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Conformally Covariant Operators
in Clifford Analysis

J. Ryan

Abstract. Following recent work of Peetre and Qian, the conformal covariance of convolution
operators involving the fundamental solutions to iterates of the Dirac operator in Euclidean
space is described using Vahlen matrices. This conformal covariance is applied to a number of
problems, including Dirichlet problems over unbounded domains.
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1. Introduction

The fact that a Mébius transformation over R with n > 2 can be expressed as p(z) =
(az + b)(cz + d)~', where z € R™ and a,b,c,d belong to a Clifford algebra and satisfy
certain constraints, was first pointed out by Vahlen [24]. This approach was pursued
by Maass in [17], but for the most part the approach remained forgotten until Ahlfors
re-introduced the idea in a number of papers in the 1980’s (see, for instance, [1]). Since
this re-introduction, a growing number of authors (see [4, 6 - 8, 14, 19 - 21]) have found
this approach to be very useful. '

In [21], we show that if Dy is the Dirac operator with respect to the variable y €ER"
and f((az + b)(cz + d)™!) is a Clifford algebra-valued function satisfying the equation

D;f((ag +b)(cz +d)7') =0

where k € {1,2,...} and y = (az + b)(cz + d)~!, then there is a function Jk(cp,i) such
that

Ji(e,z)f((az + b)(cz +d)™")

is annihilated by D., the Dirac operator acting with respect to the variable z. The
result in [21] is established using a local argument involving Almansi decompositions
of f(y). In [4], Bojarski uses an adaptation of this argument to show that if g(y) is a
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Clifford algebra-valued C*-function defined over a domain in R, then there is a function
J_k(y,z) such that

J-k(#,2)Dy f((az + b)(cz + d)7') = DpJi(w,2)f ((az + D)(cz +d)7'). (1)

Consequently, J_x and Ji are intertwining operators for the Dirac operator. An analo-

gous identity to (1) has previously been established in [13] for the Dirac operator over
Minkowski space using the group SU(2,2).

More recently, Peetre and Qian [20} have obtained a more direct and geometric
proof of the identity (1). It is this approach that we shall use here.

After setting the stage with some preliminary results in Section 1, we move on in
Section 2 and use the method employed in [20] to show that the fundamental solutions
to the operators D; are conformally covariant. Specifically, we show that

Je(p,2)Gr(p(z) — 0(¥)) * f(2(y)) = Ge(z — y) * T-k(w, 2) f(#(y)) (2)

where k = 1,2,... when n is odd and k = 1,2,...,n — 1 when n is even, Gg(z) is the
fundamental solution of DX, ¢(z) = (az + b)(cz + d)~! and * denotes convolution over
R™.

For the case k = 1, this result can immediately be combined with (1) to exhibit the
conformal covariance of the Pompeiu representation [12] for C!-functions on R". Until
now, the Pompeiu representation has only been described over bounded regions. How-
ever, as a Mobius transformation can transform a bounded region into an unbounded
region, it follows that we can obtain this formula over unbounded regions. The confor-
mal weight J_ ensures the appropriate decay at infinity.

We then turn our attention to the differential operator D; + A(y), where A(y) is
some Clifford algebra-valued potential. We first show that this operator transforms to

o (cz + d)A(y)(cz + d)

z ez + A"+ when k=21 -1

and it transforms to
k A(y)

z W when k = 2l.

During this process we also exhibit a conformal covariance for solutions to the equation
(Dy + A() f(y) = 0.

We are also able to show that generalized solutions to this equation are conformally

covariant.

Following arguments presented in [10], we use the Cayley transform to exhibit a
power series expansion of solutions to the equation (D: + A(g))f(g) = 0 on upper half

space, under the assumption that A(y) satisfies certain reasonable constraints.
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Using the formulae (1) and (2), we are easily able to establish the identity
DyGi(z ~ y) * h(2) = (~1)*h(y)

over unbounded domains, provided h(y) satisfies certain smoothness and decay condi-

tions. Consequently, we can construct a solution to the equation D!'jg(y) = h(y) under

these conditions. Solutions to this equation have only previously been constructed using
a Runge approximation theorem (see [5]).

The convolution Gi(z — y) * h(z) is sometimes called the T-transform (see [12]).
Having established the conformal covariance of the T-transform, we are, in Section3,
In a position to adapt arguments given by Giirlebeck and Spréssig [11] to characterize
the space of L2-integrable functions over an unbounded domain which are orthogonal
to the space of L?-integrable solutions to the Dirac equation over the same domain.
This enables one to extend the arguments given in [11], and to study Dirichlet problems
over unbounded domains. The study of Dirichlet and related problems over unbounded
domains using Clifford analysis has recently been developed by a number of authors (see
(3, 15, 16]. However, nonc of those approaches make use of the conformal covariance of
the T-operator. '

Much of Section 3 is taken up with establishing nine lemmas. The purpose of
these rather technical lemmas is to set the stage for solving the Dirichlet problem over
unbounded domains with sufficiently smooth boundaries. These lemmas enable one to
carry over results from the bounded setting to the unbounded one. In order to do this,
one needs to extend some basic results on the T-operator deduced over bounded domains
in (12]. In particular, while in [12] it is assumed that the T-operator acts on bounded
C!-functions, it is necessary here to assume that the underlying function may admit a
singularity of certain order at one point. The first four lemmas of Section 3 show that
the results on T-operators obtained in [12] do indeed carry over to this context.

Preliminaries. Let A, be the real 2"-dimensional Clifford algebra generated from
R™, subject to the anticommutation relationship e;e; +eje; = —26;; where 1 < 1,5 <'n,
{ej}}=, is an orthonormal basis for IR‘". and §;; is the Kroneker delta. Consequently,
the algebra has as basis elements 1,e,...,en,...,€j,...,€j,,...,€1,...,€n where 1 < r < n
and j; < ... < j,. Basic properties of the algebra A, are described in [2: Part 1] and
elsewhere. One important property of A, is that if z = z,€; + ... + zpe, € R™ \ {0},
then z has a multiplicative. The inverse is —z/||z||?>,where ||z||> = 2? + ... + z2. The
vector z/||z||? is called the Kelvin inverse of the vector z. Another important property
of A, is that it contains the pin group

Pin(n):{aGAn: a=a; --ap, wherepe Nand g¢; € S"™' CR" (1 gjgp)}

where §"~! denotes the unit sphere in R". For each element a = a; - - - a, € Pin(n) we
may denote the element a, -+ - a; € Pin(n) by @ and note that the action aza describes
orthogonal transformation over R. As the action aza describes a reflection in the
direction of the vector @ € S™~! and each orthogonal transformation can be expressed
as a finite product of reflections, it follows that there is a surjective group homomorphism

6 : Pin(n) — 0(n).
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It may easily be determined that {£1} C Ker§. In [2] it is shown that Ker§ = {£1}.
So Pin(n) is a double covering of 0(n).

In the discussion on Pin(n), we introduced the element a. More formally we may
introduce ~ as the anti-automorphism ~: 4, — A, : €, ---€; +— ej ---ej,. Instead
of writing ~ (A), we shall write A for each A € A,. It may easily be verified that
AB =BAforall A,B€ A,.

Definition 1. A matrix (2 3) with a,b,c,d € A, and satisfying the conditions

(i)a:al...al, bzbl"'bm) c=cy - Cp, d=d1dq
with I,m,p,g € Nand a,b,c,d € R for 1 <i<1,1<j<m,1<k<p
and 1 < h <
(ii) aé,éd,db,ba € R™
(iii) ad — b2 =1
is called a Vahlen matriz.

It is reasonably straightforward to show that the expression
(az + b)(cz + d)™!

is well-defined on R™*U {00} and describes a M6bius transformation over this set (see, for
instance, [1]). It is also the case (see [1]) that any Mobius transformation over R™ U {oo}

can be expressed as (az + b)(cz + d)~! where (Z Z) is a Vahlen matrix. This way of

describing Mobius transformations over R™ U {oo} was introduced by Vahlen in [24].

We also have

Theorem 1 (see [1]). Under matriz multiplication the set V(n) of Vaklen matrices
over R™ 13 a group.

The group V(n) is a direct analogue of the group SU(2,2) used to describe Mobius
transformations over Minkowski space (see [13}).

We also will need towards the end of Section 3 the anti-automorphism
- A, — An: e e = (—1)ey, ey,

We denote —(A) by A for cach A € A,.

We now turn to some of the basic function theory associated to Dirac operators in
R". We begin with

Definition 2. Suppose that U is a domain in R® and f : U — A, is a C!-
function which satisfies the equation Z;=1 eja%%(g) = 0 for each z € U. Then f is
called a left-Clifford holomorphic function, or a left-monogenic function. If f satisfies
the equation z;‘zl (%L(g)ej =0, then f is called a right-Clifford holomorphic function,

’

or a right-monogenic function. The differential operator Z;=1 eja%j is called the Dirac
operator, in Euclidean space, and it is denoted by D.
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We shall often write D f for E L&) a: AL and fD for 2, . a e,. It is worth noting
that —D? = A, the Laplacian in R™.

Function-theoretic properties of functions which are either left- or right-Clifford
holomorphic have been extensively studied over the years (see, for instance [3, 5, 8 -
12, 14 - 16, 18 - 21]). An example of a function which is both left- and right-Clifford
holomorphic is the function G,(z) = w;'z||z]|~™ where w, is the surface area of the
unit sphere in R".

One basic result for the Dirac operator over R™ is the following generalization of
Cauchy’s integral formula.

Theorem 2 (see [12]). Suppose that f : U — A, s a left-Clifford holomorphic
functzon and M is o bounded Lipschitz domain lying in U. Suppose furthermore that
EM Then

f(zo) = /8 Gz - z)n(2)f(2) dofz)

where n(z) is the outward-pointing unit vector to the surface M at z and do(z) is the
Lebesgue measure on M.

As M is a Lipschitz domain, it follows (see [22]) that n(z) is defined almost every-
where on M. Similarly, we have that if f(z) is right-Clifford holomorphic, then

fzo) = /a H@n(@6i( - 22) do(2).

The proof of Theorem 2 is a very simple adaptation of the proof of the classical Cauchy
integral formula.

Now consider the following functions G¢(z) for k € N:

Bkﬁ when k = 20+ 1 and | € No
- 1 (n odd)
BkW whenk=2ma.ndm€N
G = B
. k(£) T ' z . n
EkW whenk=2l+1andl=0,1,,§
h 1 n (n even)
Bi———— whenk=2mandm=1,..,= -1
L izl " 2

while
G’k(g) = B, (Cxz? — z”In||z||) where p=k—n and k> n.

Here, B, = w;'. Also, B} = w;', and for k > 1 the real numbers By, B, and Cy are
chosen so that DGk(g)_— Gk 1(z).

Using Stokes’ theorem and a simple homogeneity argument, we have
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Theorem 3. Suppose that g: U — A, is a C*-function. Then

k
zy) = 1) "™ Giomri(z — zo)n(z) D™ g(z) do(z
o(a) = [ D21 Gz~ 2o (@D o) dote) “
+ /M Gi(z - z)D*g(z) dz”

for each point z, € I\;I, where M is a bounded Lipschitz subdomain of U.

Corollary. Suppose that g : R® — A, is o C*-function with compact support.
Then

o(zs) = | Grlz - z)DAo(@)da". @
When k = 1, formula (3) gives a generalization to R™ of the classical Pompeiu
representation formula for C!-functions defined in the complex plane.

We also have via an elementary convolution argument

Theorem 4. Suppose that U 13 a bounded domain in R® and g : U — A, s a
bounded C*-function. Then

D* [ Gu(e - slo(@)dz” = g(a)
Corollary. Suppose that g : U — A, is a C*-function with compact support.
Then

D* | Gl - za)g(z)dz” = 9(zo). | )

Let us denote the right A,,-module of A,-valued C*-functions with compact support
by Fi(Ap). Also, let us denote the right A,-module

{h: R” — A,,: h=Ggxg for some gefk(A,,)}

by Ki(An). Putting the corollaries to Theorems 3 and 4 together, we have

Theorem 5. The operator Gi : Fi(An) — Ki(An): g+ Gi * g is the inverse
of the operator D¥ : Kix(An) — Fi(An): h+— DFh(z).

It follows that the operator G corresponds to the operator D! (see [20]). Conse-
quently, we can also refer to the operator Gx as D~%.

Using the identities (4) and (5), the identity z71 — y ! = 2_1(2 —z)y~! and the
fact that the Jacobian of the Mobius transformation (az + b)(cz +d)~! is |lcz + d|| =2,

where ||cz + d||? is the absolute value of the real number (cz + d)(c:c + d), Peetre and
Qian (20] show that

J-k(#,2)D f((az + b)(cz + d)™') = DyJi(¢,2)f ((az + b)(cz + d)")  (6)
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where y = (az + b)(cz + d)~!, D, is the Dirac operator acting with respect to the ]
variable, and

——

cz+d

———— fork=2l4+1 with 1€ Ny
Ji(p,z) = ¢ llez + ‘11”"_21

”——-{'—71—"—2 for k=2m with meN
L |lez n-2m

e

cz+d

Ji(p,z) = { llez +d|"*+2m fork=2m—1 with meN

W for k = 2m with mGN.

The identity (6) was first established by Bojarski [4] using different techniques. This
identity shows that the operator D* is intertwined by the operators Jx and J_.

2. Conformal covariance

We begin with the following

Theorem 6. Suppose that (az + b)(cz + d)™! is a Mabius transformation over
R™ U {00} and g : R® — A, is a C*-function with compact support. Then for n odd
and k € N, and for n even and k € {1,...,n — 1} we have

Ji(p,z) /R Gi(p(z) — 2)g(z) dz" = /R Gr(z — y)J k(0. ¥)9(p(y)) dy™
where z = p(y) = (ay + b)(cy + d)~*.
Proof. First, we mla.y note that for n even we have that
(=1)n/2Hg=n/2H41 for k=21+1 and 1=0,...,2 -1
Grlz) = {(—1)"/2+'"g'"/2+'" fork=2m and m=1,..., % - 1.
Also, if (': 3) is a Vahlen matrix with ¢ # 0, it follows that
(az +b)(cz +d)™" = ac™! — (czé +de)7,

so that
@(z) — p(y) = (cyé + dé)™" — (czé + d)™!

= 6_1(11 +ctd) e — e Nz 4 )T e

6—1(2_*_ c—ld)—l(g_ E)(£_+_ c—ld)—lc—l
= (z& + d)(y ~ z)(cy +d) !

= (cz+d) My —z)(cy +d)7".
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Similarly, we obtain that

o(z) — p(y) = (cz + d)™ (y — z)(cy + d)"
whenever ¢ = 0. It follows that
Gj(p(z) - @(v)) = Ji(cz +d) "' Grly — z)Jx(cy + d)™*

for n even and k = 1,...,n — 1. Consequently,

/R _Gi(p(2) - 2)9(2)dz"
dg"

— Jigz)! /IR Grly ~ 2)rte. )™ 00 W) g

= Jk(.‘Pan—l /]R G#(g - z)J-'k(so,g)y(w(g))dg"

A similar argument holds for all £ when n is odd il

As G contains a log function when n is even and k¥ > n, it is clear that the
previous argument breaks down in these cases. It is also clear that the proof of the
previous theorem does not rely on k being an integer.

Consider the functions

where a € R. We have via identical arguments to those given in the proof of Theorem
6

Theorem 7. Whenever the convolutions

/ Ho(z — y)n(y) dy” and / Io(z — y)¥(y) dy”
R" ' R"

are well-defined, we have

Kalp,) [ Ho(o(e) - )n(z) d” = [ Hole- pK-ale.onle@) @

and
Lo(p,2) / 2 (o(2) - 2)¥(z) dz" / Lz - YLo(e )b (p@) " (8)
where p ( ) B —1_ B B __1—
=l#2) = e , ~(0:2) = o ge
La(p,z) = cz+d cz+d

=T L_o(pz)= —="—
ez + o (9:2) = ey e
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and
z=¢(y) = (az + b)(cz +d)7".

The operators H, and I, are examples of conformally covariant operators, as they
satisfy the identities (7) and (8). When a = n + 1, we get that I,(z) = z/||z]"+".
In this case, Io(z) = 3_7_, Rj(z)e;, where R;j(z) is the jth Riesz potential in R™ (see
(23]). The conformal covariance of 3 =1 Rj(z)e; has previously been observed in [8].

Let An(C) denote the complexification of A,, and let L?(A4,(C), R") denote the
right A,(C)-module of A,(C)-valued functions which are L?-bounded over R®. As the
Fourier transform of I, is i{/||{]|, where £ € R™ (see [23]), it follows from Plancherel’s
theorem and arguments given in [8] that we have

Proposition 1. The operator gl + 61,4, : L?*(An(C),R") — L2(An(C),R") is
a conformally covariant operator, where 0,6 € C and I 1s the identity map.

The cases ¢ = :t% and 6 = 1 have previously been described in [8]. We may also
observe that Theorem 7 remains valid if we assume that « is a complex number.

We now turn to establish a conformal covariance for the formula (4) for the case
k = 1. We begin by noting that by similar arguments to ones given in [20], and elsewhere,
we obtain

Proposition 2. Suppose that S is a smooth, orientable surface in R", and f,g :
S — An(C) are integrable functions. If (®%) is a Vahlen matriz, then

/ f@)n()e(y) do(y) = / £(0(@) Fi(er D)n(2) 1 (0 2)9 (9(2)) do(z)
S ®-1(S)

where y = (z) = (az + b)(cz +d)™" and p7!(S) = {z € R™ : p(z) € 5}.
From Proposition 2, formula (3) and Theorem 6 we immediately obtain

Theorem 8. Suppose that g: U — An(C) is a C!-function and M is a bounded
region in U with Lipschitz continuous boundary. Then for any Vahlen matriz (‘: :) and

for any point y = p(zy) = (azy + b)(czy +d)™! in M
/a . Gi(y — y,)n(y)9(y) do(z) - /M G(y - Yo) Do 9(y) dy”
= Ji(p,z)”" </ Gi(z — zo)n(z) N1 (0, 2)9(p(2)) do(z)
3(e=' M)
- / Gi(z — 20) Dz 11 (9, 2)9(9(2)) dz")
P (M)
where y = o(z) = (az + b)(cz +d)~".

Theorem 8 shows that the Pompeiu representation formula from Clifford analysis is
conformally covariant.
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One crucial observation is that though we have assumed that M is a bounded
domain, we do not need to assume that ¢~!(M) is also bounded. For instance, we

could take M to be the unit disk c1B(0,1) = {z € R": ||z|| < 1} in R™ and ¢(z) to be
the Cayley transform so that

¢! (clB(0,1)) = H" = {y e R™: y, >0},

where cl denotes topological closure.

We shall now take a closer look at the formula (3) when k = 2. In this case, we get

o1, = [ (6a(y - 1, )n@e(w) - Galy - 1, n(W)Dcers(w) dolz)

- /M Ga(y - yo)DZ(!)g(g) dy".

Now,

/M Gy — yy) Doy 9(y) dy”

= Ja(p,z) 7" / | Ga(z — 20) D2 J2(, 2)9(p(2)) dz™.

o

9)

Upon realizing that G (¢(z) — ¢(z4)) = G2(p(z) — w(_:go))D!, we may observe that

| (613~ n@)s(w) = Galy - 1 )n@)Petgyo(w)) o)
oM

= G2z — zo)(, 2)n(z) Dz Ji (o0, z)g(tp(z))) do(z).

1t follows from (9) that when k = 2, then the right-hand side of (3) is equal to

9(o(zo)) + Jo(p20)™" /_I(M) Ga(z — z0)D} J2(¢, 2)g (¢()) dz™.

When ¢~!(M) is a bounded set, then

o, 2a)g (p(ao)) + [

7]

= / (Gl(; — zy)n(z)J2(, 2)g(0(2))
p™1(M)

) Ga(z ~ 20) D7 J2(p, 2)9(p(2)) dz™

- Galz - z)n(2) Dz Ja(p, )9 (¢(2)) do () ).
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Consequently,
/ ) (Gl(z - zo)n(z)Jz(%z)g(tp(g))
e~ (M)

= Ga(z — zo)n(z)D J2(p, z)9 (‘P(z))) do(z)

= -1z (cz +d) (z (cz + d) .
= '/;v_l(M) (<G2(._ _O)HCE'*' d||2 D£> (—) "C£+ d”n—lg(‘p(—)) .
—Gaz - EO)(‘P)E)"(-@-)DLJ—I(‘Pa2)9(99(2))) do(z).

It follows that when k = 2 and ¢! (M) is a bounded domain, then the integral formula
(3) is conformally covariant.

Suppose now that (p‘l(A;I) is no longer a bounded domain. Then we may consider
a domain sequence {M}{2, such that

(i) M is bounded
(i) M C My,
(i) My T M.
By applying the previous calculation to each of the bounded dqma.ins 1\°/II, it follows
that the identity (3) remains valid even if ¢ ~!(M) is not bounded. Consequently, we
have deduced that when k = 2, then the integral formula (3) is conformally covariant.

Similar arguments may be used to show that the integral formula (3) is conformally
covariant for any positive integer k.

We now turn to look at the differential equation
Dy f(y) + Ay)f(y) = 0 | (10)
where A(y) is some A,(C)-valued function defined on a domain U, As
Dg = J_i(cz + d)”' D} Ji(cz + d),

we have

Proposition 3. Suppose that f(y) is a solution to the differential equation
Dy f(y) + A(y)f(y) =0
on the domain U, where A(y) is a C*-function with values in An(C). Then

Je(ez + Df (9(@) -
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is annthilated by the operator
—— A(e(z))
D" d)———="7_
et Dy qr(et )
when k is odd, and it is annihilated by

Dt + A(e(2))
£ |lez +d||**
when k 1s even.
We also have
Proposition 4. Suppose that f : U — Ap(C) is a generalized solution to the
equation (D; +A(<p(§)))f((p(§)) =0. Then Jx(cz+ d)f(go(g)) 18 a generalized solution
to the equation

( Dt (cz + d)A(p(z))(cz + d)) o(z) = 0 an

llez + d]|?*

when k 1s odd, and it is a generalized solution to the equation
L Ap(2))
Df + ———r =0
( = e+ ae ) 9@

Proof. Suppose that ¢ : U — A,(C) is a C*®-function with compact support,
and such that the support of 1((z)) on ¢~}(U) is also compact. Suppose also that f :
U — Aq(C) is a generalized solution to the equation D} f(¢(z)) + A(p(z)) f(¢(z)) =
0, and k is odd. Then we have E

when k is even.

/ ($(y)DE) f(w) dly)" = / B(y) Ay) () dy™. (12)
Now
n _ -1 J—"(‘ro"r)
»/U(zl)(g)D;)f(g)dg —/v_l(u) (w(v(z))Jk(w,z)D")” 21 dpen ] (#(@) d=

The right-hand side of the previous expression simplifies to

o
The right-hand side of (12) can now be re-expressed as

_/v-‘() (¢(2)) Jx(e, 2) k(0 2) ™ A((2)) Ik, 2) " Jk(‘/”x)” (i(;|)|)2_n dz”

which simplifies to

_[P_l(u) (‘P(z))Jk(%z)(w+d)r((’le)l)u(<p, 2)Ji(e,2)f(0(z)) dz

Consequently, Jx(yp, g)f(tp(g)) is a generalized solution to the equation (11). A similar
argument holds when & is even il
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‘We now turn to look at solutions to the equation (10) on some bounded domain U.
First, we consider the case k = 1, and with A(y) a C'-function on a domain U;, with
clU C U,. Suppose now that 9(y) is a C'-solution to the equation Dyg(y)-i-A(y)g(y) =0

on Us, where clU C U, and clU; C U,. Then, from Stokes’ theorem we have that for
each Y, € B(0,1)

9(y,) — /U Gi(y — y)A(Y)e(y) dy” = / Gi(y — y,)n(y)g(y) do(y).

aClU7

The term appearing on the right-hand side of the previous expression is a left-monogenic
function.

Following [9: Chapter 4] and [10], we can go further than this. We shall first denote
the right A,(C)-module of bounded left-monogenic functions on U by Beo (U, An(C)).
This module is a generalization of the Bergman space of bounded analytic functions on
a domain in the complex plane. We may now deduce

Theorem 9. Suppose that f(y) € Boo(U, An(C)) and A(y) is L,-integrable over
B(0,1), with p > n. Moreover, let SUpy ey ||3,_;—go||q||A(y_)||p.< 1 where %+% =1. Then

the series
S 6asts 03
k=0

defines a bounded integrable function on U, where Ga(y — Y,) = Gi(y — y,)A(y), and

Ga ** f denotes the k-fold convolutions of G4 over U actmg on f. Moreover the
function (13) is a generalized solution to the equation Dg(y) + A(y)g(y) = 0.

Proof. That the series (13) defines a bounded function follows immediately from
Holder’s inequality and the fact that f is a bounded left-monogenic function on U. On
putting

9(y) = E(GA* Hw)

we have from Hoélder’s inequality

/ lg(y)l dy™ < C(U)Z sup, 1G1(y = yllalAWlIp [l flleo < 00 (14)

ko_o

where C(U) is the volume of U. Consequently, (13) defines a bounded, integrable
function.

Now suppose that 3 : U — A,(C) is a C*®-function with compact support. As
9(y) is a bounded integrable function, the integral

/ ($(@)D,) 3 Ga +* fly)dy" (15)
u k=0
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is well-defined. Moreover, via the inequality (14), we have that the expression (15) is
equal to '

kgo /U ($(¥)D,)Ca +* f(y)dy".

Via Fubini’s theorem, we may observe that

/ (¥(¥)Dy)Ga +* f(y)dy = / / ($(W)Dy)Gr(y — ¥)AW)GA +* " f(y') dy™dy'.
U vuJu .

As

/U (¥(¥)Dy)Gi(y — ") dy" = %(¥'),
then - -
| @Dy Y 6ast fwdy” = [ vwAW Y Ga+* Sy dy”
v k=0 v k=0 v
Via a Mobius transform ¥(z) = y, it follows that if F(z) is a bounded left-monogenic
function on the domain ¢~ (U), and A(y) is an LP-integrable function on U, with p > n,
and sup, ¢y ||G1(y—g0)||q||A(y)||,, < 1. Then ¥ jo, Gp** F(z) is a generalized solution
v, ¥y J A

to the equation (D; + B(z))g(z) = 0 on ¢~!(U) where

(cz + d)A(p(z))(cz + d)
llez + dII?

B(g) =

Of particular importance here is the case where ¢ ~}(U) is an unbounded domain. In
greater generality we have

Theorem 10. Suppose that f(y) is a bounded solution to the equation D'g(y) =0
on the bounded domain U, where Il = 1,...,n — 1. Suppose also that A(y) is an LP-
integrable function with p > 7}, and

sup [G1(y — y, Mgl A@)ll, < 1
9,€U

where % + % = 1. Then
o0

Gip +* Ji(cz + d)f(e(z))

k=0
13 a generalized solution to the equation

(DL + By(z))g(z) = 0

on ¢~ 1(U), where

(cz + d)A(p(z))(cz + d)

z) = |C§+d zl
B2 oy

—_— . when | 13 even

llez + di|**

when | 13 odd
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and G1,8(z ~ zo) = Gi(z ~ o) Bi(2)-
Again, it may be observed that although U is a bounded domain, ¢ ~!(U) need not

be bounded. It may also be observed that if we simply assume that

sup
yo€EU

<1,
1

/ Go(y — y,)A(y) dy™

then the series 320 Gi pm *! f(y) gives a generalized solution to equation (10) on U
for any bounded function satisfying D* f(y) = 0 on U. In this case, we do not need to
assume that U is bounded, and we can allow k to be an arbitrary positive integer.

Let us now assume that U = B(0,1), and that the series } ;2) Pi(y) converges
uniformly on B(0,1) to the bounded function f(y), where D* f(y) = 0 and D* Pi(y) = 0,
and each Py(y) is a polynomial homogeneous of degree . Letting (z) = (eyz+1)(—z —
e1)~!, the Cayley transform, we have

Proposition 5. Ifk=1,...,n—1 and

sup  ||Gi(y — y Mol A, < 1
_y_OEB(O,l)

with % + % =1 and p > §, then the sertes

Qz) =) Gro + Je(p, 2)Pi(0(2)

m=0

13 a generalized solution to the equation (D" + B(g))h(g) =0 on the _uppei half-space
H"™ where

(el/g_\:l)A(cp(;))(elz-i- Dz — el ™% when k is odd
B(z) =1 A(e(z))

when k s even.
lz — exl|?*

Moreover, the series 3 o) Qi(z) converges uniformly on H™ to the function

Y Grp+ Jk(e,2)f (¢(2))-

m=0
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3. The T-operator on unbounded domains

In [12] and elsewhere, the T-operator over a bounded domain U is defined to be the
convolution

/ Gi(y -y )v(y) dy”
U .

where y € U and ¥(y) belongs to some suitable function space over U. If Y(y) is
assumed to be a bounded C!-function on U, then Theorem 6 tells us that

Jx(cp,zo)"/

¥

Gi(z — zo)J-1(p, 2)¥(p(z)) dz™ = / Gi(y —y,)¥(y) dy"
U) U

where (z) =y and ¢(zo) =y,. As Dy = J_1(»,2)7' D;Ji(p, z), then
J—x(w,zo)"‘Dg/ ( )Gx(z—zo)J-l(w,z)w(so(z)) dz"
- (U

=D!°/;IG1(y_—go)1/)(yi)dg".

From Theorem 4 we now have that
De, [, Gr(e = 20)l-slio, 200 () d” = Jos(io, 2000 (o(z0).
o1

In greater generality we obtain, by similar arguments, the following
Theorem 11. Suppose that ¥(y) is a bounded C*-function on the bounded domain,
U. Then - :

DE, [ Gua = 2 2)blolze)) " = J-s( 2 (o(20)

when k=1,...,n—1 forn evenand k = 1,... for n odd.

Theorem 11 tells us that the function
/ Gi(z — 2o)J-k(p, 2)¥ ((z)) dz”
- 1(U)

is a solutio;l to the equation D* f(z) = J_x(¢,z)¥(p(z)) over the unbounded domain
¢~ 1(U), where 1[)(<p(§)) is a bounded C*-function on U. Previously, one has needed to

use an approximation theorem in order to solve the equation D* f = ¢ on an unbounded
domain (see [5: p. 161}).

Suppose now that ¢(y) € LP(U, An(C)) with p > n. Then, as has been observed in
the previous section, it follows from Holder’s inequality that

/UGn(g - Y (y)dy"
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is a bounded, measurable function on U. Consequently, for any C*°-function n:U-—
An(C) with compact support, we have that

(n(y,)Dy,) /U Gily -y, )b(y) dy™

is an L'-function on U. Using Fubini’s theorem and changing variables, we now see
that

/ Gi(z — 2o)J-1(p, 2)¥(p(2)) dz”
)

is a generalized solution to the equation

D, f(z) = J-1(p, 2)¥(¢(2))

on the unbounded domain ¢ ~1(U).

Definition 3. Suppose that V is a domain in R® and m : V — RU {0} is a
non-negative measurable function. Then we shall denote the right 4, (C)-module

{1V =@ [ P e <o)

by L?(V,m(z)).
The module L?(V, m(z)) is an example of a weighted LP-space. We now have by

similar arguments to those used to establish Theorem 10 the following

Theorem 12. Letk=1,...,n-1,p> } and
I(z) € L (97" (U), ez + djf =2 +m+00p),

Then
[ Gia-zi@)dz”
p=1(V)

is a generalized solution to the equation D¥ f(z) = I(z) on =" (U).

We now turn to show how a number of results obtained over a bounded domain
U, using the T-operator (in [11]), have analogues over the unbounded domain ~'(U).
We shall begin by solving the equation Au = k on ¢~!(U), where k(z) is a bounded
C!-function and

lim [lez + d||**!||k(z)]| < co. (16)
I—

As U is bounded and ¢~!(U) is unbounded, then there is a point Y, € U such that
_1(
yo) -

Now consider the function h(z) = J_i(cz + d)~'k(z). It follows from (16) that
ly — y,I*liR(e ™" (¥))Il is a bounded function on U \ {y,}- We now look at the T-

tra.nsform on U of h(p~'(y)). First we have
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Lemma 1. The integral

[ @rg= v @) ay

gives a well-defined function on U\ {yo}

Proof. For each point y' € U \ {go} we have that

/U Gy~ ¥)h(p~\ () dy” = [ G- w) 4
B (g, }lly,-y'll) nU
+ / Gi(y — y)h(e™ () dy™

U\B(y,. 3 lly,~y'1l)

As g(z) is a bounded function satisfying (16), it follows that h(p~'(y)) is a bounded
function on U \ B(y,), %||Q0 —¥'ll). Consequently, the integral

/ Gi(y - y)h(e™'(y) dy”
U\B(y,. 4ily,~y'll)

is well-defined. Now

Gi(y - yHh(p™'(¥) dy”

B(y, 3ly,~y'l) nU

. $ly,—-y'll
pAS _ _
< C i suplly =y, I’ |h (e~ )| / R"7*dR
ly, —¥'lI""" yeu : J
l — 1
where C is some constant depending on the dimension n. As [ g =yl R"3dR < oo,

it follows that the integral is well-defined for each y' € U \ {y,} §
We also have
Lemma 2. For each y' € U\ {y,},

Gi(y—y"h(e™(¥) dy" (17)

v B(g,4ly,-y')

is a left-regular function on U N B(y', :—"go -yl
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Proof. Given ¢ > 0, we can find h; € R (i = 1,...,n) such that

sup sup
v€B(y, 4y, ~y'l) v eB(y 1y, ~y'll)
”Gx(g -y'+he)-Gi(y-y") 9

y _~6_y§Gl(g_2 )“ <eE.

Consequently,

sup sup
ve B(y, dlly,-y'l) v eB(y iy, -y

Gily—y" +hie)-Gily-y") 8 i\ gon
[ | h L) b

unB(y,.4lly,~2'l)

< eC sup lly — y, I7[|A (™ () — by, ~ 1™
< zegg Yo v (¥ n_3 on-2

It follows from this that

lim — / (Gl(y —y" + hies) - G(y - g"))’i(tp"(g))dy“
UnB(y, §llg, -yl

= / " 2—;3@ -y h(p™ () dy"

unB(y, }lly,-y'll)
for each y" € B(y', %”go ~y'|l). Thus, the integral (17) defines a left-monogenic function
on U N B(y,, 3lly, —¥'ll) 8
Thus, we have

Lemma 3. The identity

Py / Gi(y - y"h(¢ ™ (v) dy” = k(6™ ("))
1%

holds.

Proof. As g(z) is a bounded C*'-function on <p"(U), then h((p"(g)) isa bounded
C!-function on U \ B(go, 2y’ — 20”) From [11, 12] it now follows that '

Dy" / . Gl(g - Qll)h(‘f’—](g)) dg" = h((P_l(y")),
UAB (.4 lly’ ~g, )

The result now follows from Lemma 2 B
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Using the change of variable arguments that we have employed throughout this
paper, it may be observed on combining Lemmas 1 - 3 that we have deduced

Proposition 6. Suppose that g(z) is a bounded C'-function defined on the bounded
domain ¢ ~1(U). Suppose also that lim;_.o|cz + d||"!||g(z)|| < co. Then the integral

[ Gie-a@)d
e~ 1(U)
is a well-defined C*-function on ¢~}(U) and

Dl/«:-l(U) Gi(z — z')g(z)dz" = g(z').

It should be noted that Proposition 6 remains valid if we replace the condition
limz—co [lcz + d||” ! ||lg(z)|| < oo by the condition lim;—c ||cz + d||*|lg(z)]| < o0, where
a < n + 3. However, the reason for choosing @ = n — 1 becomes apparent in

Lemma 4. Suppose f: ¢~ (U) — An(C) is a bounded C'-function and lim; oo
llez + dlI**! || f(z)ll < co. Then

lim [|cz + dn"*‘/
T—oo wu

0

Gi(z — z')f(z')dz"" < 0.
)

Proof. Place k(z) = (cz +d)"*! f(z) and I(y) = k(¢ ~'(y)). As f(z) is a bounded
C'-function and lim; _.c|lcz + d||I* || f(z)]| < 400, it follows that /(y) is a bounded
C?-function on U. So (see [12])

wy) = [ Gy’ -yt dy”
is a bounded C!-function on U. But
[ 6 - = hie) [ G - 2)Ialp k) dz
U e~ 1(U)
So
M) = e, [ Gile - D)@,
e-1(U)
As h(tp(g)) is a ‘bounded C!-function, it follows that

lim flez + d"+||J-1(, 2)h(0(2))|| < +oo

and the statement is proved il

Combining Lemmas 1 - 4 and Proposition 6 we obtain
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Theorem 13. Suppose that k(z) is a bounded C'-function on the unbounded do-
main ¢~ (U). Suppose also that lim;—.co ||cz + d||"+1|[k(z)|| < +00. Then

/ Gl(;’ _ £) (/ G] (£Il _ £I)l‘:(zll)dxlln) dzln
e~ (V) p=1(U)

is a solution to the equation Au(z) = k(z) on (V).

Via analogues of Lemmas 1 - 4 and Proposition 6 we have the following generaliza-
tion of Theorem 13.

Theorem 14. Suppose that k(z) is a bounded C'-function on the unbounded do-
main ¢~} (U), wherel = 1,.. ., 2 —1 when n is even, and I =1,..., 251 when n is odd.
Suppose also that limz_. |jcz + d||"*!||(kz)|| < +00. Then

/ Gl(g:_l —- z) (/ Gl({” _ £I)k(gll)dzlln) d{ln
v~ (U) ¢~ (V)

is a solution to the equation Alu(z) = k(z) on = (U).

From now on we shall assume that the domain U has a Lipschitz continuous bound-
ary. We shall now attempt to solve the equation

Au(z) = g(z)

on ¢~ !(U), subject to the condition u(z) = 0 on 8% ~!(U). Moreover, g(z) is a bounded
C'-function with limz_.co [lcz + d||™*!||g(z)|| < co. We first have

Lemma 5. Suppose that g : ¢~ '(U) — A,(C) is a bounded Cl-fu.nction and
lim; oo [lez + d[|**![lg(z)I| < c0. Then

/ Gi(z — z')g(z') dz'™
w-1(U)

is an L?-integrable function on ¢~ (U).

Proof. From Lemma 4 we have that

lim |lcz + d||**! < 0.
z—00

/ Gi(z —z')g(z')dz'"
®=1(U)

Consequently, upon setting

k(z) = /‘P_l(u) Gi(z - z')g(z')dz"™,

we have

o0
/ Re (k(z)k(z))dz" < sup |k(z)|? ( / dz"™ + ¢, / R+l dR)
e~ 1(U) z€o-1(U) U, .
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where Re(k(z)k(z)) denotes the real part of k(z)k(z), ca is a positive constant which
depends on dimension, and U is a bounded subdomain of ¢~ (U).

The proof of Lemma 15 also tells us that any bounded C'-function h: ¢~} (U) —
An(C) which satisfies lim; .o ||cz + d||*~!||h(z)|| < oo is an L?-integrable function on
@ Y (U). Let A%(¢™!(U), —n+1) denote the right- A,(C) pre-Hilbert module of bounded
solutions to the Dirac equation Df(z) = 0 on a neighbourhood of ©~!(U), satisfying
the asymptotic condition

zli_‘rr;o llez + d|I* I f(2)If < oo

For each point z, € R™ \ ¢~!(U), we have that Gi(z — z') € A* (¢~ (U),—n + 1).

Let A%(p='(U),-n + 1)L denote the right-A,(C) pre-Hilbert module of bounded C'!-
functions defined on a neighbourhood of ¢™'(U), g : ¢~ '(U) — A.(C), such that
limz—co [z + d||"~'|lg(2)|| < oo and

/ g(z)f(z)dz" =0 for all f,gEAz(go_’(U),—n+1).
e~ (V)

If we allow L? (¢! (U), —n+1) to denote the right- A,(C) pre-Hilbert module of bounded
C'-functions g : ¢~ (U) — An(C) such that limz—o [lcz + d}|*~|lg(z)|| < oo, then
we have

Lemma 6. The identity

L (o7 (U),~n +1) = A2 (¢ (U),—n + 1) ® A2 (o™} (U),-n + 1)
holds.

We now try to give a better characterization of A%(¢~'(U),—n + l)l. First, we
need '

Lemma 7. Suppose that g(z) is a bounded C'-function on ¢~ '(U) and lim;_.oo
ez + dI*llg(2)]| < co. Then

lim |lcz +d||"73 < oo.
z—00

/ Gi(z - z')g(z') dz'™
)

Proof. Suppose y, € U is such that ¢(y,) = co. Then, on putting k(z) = |lcz +
d||"~Y||g(z)|| we get that

Jim Jly — g, P*[|R (o™ @) < +eo.
= =0

/Gx(g— y)h(p™ N (y) dy™ = / Gi(y — y"h(e™ ' (y)) dy”
U

unB(y,.3liy,-y'1l)
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Furthermore,

/ Gi(y - ¥)h(e ™ (y) dy"

UnB(y,.4lly,~y'l)

1
< C; | su —y I?||r(¢! —_—
<C (geg ly — g, IR (¢~ (v)) ||> Tvo =1
for some positive number C;. Also,
[ - w) e
\B(y' 4lly,~y'l)
C -
< / 1G1(y — )l Iy, — yl*Itale ™ (¥))I dy™
lly' — y,ll
u\B(y' Ly, -y'll)
for some positive number C,. Now
/ 1G1(y = ¥l Hly, — v’ 1R ™ (¥))I dy™

B (g 3ly,-2'l)

< Casup ly, - e~ @) [ 1610 - vl "
yevu . U
for some positive number C3. As U is a bounded domain, it now follows that

< +o00.

/u Gi(y —y)h(e™'(v) dy”

lim —yl|?
Jim fl, -
Upon changing variables, it now follows that

lim |lcz + d||"~3 < oo
z—00

/ Gi(z — z')g(z') dz'™
o=\ (U)

and the statement is proved

We now have

Proposition 7. Suppose that n > 4 and dclp~'(U) is bounded. Then for each
g € A% (7' (U),—n + 1))* there is a bounded C2-function h on ¢~} (U) such that
Dh = g and h(z) =0 on dclp~!(U).
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Proof. Suppose that g € A%(¢~'(U),—-n+1) *. Then from Proposition 6 we have

9(z) = Dg/ Gi(z — z')g(z') dz'".
)

Put
k(z) = / Gi(z — z')g(z')dz'™.
p-1(U)

If the positive number R is chosen to be sufficiently large, we now have that

(k(z)D) f(z) dz™

¢~ (U)N,B(o,R)

- / k(@) f(z)do(z) - / Fe)n(z)f(z) do(z)

Scle=1 (V) Sn=1(e,R)

for each f € A2(p~!(U),—n+1), where S"~!(g, R) is the sphere in R™ of radius R and

centered at 0. As limz.oollcz + d||*7!||f(z)|| < +oo, it follows from Lemma 7 that,
when n > 4, we have

lim
R—oo

/ F2)n(2)f(z)dS" (o, R)|| = 0.
$n=1(o,R) .

Consequently,

/ (k(z)D) f(z) dz" = /  k@n(2)f()do(z).
e-1(U) dcle-1(U)
So

[ k@@ de(z) = 0.
36_1v"(U)

Upon placing f(z) = G1(z — z,), where z, € R\ ¢~!(U) and letting z, approach the
boundary of »~!(U), we obtain

PV [ k@n(@Gi(e - ) do(z) = SH&)
Bclyp—1(U) 2
for almost all z' € dclp~!(U). Upon setting

Mo =k - [ Gi(z - 2')n(z')k(z') do(z")

Acle~1(U)

we obtain the result B



Conformally Covariant Operators in Clifford Analysis 701

Using Proposition 7 and the projection operator-

P: A (p7'(U),=n+1) @ A(p7'(U),~n + 1) — (o7} (U), —n +1)*
we obtain

Theorem 15. Suppose that n > 4 and dclp~'(U) is bounded. Suppose also that
9(z) is a bounded C'-function on ¢~ !(U) and lim;— |lcz + d||*+!||lg(z)]| < 00. Then
there is a unigue C*-function u(z) on ¢~ '(U) satisfying Au = g and u(z) = 0 on
Bcle~Y(U). Moreover,

Du(z) = P / oy GiE= )"
V’-l

Adaptations of our previous arguments, and arguments presented in [11], gives us

Theorem 16. Suppose that n > 4 and Aclp~'(U) is bounded. Suppose also that
AMz) s a continuous function on dclp~'(U) which eztends to a bounded C'-function A’
on @~ '(U), and X'(z) has compact support. If g(z) is a bounded C'-function on 1)
satisfying limg .o [lcz + d|["*||g(z)l| < oo, then there is a unique C?-function u(z) on
@~ (U) satisfying Au = g and u(z) = Mz) on dclp~1 (V).

We shall now show that we can drop the assumption that ¢ ~!'(U) has a bounded
boundary. We begin with

Lemma 8. Suppose that n > 4 and g € A% (o~ (U),—n+ l)L. Then, upon setting

Mo = [ G- e

we have

[ ' ' ' _l I
P.V. /a iy C1(& ~ E ) o) = 3k(2)

for almost all z € Oclp~'(U).
The proof follows similar lines to that of Proposition?.
Suppose now that k(z) is as in Lemma 8. Then we have

Lemma 9. The integral
| Gz zom@hz)dota)
dclp(U) :

gives a well-defined solution to the Dirac equation on o~1(U).

Proof. Now,

Gi(z — z')n(z')k(z') do(z')
Belp=1(U)
= / Ji(ey - a)7'Gi(y' - y) (&Y' —a)~!

delU
x Ji(&y — a)n(y")i(&y' — a)k(e ™ (y)) do(y’)
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¢~ (z') =y and z = (—Jtv_/ + I;)(Eg —a)™!. Consequently,

Gi(z' — z)n(z')k(z') do(z")

Bclp=1 (V)

=Ny /Gl(g'—g)"(g')ll(w‘l’2')k(¢_l(y))d0(g')
8clU

(18)

As limz_.o [lcz + d||" || k(z)]| < +o0, it follows that
Jim ly =g, IP] 707 gk (™ @) ]| < +oo
= =0

where ¢~!(y, ) = +00. As n > 4, it follows that

for each yeU. Thus

< o0

/ Gi(y - Yn(y) (e~ ¥ k(o™ () do(y')
3clU

Gi(y' — y)n(y) (e ¥ k(97 (¥)) do(y’)
clU

defines a left-monogenic function on U. From (18) it follows that
[ 6 - onleke) do(a)
3clp—1(U)

defines a left-monogenic function on ¢ ~1(U) B

It may easily be checked that k(z) is a locally Lipschitz continuous function on
¢~ Y(U). From this observation, and Lemmas 8 and 9, we obtain

Proposition 8. Suppose that n > 4. Then for each g € A*(p~'(U),—n + 1)'L
there is a C?-function h on =) (U) such that Dh = g and h(z) = 0 on dclp~' (V).

The result follows upon placing

hz) = k(z) - / G(z' - 2)n(z')k(z') do(z).

dclp~-1(U)

It follows that the condition that dclp~!(U) to be a bounded set, appearing in
Theorems 15 and 16 can be dropped.
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