°(Q)) with (Vv)r = 0 on Q. This proves
Theorem 4.4 11

A direct consequence of the last statement of (4.9) is the following

Corollary 4.5: Under the assumptions of Theorem 4.4 the non-neéativity results
of the Theorems 1.2 and 1.3 apply to weak solutions of problem (P').

5. A simplified Norton-Hoff model with isotropic,
non-local hardening

5.1 Modelling and statement of the results. In recent years material scientists
and engineers became more and more occupied with modelling and explaining the for-
mation of cellular patterns in metals during plastic deformation. A decisive influence
on phenomena like this is exerted by dislocations, i.e., perturbances in the lattice struc-
ture which are generated to a smaller extent during crystal growth, but mainly during
plastic deformation. Usually, one distinguishes between dislocations of edge-type and
of screw-type (cf. the monography of Hirth and Lothe [8]). The curve in the crystal
along which the lattice structure is disturbed is called the dislocation line. The Burgers
vector b describes in which direction and how far atoms have to be moved in order to
reorganize the lattice to the original configuration. In the case of dislocations of edge
type, it is orientated perpendicularly, in the case of dislocations of screw type parallelly
to the dislocation line. For energetical reasons dislocations often organize to more stable
configurations, so called dislocation dipols. Especially for the phenomenon mentioned
above dipolar loops (i.e., dipols made of dislocations with a circular dislocation line) of
edge type dislocations are of great importance since experiments indicate that in the cell
walls their concentration is incomparatively higher than in the cell interior. Observing
that especially high concentrations of dipolar loops hinder plastic glide and therefore
contribute to the hardening of the material, it is natural to relate the loop density to the
parameter of isotropic hardening used in classical models of phenomenological plasticity.

A simple model describing the pattern formation mentioned above has been pro-
posed by J. Kratochvil and M. Saxlova [10]. '
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For these authors the dislocation population consists — in an idealized way - of glide
dislocations of screw type and dipolar loops of edge type. As the size of the latter is
negligible in comparison to the diameter of the cells, they may be considered as point
objects and be described by an internal parameter g which stands for their density. In
contrast, the glide dislocations enter the model only implicitely via the plastic strain
rate.

The authors propose - confining themselves at first to one glide system - the one-
dimensional evolution equation

82 +o00
e+Dzz / M(z = 2')o(z') dz’ = Aole, .

Here M € C§°(IR) is non-negative and symmetric, D and Aq are positive constants and
€p denotes the plastic strain rate.

In a successive paper J. Kratochvil and M. Saxlova present a method to generalize
this model to the case of more than one active glide system [11]. Assuming an isotropic
interaction between the different glide systems they obtain

N +o0

o+ D Z div’ grad’ / M(a)o(z + al?j, t) da = Agle,|. (5.1)

i=1 —oo
Here & denotes the Burgers vector of the j** glide system. Unfortunately, this formula-
tion still withstands a successful mathematical analysis. Since g is supposed to play the
role of a density, we have to require its non-negativity. But even in the case of positive
initial values solutions of equation (5.1) in general do not remain non-negative in course
of time. Since the introduction of a diffusion coefficient with degeneracy in zero which
seems to guarantee — as numerical experiments in [12] indicate - the non-negativity of o
poses severe problems for the mathematical analysis, we free ourselves from the convo-
lution formulation in equation (5.1). Instead of postulating finitely many glide systems
we assume infinitely many of them being uniformly distributed over the unit sphere.
Hence we substitute the summation over the different glide systems by an integration
over the unit sphere. This yields after Taylor expansion of ¢ up to order two and after
neglecting the terms of higher order

6+ div (D(HoVe+ HiVAe)) = Aolé,|.

Here Ho and H, depend in the following manner on M:
4 +o00 9 + o0
Hy = 3™ / M(z)dz and H, = 5" / M(z)z’dz.

In order to guarantee the non-negativity of p we choose a diffusion coefficient m(p) which
depends on g and obeys the conditions (1.3) and (1.4), and obtain finally as evolution
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equation for the density of dipolar loops an equation of type (1.1) with right-hand side
f(,+,0) = |ép| (we have chosen Ag =1).

The non-local character of the hardening process is taken into account in the fol-
lowing way. Let us define by

h(o)(z,t) = ho(z) + [ M(z - y)d(y,t)dy (5.2)
RS

with .
A Q(I, ) if z€Q
Q((E, ) = .
0 otherwise
the hardening parameter h(p) associated to p. The function hy € W'°°(f) is non-
negative, M € C$°(IR?) is radially symmetric and non-negative, and we have the equal-
ity fRS M(z)dz = 1. In particular, for arbitrary 1 < p < oo the estimates

IA(@)lizcay < C(1+ llellzrey)

(5.3)
IV R()llLrcay < IVMIiLv@yllellLs(ny + I Vholl Lo ()

are true. Let us now combine the evolution equations derived above with the continuum
mechanical equations describing plastic behaviour with hardening as they were treated,
e.g., in [9]. For technical reasons we confine ourselves to an elasto-viscoplastic model of
Norton-Hoff type which we are going to present now.

Under the influence of time dependent volume forces f and surface forces F' | an
elasto-plastic body, which occupies at time ¢ = 0 the reference configuration @ C IR3, is
deformed. The Cauchy stress tensor o, the hardening parameter k(g), and the displace-
ment u describe the evolution of the body. Assuming small deformations and a qua-
sistatic evolution, we identify the actual configuration with the reference configuration
and neglect in the equation of motion such terms in u which contain time derivatives of
order two. This permits to formulate the following relation between forces and stresses:

divo+f=0 in
ov=F on T} COQ.

Let us proceed further with the constitutive law which prescribes the interdependencies
between stress tensor and hardening parameter on the one hand and strain tensor on
the other hand. As long as the von Mises condition is fulfilled, which requires that the
norm of the deviatoric of the stress tensor in each point (z,t) € Q21 is bounded by the
value of the hardening parameter h(g(z,t)), we assume the validity of Hooke’s law, i.e.,
a linear dependency between the stress and strain rate. Otherwise, in addition to the
elastic part of the strain rate there appears a plastic part which mathematically we shall

obtain by penalizing the von Mises-condition. To get more into detail let the von Mises
cone K C M3X3 x IR be defined by

sym

K= {(r,h) . |[rP(r,h)| < h}.
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Here )
P=7— §tr('r)Id

denotes the deviatoric of 7 where Id is the identity on R®. For fixed a > 0, d(7,h)
stands for
d(t,h) = a”'dist ((r, k), K).

Using a result of E. H. Zarantonello [17] we observe that d?(7, k) is differentiable with

differential
=27 (7)) -me (7)) = (eoh).

Here Il denotes the orthogonal projection onto K in MJ53 x IR. Elementary geomet-
rical considerations yield

2 D TD . D
\ o~ (l‘r | —h)m if IT I Z Ihl
Teen(T,R) =9 5 2 D if |7P]<—-hAR<O

0 otherwise
a~?(h—|7P)) if [7P]> |A|

Yskal(T, h) = ¢ 2a72h if |7P|<—-hAh<O
0 otherwise,

respectively. Hence, there exists a constant C(a) such that
[Yeea (7, B)| + |Yskat(7, )| < Cla)(I7P] + |Rl). (5.4)

By I(7,h) = [, d*(r,h)dz we define a real-valued functional on L2(9; Mssy’f,f x IR).
According to the estimate above it is finite everywhere, convex, continuous, and Gateaux
differentiable. With y we again denote its derivative. From the theory of monotone
operators we infer that +y is a monotone, hemi-continuous operator on L?((; M;’y’,‘: x IR).

In the sequel we shall be concerned with the following

Problem: Find a triple (0,0,u) € Saa(f, F) x H}(Q; R) x Cnd(U) Whlch solves
in an appropriate weak sense the following system:

AG + Yeen (0, h(0)) = (1) in ©x(0,T)
6+ div (m(e)(HVe + VA0)) = ~mowai(0,h(e)) in 2 (0,T) |
(5.5
%g:%Ag:O on 90 x (0,T)

(”(')0)a 9(’1 0), u('s 0)) = (‘70, Qo, uo)-

Here, we have used the following abbreviations:
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e Caa(Up) ={uce H%Q,R“) : u = Up on Iy} is the set of the kinetically admissible
displacement fields. C?; is equivalent to Caq(0).

o S.a(fo,Fo) ={o € Lz(Q;Mfy’;f :dive+ fo =0inQ and ov = Fy on ', } is the
set of the statically admissible stress tensor fields. 52, stands for S,4(0,0).

e 00 =Ty UT,, and the surface measure of I'g does not vanish.
o e(u) = %(Vu + VuT) is the linearized strain tensor.

o A~!isthe symmetric, positive definite Lamé-Navier operator of linearized elasticity.
En detail, (A0)i; = 5,0:;— mtr(a)&j for all ¢ € M2} with Lamé constants
A p

e H is a positive constant.

Remark 5.1: In the sense of the usual decomposition of the strain tensor in a
plastic and an elastic part the latter of which is — according to the equations of linearized
elasticity — given by Ao we can interprete yien (0, R(g)) in problem (5.5) as plastic strain
rate. Our results of the previous sections indicate that g will be non-negative. Hence
we have :

—Yskal (0: h(@)) = |’7ten (0’ h(g)) l

For this reason problem (5.5) is equivalent to
6+ div (m(g)(HVg + VAQ)) = |6,

Assuming a homogeneous, non-negative initial distribution go we expect the following
course of the deformation process: At first yen = 0, and p remains constant. From a
time tp on locally in Q there occurs plastic deformation which initiates the evolution of p.
On account of the positivity of H the gradient term in problem (5.5) has a destabilizing
effect, and a linear stability analysis — neglecting the degeneracy m - indicates that
small deviations of p will grow exponentially in course of time.

Unfortunately, this framework does not allow to confine the evolution of ¢ to such
regions in {27 where plastic deformation takes place. For this reason it seems to be
impossible to simulate cyclic loading using this model. Nevertheless, it is worthwile
to mention that we do not expect an immediate spreading all over 2 because of .the
degeneracy of m and the smoothing properties of h. In this context we refer to the
results of F. Bernis, L. A. Peletier and S. M. Williams concerning source type solutions
of degenerate parabolic equations of fourth order (see [4]).

Finally, let us mention that our choice of the boundary conditions for ¢ was moti-
vated by the assumption that the flux of the dipolar loops vanishes at the surface of the
body.

In order to relate surface forces on the boundary 9 to the stress tensor o we direct
the reader’s attention to the following result of R. Temam for domains with boundary
of class C?. : : :
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Lemma 5.2: If 7 € L*(Q; MJ3) and divr € L*(Q; R®), we can define the trace
of Tv on O as element of H='/2(8Q), and obtain the following estimate with a constant
C depending only on §2:

lrvli-1r2gamy < € (lIrlzaca + Idivrlizaey). (56)

Moreover, the following generalized Green formula is valid for allv € HY(Q, R®) and
TrelL? (Q;Mﬁ;,‘,;"’) with divr € LQ(Q;Rs) :

/ra(v)d:z = /r(v@u)dF - /vdivrdz. (5.7)

Q an Q

Here the first term on the right-hand side denotes the dual pairing between the spaces
HY%(0Q) and H=1/2(3Q).

For the data we require the following regularity properties:'

Y

U,U,U € L®(;H'(R®), U=0 on I x[0,T)
ug,uy € HY(Q; R®), wuo = U(0), uy = U(O) on I
oo € L%Q;Mf;f,f), ol €K ae on Q
ff € L®(I, L} R?)) and F,F € L®(I; L*(T; R%))

oo € H'(R) and /Qco(go(z)) dz < oo,

(5.8)

/

Finally, we assume the validity of the following condition ascerta.ininé that the set of
admissible tensor fields contains elements with sufficient regularity.

Safe-Load Condition: There exists a tensor field xien With the property that, for
each t € [0, T, :

Xtens Xten € Lw(QT§ ng)::) and Xten(',t) € Saq (f(t),F(t)) (59)

We prove the following existence result for problem (5.5).

Theorem 5.3: Under the assumptions (1.2) — (1.4), (5.2), (5.3), (5.8) and (5,9)
there exists a quadruple (o,u, p,J) which solves system (5.5) in the following sense:

t

A(o(t) — o0) + /’ne..(a(s), h(o(s))) ds = e(u(t)) — e(uo) VYVt €[0,T] (5.10)

T . T T
/(97 U)dt - /(‘]a Vﬂ)dt = "“/('ﬁkal(ou h(@))a’])dt v neE LZ(I,HI(Q))

0

o(-,t) € Saa (f(2), F(t)) VY te[0,T].
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For p the non-negativity results of Theorems 1.2 and 1.3 apply, and J fulfills the relation
J =m(p)(HVeo + VAp) in the sense of (1.10).

Purthermore, o and J have the same regularity properties as in Theorem 1.1, o €
W3 (I; L*(Q)) and u € L*(I; H'(Q)).

Remark 5.4: Since the admissible set K does not have a sufficiently smooth bound-
ary, it is not straight forward to relate & and ¢(u) in the sense of problem (5.5). Further-
more, to the best of our knowledge, there are no results offering more than p-integrability
of the deviatoric of o if v has p-growth in ¢?. Indeed, by the use of duality methods
J. Frehse and A. Bensoussan show in [2] L®(I; H}_(f2))-regularity of the stress tensor
for a Norton-Hoff model without hardening parameter. Unfortunately, in our case this

result is not sufficient. For these reasons we only permit linear growth of v and confine
ourselves to the results of Theorem 5.3.

As in the case of Section 2, the uniqueness of the solution remains an open problem.

5.2 Proof of the existence result. Our proof combines our techniques of Section
2 with the methods R. Temam used in his paper [15] for the pure Norton-Hoff model
without hardening. Let us begin with the following weak formulation for the inclusion

property o(-,t) € Saa(f(t), F(1)):

(0(-,8), e(w)) = / (2, t)w(z) dz + / F(z, tyw(z) dT =: L(t, )
Q

N

for all w € CYy.
By the means of the Faedo-Galerkin method we prove the existence of solutions

(06A1 05Xy u&A)

for the following doubly regularized problem (Psy) with §, A > 0.

(Psx) Adsa + Men(0sr, h(052)) = €(tisn)
T T

/(ééx,ﬂ)dt - /(mo(eox)(Hveax + VAQ&A),Vﬂ)dt
0 0

T
= — [ (et (053, h(@s2)),m ) dt. for all n € L*(I; H(%).
0
A(e(sr), e(w)) + (osa,6(w)) = L(t,w) forall we CYHy.
Moreover, we require that (06,\, g;,\,u,;,\) fulfill the initial and boundary conditions of

problem (5.5) and that usy € C*4(U).
Let (1;)jenv and (wj)jemn be total and free subsets of L?(Q; M3)2}) and Cpy, re-

sym
spectively, and &;, S* and P* as in Section 2. Further, T* denotes span {7y, ..., 7%} and
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Pr. is the orthogonal projection in L2 (€; M?3*3) onto T*. In a similar way we define
W* and Py:. With the help of the Peano existence theorem we find functions

ox(-t) = Zal,mr,( ) ety = Zazxt)@j(-), vi(-,t) = Zas,-(t)w,(-)
=1 j=0 =1
solving locally in time the system of ordinary differential equations

2 (401,7) + (Ten(on, h(00).75) = (eox + U),75) ‘
foryj=1,..,k
d .
E(ek,%) - (mo(ek)(HVQk + VAQk),V‘I’j) = _(7skal(ak,h(9k)),q)j) \(5.11)
for j = 0,...,k
A(e(vr + U),e(w;)) + (0%, e(w;)) = L(t, w;)
forj=1,..,k J

to the initial values
ok(-,0) = Preoo(-), ex(+0) = P*po(-), wi(-,0) = Pyn (wa(-) = U(-,0)).
For simplicity, we have omitted the indices A and 6.

In order to obtain the a priori-estimates necessary for the proof of global solvability
of (5.11) on [0,T] and the limit process k — co we test the equations of system (5 11)
with ok, ox — Apx and vi, respectively. Summing up we arrive at

2 2 {(A0k,00) + ek, 00) + (Vor, Vu)}
+ (ma(er)Vaer, Vaer) + Me(wr)llEacay
= L(t, o) + (e(U), 0u) = A(e(U), €(vr))
+ (7ska.l (0%, h(ek)),AQk - Qk)
- (%en (%h(ek)),ok) + (mé(ek)HVm;,ng)

+ (ms(er)Vaer, (1 - H)Vax)
=I+IT+III+IV+V+VI+VII.

As in (1] it is possible to estimate Z,TT and IIT by 2(Aok,0x) + c(1+ A + 1) with a
constant ¢ depending only on T and the data. Using the first relation of (5.3) and (5.4)
we 'may handle IV, V, VT and VIT as in Section 2, and applying the Gronwall lemma
we finally end up with the following estimates depending only on § and A:

ok uniformly lies in a bounded subset of L= (I; H'())

ms(ox)VApx  uniformly lies in a bounded subset of L? (Qr; Ra)
ok uniformly lies in a bounded subset of L? (Qr; Mfy’::
¥(o, h(ex)) uniformly lies in a bounded subset of L? (73 M3X3 R)

sym

ir=ve +U uniformly lies in a bounded subset of L2 (r; HY (O R ))
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For the last result we have made use of the Korn inequality (see, e.g., in [5: p. 291}).

Proceeding in a similar way as in Section 2, the following additional estimates may
easily be derived:

ox uniformly lies in a bounded subset of L?(I;(H'(Q))')
6%  uniformly lies in a bounded subset of L? (QT' M3%3

r “¥sym

(Vor): uniformly lies in a bounded subset of L?(I;(H}(R))').

Thus we obtain - after time integration of system (5.5) and passing to the limit k — oo
- a quadruple (au, UsA, O6A, E) with the inclusion properties

(08x, 63, Z) € W3 (I, L3(®) x L2 (L H (R R®)) x L*(9r; M3, x R)
05\ € W (I;Hl(Q),L2(Q)) N L? (I;H3(Q)) n L2(I; Hf(Q)) A C(I;HI(Q))
and the equalities

T

T T .
/ (Adsx, 7)dt + / (Seon, 7)dt = / (e(isn),7)dt  (5.14)
T

T T
-/(és,\,fl)dt - /(ma(gs,\)(HV&s,\ + VAQa,\),Vn)dt = - /(Zskd,n)dt (5.15)

0
T T T

/\/(e(du),e(w))di + /(aax,e(w))dt = /L(t,w) dt (5.16)
0 0 0
for all
re L¥(QrMYY), nel*(LH'(Q), weCy

respectively. Moreover, the initial values are assumed by (o5, s, 061)-

Identification of ¥ and v(osx, h(gsx)) by the monotonicity of 4. Let Ji and
Jsa be defined by

Ji = ms(ee)(HVor + VAgs) and Jsx = ms(06x)(HV 0sx + VA os).

We notice that Jx converges weakly in L? (QT;Rs) to Jsa as k — oo; at the same
time (5.3) imply that k(o) tends strongly in L2(I; H'(2)) to h(esx) for a subsequence
k' — oo. Testing the first and second equation of system (5.11) with o and h(ok),
respectively, and subsequently integrating in time from 0 to T yields

[ Glmen (55,))

T T |
= —%(Aak,dk)ij +,/(€(ﬁk),0k)dt + / (6x, h(ex)) —‘(Jk,.Vh(Qk))dt-

0

(5.17)
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Similarly, by multiplying equations (5.14) and (5.15) by osx and h(gsa), respectively,
we obtain

[(=(22))4

. .
1 T . . ’
= —§(A06,\,06,\)|0 + /(E(uéx);UEA)dt+/<96A;h(96A)) — (Jsx, Vh(0sr))dt.
0 0 .
(5.18)
The monotonicity of v implies that

X :=‘/T <7kak, h(ox)) — 7(8,8), (h(g )'f )) dt (5.19)

is non-negative for each k € IV and arbitrary pairs (4, 8) € L? (Q; M$ x R). Inserting
(5.17) into equation (5.19) and passing to the limes superior yields

T
T
limsup X} < —-(Ada,\,da,\)lo + /(és,\,h(@&,\))dt

k—o0
0
T

(Jg,\,Vh gax))dt + /(E(d&,\),ag)\)dt (5.20)

. T )
(2, (:)) dt — 0/ (7(&, 8), (hg;\,\)_—a é)) dt.

Here we have used the fact that, for fixed ¢t € (0, T], ox(-,t) converges weakly in L2(Q2)
to gsa(-,t). Furthermore, we have concluded from the identity

Oy og\ﬂ

T T

/ (e(in), ox)dt = / {(e@),0) + Lt v8) = A(e(),e(w)) — A(s(vk),e('v;))}d:

0 0
and the weak convergence of v in L2(I; H!(Q)) that

T T
lim sup (e(t{k),ak)dt 5'/(5(115,\),06,\)&.

k—oo0
0

Combining (5.17) and (5.19) we arrive at

| O/T (): - (5, 8), (hz;;)_fg)) dt > 0'
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Now applying standard methods for monotone, hemicontinuous operators we succeed
in identifying ¥ and v(osx, h(gs1)).

Estimates independent of A. Since 75) := 05 — Xten is not contained in S2,, the
method used in [15: Section 4.1] is not correct, and we have to modify the arguments in
order to obtain estimates which are independent of A. For this purpose we begin with
multiplying equation (5.13) by 75x. Using (5.9), (5.15) and the Green formula (5.7) we
obtain

T
1
5(AT6.\,T6,\)IT+/(’Yzen(O'a,\,h(gg,\)),'rg,\)dt
)
T T
= —(ATE/\376A / Ax;en,TéA dt+/ £(U) T5)‘
0 0

T T
A / (eCisn), (U))dt — A / lleCean)| 3oyt
0 0
=I+IT+IIT+IV+V.

With the help of the first relation of (5.8) and (5.9) we can estimate ZT and 717 in the
following way:
T

IT+III<C+ /(ATsx,Ts,\)dt-
0

In order to estimate IV independently of A, but still dependent of §, we take advantage
of the fact that (5.12) implies with a constant C) independent of A the estimates

: . C,
lle(isa)llzznr) < N

It follows for the right-hand side in the equation above

T
1
R.HS 5(:47’5,\,1‘5,\ |0 +C (1 +/(AT5,\,75,\)dt> .

0

In order to handle the second term on the left-hand side we test (5.15) with gsx — Agsa,
add this equation to the inequality above and obtain by standard absorption techniques
the following a priori estimates independent of A, but still depending on §:

(96x,051) uniformly lies in a bounded subset of L (1; L*(Q; M33) x H'(R))

ms(0s2)VApsx uniformly lies in a bounded subset of L?(Q27; R?)
(852, Vosx) uniformly lies in a bounded subset of L*(I;(H'(R)) x (H,%,(Q))')
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Now testing equation (5.14) with 7 € L?(I;S?%;) we derive by the use of the Green

formula
T

/(AT&,\,T)dt'*'/('hen(U&,\sh(Qb\)) )

// (U ® v)rdldt — /(szen,r)dt.

0

Being equipped with the L2-scalar product, S; becomes a Hilbert space, and we end
up with the a priori estimates

7sx  uniformly lies in a bounded subset of L?(I;(S5%)'). (5.21)

Limit process A — 0. Proceeding as in [15] we obtain by time integration in the
strong version of (5.14) a quadruple (05, 05, us, 25) with the inclusions

os € L°(L;L*()), =fel*(QmMIExR), usel=(;H(Q) .

and g5 as in Subsection 2.1, and the following properties:

A(os(t) - 00) + / £8,0(5)ds = e(us)(t) — £(uo)

T

T R
/(96,77 / m,s(ga)(HVgg +AVA96),V17)dt = —/(me,n)dt (5.22)

0
for all 5 € L*(I; H'(Q))
(0s(t),e(w)) = L(t,w) for all w € C,

It is worth mentioning that the first and last relations of (5.22) imply the inclusion
75 = 05 — Xten € L™(I;5%;). With (5.21) we conclude the inclusion

75 € W3 (I; S%).

In particular, we have for all r € L?(I; S},’d)

(Ats,7)dt +/ Sens T)dt = // U®u 7dldt — /(A)&;en,r)dt. (5.23)

O~

Combining our methods with the techniques R. Temam used in {15] we easily identify
=% and v(os, h(gs)). .
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Estimates independent of §. We test (5.23) with 75, the second relation of (5.22) with
05+ 95(0s) — Aps and add the equations. Using the absorption techniques of Subsection

2.2 we end up with the following inequality containing a constant Cy depending only
on the initial values:

%{(An,ﬂs) + ||gs||§,.<m}\ + /Gs(ea(T.))dz

+

o\w}

T
ms(ea)VAea,VAg.s dt+/||A96||u(n)dt
0

T T (5.24)
<Co ( /(Ves,Ves ) /(751(31 o5, h(es)), 05 + 95(es) — Aea)dt

1]

o\\]

T
(’Yzen(aé,h(é’&)) Ts t—/(A)'(;en,rg)dt+//(U®u)Tg dl'dt.
0 0 o

Using the first growth condition of (5.3), (5.4) and (5.9), the non-positivity of vyexa and
the imbedding (5.6) we obtain in the case of the coupled problem the same estimates
for g as in (2.17) and (2.18). Moreover, for 75 we have independently of § > 0 that

75 uniformly lies in a bounded subset of L°°(I ;S od)
75  uniformly lies in a bounded subset of L*(I;(S%,)")-

Remark 5.5: Unfortunately, the term 7(06,h(95)) cannot be absorbed on the
left-hand side of (5.24). Thus we do not obtain estimates which are independent of the
growth constant of 4. For this reason it seems to be impossible to apply conventional
methods in order to prove existence results for a Prandtl-Reuss model with a similar
hardening parameter as considered in this paper.

Limit process § — 0. Using the a priori estimates derived above and repeating the
monotonicity arguments of the previous subsection we obtain ~ passing to the limit
4 — 0 - a quadruple (7,u, g, J) with the following properties:

T T T
/ (6,m)dt — / (J,Vn)dt = — / (vokaa (7 + xeen, (), 7 ) dt

for all n € L*(I; H(Q)), J = m(e)(HV o + VAp) in the sense of (1.10), T € C(I; S%,)

and

/ (A7,7)dt + / (vten(r+xm,h(g) dt = 0/ / (U @ v)# dTdt — / (AXten, 7) dt
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for all # € L*(I; S%).

Now we choose 0 = 7 + X(en- As both 75 and f(: Yten (05, h(gg)) ds converge weaklyx*
in L™ (I; L*(Q: M:y’:s )) to 7 and jot Yeen (0, h(0)) ds, respectively, we conclude by the first
relation of (5.22), Korn’s inequality and the inclusion us € Caa(Up) that us converges
weakly+ in L (I; H'(Q; IR®)) to u. Passing to the limit in the first equation of (5.22)
gives (5.10). Furthermore, from the last relaton of (2.17) we infer the non-negativity
results conjectured for p. This proves Theorem 5.3.
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