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Abstract. The investigations deal with the spectrum of ordinary differential equations of order 
2n where the underlying Hubert space is weighted. Especially, conditions on the coefficients 
are given such that the spectra are discrete. 
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1. Introduction 
Investigations about their spectrum are of special interest for the study of differential 
operators. Particular attention has been paid to the situation in which the spectrum 
of differential operators is discrete. In recent years much work has been done on higher 
ordinary differential operators 

Ay =	(_l)k(ak(x)	= Ary	(x E (0,00), ry E L 2 (0,00))	(1) 

in weighted L2 ,-spaces (see [2, 7 - 10]). To the differential operator on the left-hand 
side of (1) we associate the form 

a[u, v] =	Jak(x) u	(k)dx	D[aj C°(0, no).	 (2) 
k=O o 

It is well-known that if the spectrum of a self-adjoint extension of an operator with 
deficiency indices (m, m) (in < no) is bounded below and discrete, then the same is 
true for the spectrum of all other self-adjoint extensions, that means the discreteness of 
the spectrum depends only on the coefficients. 

In the present paper we follow the general approach given in [6] and establish condi-
tions on the coefficients to ensure that the spectrum of (1) is discrete. Thee conditions 
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refer to mean values of the functions a 0 , a 1 , a 1 and r2 on certain intervals [x, x + d(x)) 
which cover the semi-axis (0, oo) and seem to be suitable for studying the spectra of the 
operators in question. Our result extends the results of [2, 6 - 8]. Some examples show 
that the obtained criterion is new. 

2. Preliminaries 

Throughout this paper we take our basic underlying Hilbert space to be L2 ,r, the 
weighted L2 -space with norm given by Il U lir = Il ur li where is the usual norm 
in L2 (0, oo). Let r r(x) be continuous and positive on [0, cc). We also assume that 
the functions a = ak(x) satisfy the following conditions: 

() ak E W(0, X) (0< k <n) for all X >0 (see [6: p. 22]). 

(ii)a(x)>0 and ak (x)^!0 (k = 0, . . . , n — 1) for all x > 0. 

Lemma 1. Let p and q be real-valued functions defined on the interval w [x i , x2) 
(0 xi <x2 <cc) with length jwj where p(x) 2 0 and q(x) ^! 0 for all x e W. Assume 
that p, p	and q are integrable over w and let 

=-1	q	 r (x)dx	and	= --- f r2(x)dx€
wi	 iwIJw 

denote the mean values of q and r2 , respectively, on w. Then 

	

j(p(x)Iul(x)12 +q(x)Iu(x)2dx) ^ rJ' (p: i + lwIfp1()	IItL II,r	(3) 

for every function u E C1[xi,x2]. 

Proof. Let p E Ci[x i, x z ] be a real-valued function with a zero point x0 E [xi,x2J. 
Then

P 2 (x) =	 p1(t)dt 	(J(t)di) (]P(t)(P?(t))2d1) 
X 0	ZO 

<(fp-i(t)dt) (jp(t ) 
(p, (t)) 2 dt) 

and

	

IrpII < (jr2 (x)dx) 
(L

P- 1 (x)dx) (jp(x)(p(x))2dx).	(4) 

Let uo = po + io denote such a value of the complex function u(x) = (x) + ii1'(x) 
that iu(x)i ist minimal on w. It follows from (4) that 

Lr 2 (X) IU(X) —uo[ 2 dx < (jr2(x)dx) (fir' (x)dx) (fp(x)iu(x)I 2 dx). (5)
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Hence,

L (p(x)Iul(x)12 + q(x)Iu(x)I2)dx 

((j r2(x)dx) (f P'(x)dx)) ' Il u - UOII,r +	 q(x) IuoI 2 dx 
-I 

= ((L r2(x) dx) (fir '(x) dx))	lu - IIw,r 

+ (1 r2(x)dx 
I

	

	( 1 q(x)dx llUOlI,r

I 

=	((W fp'(x) dx)	U - UOII,r + IW iiuii,r) 

=	
iL	(b2 (j,',iP'(x)dx 	

i + 	
iu UOIl'J	1+5  

+ (1+ 62) iioiir) } 

for every 6 > 0. If we choose

llILfP'(x)dx 

and use the inequality 

lI U lI,r	(i +
	) Il

u - U 011,r + ( 1+52) lIU011,r 

we obtain (3) I 

Consider the integral 

z+d 

dA I r 2 (t) dt	(x>0,d>0,—<A<+oo) 

and define a function d by

x+d 
d(x)= sup {d>bdA f	f2(i)dt_1}	(x>-0, — <A<+oo)	(6) 

where ) is a suitable number. If
co 

f
r2 (t)dt = Ca,
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for instance, each A 2 0 can be used in (6). In case that' 

Ir 2 (t) dt < cc, 

each A > 0 is usable, but also each A < —1. If r(x) 2 c > 0 (x 2 0), one can choose 
some A> —1. 

Setting
1(x) = [x,x + d(x)],	I(x)I = d(x) 

we have
II(x)IA

11W 
r2 (t) dt = 1	(0 <x <cc, A suitable).	 (7) 

 
We remark that for certain A and x the case d(x) = cc may happen (consider, for 
instance, A = —1 and r(x) = 1 for 0 x <cc). Then we have 1(x) = [x, cc) or we take 
a suitable finite number d(x) 2 1 with

x + d( z) 

dA(x) J r2 (t)dt = 1. 

Define x 0 = 0 and the points x (i E .V) by x = x e _ i + d(x_1). 

Lemma 2. The semi-axis [0,cc) can be covered by the intervals I(x) (i e 
Proof. We have to show that x - cc for i - cc. If it is not, then x 1 -	E (0, cc)


for i - cc. By the mean value theorem of integral calculus it follows from (7) that 

1 = II(x)I' r2 (et)	(x < , <	e .V).	 (8) 

Since r2(e1) —i r2 () > 0 and II(x)I' —+ 0 (A > —1) or II(x i ) l '+ ' — cc ( A < —1) 
for i - cc, equations (8) lead to a contradiction if A 0 —1. In case A = —1 we get the 
contradiction as follows. Let i 0 be so large that — x 0 <1. Then 

00 

_1x101L 
r2 (t)dt = —

10 (I r2(t)dt) 
i=io

xi o = e(° :ii: I:: Jr2(t)di) 

= _1
(x1 — x) =.1. 

to 

Hence, by construction (6), x 0 + 1 = x10 ± d(x 10 ) 2 e. Thus, we have a contradiction 
also in the case A= —11
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Since the form a[u,v], D[a] = Cr(0 , cx ), defined by (2) is densely defined, semi-
bounded from below, and closable there exists a self-adjoint operator A, associated with 
a[u,vJ (u,v € D ial), the closure of a[u,v], D[a], such that 

ã[u, v] = I Au - 1iJ dx	(u € D[A], v € D[aj). 

Lemma 3. The spectrum of A is discrete if and only if for every K> 0 there exist., 
a cK > 0 such that

Au • idx > K II U lIcK) r	(u E C(cK,00)). 

CK 

For the proof see [10]. 

3. The spectrum 

Now we come to the main results. Define with w = [a, b] and k = 0, 1 

1	
/ I

.	 1	
'(t)dt	

1 
= - ak( t ) dt ,	p,k = - a	,	r,, = - Lr 2 (t) dt. 

ul 'W  

Theorem. Let the functions a 0 and a 1 satisfy the following condition: There exist 
X > 0, c> 0 and p € (—oo, +oo) such that 

	

(1,(-) ao(t) dt) (LX) a, 1 (t) dt) <c I I(x )I'	 (9) 

for all intervals 1(x) (x > X) of (7). 

(i) If 
sup (II(x)1' (i + II(x)I) P1(z),O) <00, 

0< x <00 
then infae[A] > 0 where a [A) is the set of the essential spectrum of A. 

(ii) If 
urn I(x)' (i + II(x)I') PJ(),o = 0,	 (10) X 00 

then the spectrum of A is discrete. 

Proof. (i) By condition (9) and 

II(x)12 = ( X)) <(4-) ao(t)dt) (fI(X)a'(t)dt)
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we have
PI(r),O	and	PI(z),i	c lI(x)I 2 pf() o.	(11) 

Let (x0 , xi,...), 1(x 1 ) = [x 1 , x1+i], be the decomposition of [0, ) considered in Lemma 
2. By Lemma 1, (7), (9) and (11) we get 

00	 00 

fAu i dx = >21 ak(x) Iu(x)I 2 dx 
o	 k=00 

CO 

^	J ak(x) Iu(k)(x)12 dx 
k-a a 

1	00 

= >	f	ak(x) u(k)(x)12 dx 
k=O i=0 I(x) 
Ca	

2 2 (TJ(1) ( ) ,o + II(x)I2pJ(Xl) )) -' IkLIII(rj),r 
t=0 
00 

2 >2 (rI(1) ( . )o + C I1(x)IpI()o)) 
i=0 
00	 -1 

^ >2 (TI( . ) (1 + C II(x i )I')p1(1) o)	IIII(z1),r 
t=0 
CO	

IIUI12 =	(iixi)i' (1+ C II(xi)IP)PJ(Z),o) 
i= 0

00	 -I
2 2 c1 >2 (sup (I I ( x )I' (1 + II(x)I)PJ(x1),o))	IIUIIJ(xi),r 

i=O 

^ ci 
(0<X<00 

sup (IIxI+ (1+ II(x)I)pI(x),o))	l u ll J(x),r• 

Hence, if
sup (II(x)l' (1 + lI(x)l)pJ(),o) 

0< Z <00 

we have
cc 

1 Au iidx 2 C ll U l1000 ) r	(u E C(0, )' c > 

that is infa[A] > 0. 
(ii) If (10) holds, then for each K > 0 there exists a X > 0 such that 

11(x)l+ (1 + lf(x)l+)p J(X),o <	-	( x 2 X) 

which implies

JAu . udx 2 KIlullx,00),	(u e C(X,00)).
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By Lemma 3 the spectrum of A is discrete I 
Corollary 1. Assume r(x) < C (0 < x < oo) and choose a positive A. Let the 

functions a0 and a 1 satisfy condition (9) where z 5 2 + A. If 

	

lim J a'(t)dt = 0,	 (12) °° 1(z) 

then the spectrum of A is discrete. 

Proof. By (7) we get 

1 = II( x ) I A J r2 (t)dt < C211(x)I' 
1(z) 

Hence, there exists a c 1 > 0 such that II(x)I > c 1 (0 <x <c,o). Thus, by (12) it follows 
that (10) is satisfied I 

Corollary 2. Assume that there exist positive constants c 1 , c2 and X > 0 such 
that c 1	r(x) <c2 (x > X), and let there exist a C > 0 such that 

(

z+c2!

	

1 ao(t)dt) ( / a1(i)dt) <C	(X <x <oo).	(13) 

If

lim / a'(t)dt=0	 (14) 
z 00 

where w is positive and fixed, then the spectrum of A is discrete. 

Proof. Choose A = 0 in (7). By 

c I I( x ) I < J r2 (t)dt=1<cII(x)I	(X<x<) 
1(z) 

it follows that c— 2	II(x)I	cr 2 . Therefore, by (13) condition (9) with A= 0 is 
satisfied and by (14) condition (10) is fulfilled I 

Example 1 (to Corollary 1). Consider problem (1) on [1,00). Let r(x) = 
a i (x) = x 1 , 1(x) = [x, 2x], A = 1 and z = 3. Concerning (7) it follows that 

1 I1(x)I A jr2 (t)dt = 

The fact, that in (7) the number 1 on the right-hand side is replaced by an other positive 
constant is insignificant for our investigations. We have it = 2 + A, and the conditions 
(9) and (10) look like 

Iao (t) dt cx 3 (c > 0)	and	fao_'(t)di	0 (t



644	E. MüIIer-Pfeiffer and Sun Jiong 

respectively. These conditions are satisfied if, for instance, we choose 

ao (x ) = {n h/2 ifn<x<n+n 2 ,nE1TJ 2 
X	otherwise. 

The spectrum of A is discrete. 

Setting p = conditions (9) and (10) look like

2x 
j2Zao(t)dt <cx312	and	x-3/2 / a'(t)dt	0, 

respectively. A suitable function a0 is then 
f1/2	for n<x<n-E1 

ao(x)=c for n+<x<n+1. 

Corollary 3. Assume	 inf r. 	>0, r(x) —* 0 for x —+ 00 and 

I r 2 (t) dt = 00. 

If condition (9) can be satisfied by a number p with p < 1, then the spectrum of A is 
discrete. 

Proof. By choosing A = 0 we see that II(x)I —* oc as x —* oo. Since 

limsupp J ( ) ,o <00, 

condition (10) is satisfied U 

Example 2 (to Corollary 3). Let r(x) = x' /2 , ao(x) = 1 and 1(x) = [x, 2x] (x > 
1), A = 0 and p < 1. Then J r2 (t)dt =1n2. II(x)IA  

1(z) 

The spectrum is discrete if (see (9)) 

fa -'(t)dt <cx 1	(c > 0). 

In case that	p <' 1 apossible function a 1 is defined by aj'(x) = x_312+cp(x) (x > 1) 
where

(2	 for l<x<2 
n4 (n—x)+n	 for n<x<n+ri3,2?nEIN 

WW	o	 for n+n3<x<n+1—(n+1)3 
(n+1)4(x—n-1)+n+1 for n+1—(ri+1) 3 <x <n+1.
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Example 3. Choose r(x) = xa (—oo < a < oo), ao(x) = x° (2a < a < oo, x 
1), 1(x) = [x, 2x) and A = —2a - 1. Then 

I I( x )I A J r2(t)dt 
= 221 —1	

(	
_) 1(z)	 2a+1 

(in case a = - the constant on the right-hand side equals in 2). If 

Ja'(t)dt <cx v	(p < —2a —1) 

holds, then the spectrum of A is not discrete. 
Proof. By setting p = a + p + 1 condition (9) is fulfilled, and because of p = 

a + p + 1 <a - 2a = a + A + 1 condition (10) is also satisfied. 
Remark. If the inequalities 2cr <a and p < —2cr - 1 are replaced by 2cr = a and 

p = —2cr - 1 the assertion of Example 3 is not true in general. Choose, for instance, 
a = a = 0, p = —1, and a i (t) = j2; in the case 

Ay = (t2 y')' + y	(x E (1, 00)) 

the spectrum of A is not discrete I 
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