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On the Discrete Spectrum
of Ordinary Differential Operators
in Weighted Function Spaces

E. Miiller-Pfeiffer and Sun Jiong

Abstract. The investigations deal with the spectrum of ordinary differential equations of order
2n where the underlying Hilbert space is weighted. Especially, conditions on the coefficients
are given such that the spectra are discrete.

Keywords: Weighted Hilbert spaces, spectral theory, ordinary differential operators
AMS subject classification: 34 B25 '

1. Introduction

Investigations about their spectrum are of special interest for the study of differential
operators. Particular attention has been paid to the situation in which the spectrum
of differential operators is discrete. In recent years much work has been done on higher
ordinary differential operators

Ay = Z(—l)" (ak(:r)y(*)) = Ary (2: € (0,00), ry € Lg(O,oo)) (1)
k=0

in weighted L, ,-spaces (see [2, 7 - 10]). To the differential operator on the left- ha.nd
side of (1) we associate the form

afu,v] = Z/ak(z)u(k) ¥ dz, D[a] C5°(0, 00). (2)

k=03

It is well-known that if the spectrum of a self-adjoint extension of an operator with
deficiency indices (m,m) (m < o0) is bounded below and discrete, then the same is
true for the spectrum of all other self-adjoint extensions, that means the discreteness of
the spectrum depends only on the coefficients.

In the present paper we follow the general approach given in [6] and establish condi-
tions on the coefficients to ensure that the spectrum of (1) is discrete. These conditions
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refer to mean values of the functions ao, a5 ', a;' and 72 on certain intervals [z, z +d(z)]
which cover the semi-axis (0, c0) and seem to be suitable for studying the spectra of the
operators in question. Our result extends the results of [2, 6 - 8]. Some examples show
that the obtained criterion is new.

2. Preliminaries

Throughout this paper we take our basic underlying Hilbert space to be Lj ., the
weighted Ls-space with norm given by |lull, = |lur|| where || - || is the usual norm
in L3(0,00). Let r = r(z) be continuous and positive on [0,c0). We also assume that
the functions ax = ax(z) satisfy the following conditions:

(i) ax € WE(0,X) (0 <k <n)forall X >0 (see [6: p. 22)).
(ii) an(z) > 0 and ax(z) >0 (k=0,...,n—1) for all z > 0.

Lemma 1. Let p and q be real-valued functions defined on the interval w = [z, z)
0<z; < :1:2 < 00) with length |w| where p(z) > 0 and g(z) > 0 for all z €w. Assume
that p, p~! and q are integrable over w and let

1 1
P = m/q(z)dz and T = m/rz(:c)da:
denote the mean values of ¢ and r?, respectively, on w. Then .
. . B .
[ (@ @F + @@ i) 2 73t (w3t +1ol [ p7@)dz) iz, @

for every function u € C'[z;, 3.

Proof. Let p € C![z,,z2] be a real-valued function with a zero point zq € [z, z2].

Then . \ . . .
pl(z) = (/ p'(t)dt) < (/p"(t)dt) (/p(t)(p'(t))2dt)
< ([roa) ([ soiora)
and . ' '

oz < ([ #@ae) ([ @) ([r@)@)e). @

Let up = o + i3 denote such a value of the complex function u(z) = ¢(z) + 1yp(z)
that |u(z)| ist minimal on w. It follows from (4) that

[ @ - whas < ([ A@a) ([ @) ([ s w@r). ©
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Hence,

/w (1>(=t)lu'(z)l2 + q(z)|u(z)|2)dI

-1
> (([r@e) ([ p)dz) ) Il + [ o) luol?ds
-1
= <(/ r(z) dz) (/ p ! (z) dz)) [|w — uo||3,,r
-1
+([rEae) ([ aa) tuolt,
-1
= ( (|w| [r@ dz) = woll2,, + o nuouz,,>
u -1 1 .
- a1 w 2 -1 2
=1 {1+—5 <6 (il [ 57 @)¢2) (14 ) = w2,
+ (1467 uuonz,) }
for every 6 > 0. If we choose
8 = ol [ p7(2)do
and use the inequality
1 |
Il < (14 35 ) =l + (14 6% ol

we obtain (3) il
Consider the integral

z4d
d* /Tz(t)dt (£20,d>0, —00 < A< +00)

z

and define a function d by

d(z) = sup {d >0

d* /Hd rztt)dt = 1} (20, —00 < A < +00) (6)

where ) is a suitable number. If

/r’(t)dt = oo,
0
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for instance, each A > 0 can be used in (6). In case that -
oo
/ r?(t)dt < oo,
0 .

each A > 0 is usable, but also each A < —1. If r(z) > ¢ > 0 (z > 0), one can choose
some A > —1.

Setting
I(z) = [z,z +d(z)], |(z)|=d(z)
we have

| I(z)|* ‘/I( )rz(t) dt =1 (0<z <00, A suitai)lé). (M

We remark that for certain A and z the case d(z) = oo may happen (consider, for
instance, A = —1 and r(z) =1 for 0 < z < 00). Then we have I(z) = [z,00) or we take
a suitable finite number d(z) > 1 with
z+d(z)
d(z) / 2(t)dt = 1.
Define o = 0 and the points z; (i € IV) by z; = z;—y + d(zi-1)-
Lemma 2. The semi-azis [0,00) can be covered by the intervals I{z;) (: € IV).

Proof. We have to show that z; — oo for ¢ — co. If it is not, then z; — £ € (0, 00)
for : — co. By the mean value theorem of integral calculus it follows from (7) that

1= Iz 2 (&) (<& <z, i€ ). (8)

Since r2(&;) — r2(€) > 0 and |I(z,)|*! = 0 (A > —1) or |I(z;)]**! = 00 (A < —1)
for ¢ — 0o, equations (8) lead to a contradiction if A # —1. In case A = —1 we get the
contradiction as follows. Let 7o be so large that £ — z;, < 1. Then

{_13“0 jr2(t)dt _ f—lz.-,, (i 71r2(t)dt)

i=ig 2

Zi4
1 > Tiy1 — T 2
= t)dt

z

= ! Z(:EH,.I —:L‘,') ="1.

f_zio

Zig

i=ig

Hence, by construction (6), z;,4+1 = i, + d(zi,) > €. Thus, we have a contradiction
also in the case A'= ~111
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Since the form a[u,v], D[a] = C§°(0,0), defined by (2) is densely defined, semi-
bounded from below, and closable there exists a self-adjoint operator A, associated with
alu,v] (u,v € Dla]), the closure of a[u,v], D[a], such that

afu,v] = /fiu -vdz (u € D[4], v € Dla)).

Lemma 3. The spectrum of A is discrete if and only if for every K > 0 there ezists
a cx > 0 such that

/Au cadr > K|]u||?cx’°o),r (u € C§°(ck,0)).
K

For the proof see [10].

3. The spectrum

Now we come to the main results. Define with w = [a,b] and k¥ = 0,1

1 1 o
Bk = — [ ax(t)dt, pw,k=—/a_ltdt, rw=—/r2tdt.
|w|/u ®) w1 J, o MR

Theorem. Let the functions ap and a; satisfy the following condition: There exist
X >0,¢c>0 and p € (—o0,+00) such that

< / ao(t)dt) ( / a;‘(t)dt) < clI(z))* (9)
1(z) I(z)

for all sntervals I(z) (z > X) of (7).
@) if

sup_ (@I (1+ K@) 1) < oo,
0<z<00

then inf 0. [A] > 0 where o [A] is the set of the essential spectrum of A.

(i) If
xli_{golf(l)r'\_l (L + ()"} p1(z)0 = 0, (10)

then the spectrum of A is discrete.

Proof. (i) By condition (9) and

() = (/'(z)ldt) < (/lm ao(t)dt) (/’(z)ao— (t)dt>
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we have '
#f(lz),o < Prx)0 and Pr(z)n < CII($)|”_ZPI(1),0~

(11)

Let (zo,z1,...), I(z:) = (i, Ti+1], be the 'decomposition of [0, 00) considered in Lemma

2. By Lemma 1, (7), (9) and (11) we get

7Au ‘adr = 2:: 7ak(i) [u®(2)[? dz

0
>3 / ax(2) WP (2P da
k= =0%
%> ) O CTE
S .
>3 (1 (1o + @ p1cen)) 1l en.r
1=0
o -1
> E(Tl(z $) p’l(: ),0 + CII(I )l“pl(z ), 0)) Hulﬁ(z.-),r
i=0
[= o] —1 )
>3 (r1eo (14 elI@))prceno)  Nuliden.r
i=0
oo -1 N
=3 (@I (1 + el (as )l")pu:.)o) [
=0
-1
> 1 3 (sup (1= (L4 1) orcene)) Il
=0 '
-1
> I —-A-1 1 I M . 2 oo
> s (@I 0+ H@M)pra) Telleo.
Hence, if
sup (1()| 7 (1 + [1(@)1*)prcano) < o0
0<z<o<?
we have

/Au -didz > c||u||z0|°°)’, (u € C§°(0,00), ¢ > 0)
0
that is inf 0. [4] > 0.
(ii) If (10) holds, then for each K > 0 there exists a X > 0 such that

I@IP T+ @0 < g (2 X)

which implies

/Au cddz 2 K ullx ey, (v € CE(X,00)).
X
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By Lemma 3 the spectrum of A is discrete B

Corollary 1. Assume r(z) < C (0 < z < o) and choose a positive A. Let the
functions ap and a; satisfy condition (9) where u <2+ . If

=00 J1(2)

lim a;'(t)dt = 0, (12)

then the spectrum of A is discrete.

Proof. By (7) we get
1= |I(x)|)‘/ r2(t)dt < C?I(z) M.
I(z) .

Hence, there exists a ¢ > 0 such that |[I(z)| 2 ¢; (0 € z < 00). Thus, by (12) it follows
that (10) is satisfied B

Corollary 2. Assume that there exist positive constants ¢y, c; and X > 0 such
that c; <r(z) < c; (z > X), and let there ezist a C > 0 such that

z+c1'2 z+cl'2
/ ao(t) dt / ai'(t)dt| <C (X <z <o) (13)
If
4w
Jlim /ao“(t)dt=0 - (14)

z

where w 1s positive and fized, then the spectrum of A is discrete.

Proof. Choose A =0 in (7). By
& \I(z)| € / ri(t)dt =1 < 2 |I(z)] (X €z <00)
I(z)

it follows that c;% < |I(z)| < ¢f? Therefore, by (13) condition (9) with g = 0 is
satisfied and by (14) condition (10) is fulfilled

Example 1 (to Corollary 1). Consider problem (1) on [1,00). Let r(z) = z~!
ay(z) =z7', I(z) = [z,2z], A = 1 and g = 3. Concerning (7) it follows that

I(z)]* /1( = %

3

The fact, that in (7) the number 1 on the right-hand side is replaced by an other positive
constant is insignificant for our investigations. We have 4 = 2 + ), and the conditions
(9) and (10) look like

2z 2z

/ao(t)dt <ecz® (¢>0) and /ao_l(t)dt —0 (t— o0),

z b4
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respectively. These conditions are satisfied if, for instance, we choose

ao(:c)z:{n_l/? fn<z<n+n?nelN

z2 otherwise.

The spectrum of A is discrete.
Setting p = 2 conditions (9) and (10) look like
2z

2z
/ ao(t)dt < cz®/? and £ =3/ /a;l(t) dt — 0,

z
respectively. A suitable function ag is then

nl/? forn§$<n+%
n-1/3 forn+%§z<n+1.

ao(z) = {

Corollary 3. Assume liminf; .o a0(z) > 0, r(z) — 0 for £ — oo and

oo

/r2(t)dt = o00.

0

If condition (9) can be satisfied by a number p with u < 1, then the spectrum of A is
discrete. .

Proof. By choosing A = 0 we see that |I(z)] — oo as £ — oo. Since
limsup pj(;),0 < 00,
I—0o0

condition (10) is satisfied il

Example 2 (to Corollary 3). Let r(z) = z7'/2, ag(z) = 1 and I(z) = [z,2z] (z >
1), A=0and g < 1. Then

|I(z)|’\/ r2(t)dt =In2.
I(z) :

The spectrum is discrete if (see (9))

2z

/al_l(t)dt <cz*™' T (e>0).

z

In case that 1 < p < 1 apossible function a, is defined by a;(z) = 2732 +¢(z) (z > 1)
where '

2 _ 4 for1<z<?2
(z) = nfln—z)+n forn<z<n+n32>nelN
EI=90 forn+n2<z<n+l-(n+1)73

(n+1)*(z-n-1)+n+1 forn+l-(n+1)*<z<n+l.
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Example 3. Choose r(z) = 2° (—00 < 0 < o), agp(z) = z® (20 < a < o0, T >
1), I{(z) = [z,2z) and A = —20 — 1. Then

e [ roa=320 0 (ox-]
I(z) 20 + 1 2

(in case 0 = —1 the constant on the right-hand side equals In 2). If

2z .
/a,"(t)dt < czf (p<-20-1)

holds, then the spectrum of A is not discrete.

Proof. By setting 4 = a + p + 1 condition (9) is fulfilled, and because of y =
at+p+1<a—20=a+ A+ 1 condition (10) is also satisfied.

Remark. If the inequalities 20 < a and p < —20 — 1 are replaced by 20 = a and
p = —20 — 1 the assertion of Example 3 is not true in general. Choose, for instance,
=a =0, p=—1, and a,(t) = t?: in the case

Q
|

Ay=—{t*y")+y (z€(1,0))

the spectrum of A is not discrete ll
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