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Abstract. By introducing a concept called 'couple-majorized mapping' in product topoogical 
vector spaces we establish existence theorems of maximal elements for couple . majorized set-
valued families with arbitrary index set. As applications, some component coincidence and 
fixed points theorems are given which could be regarded as product extension version of the 
Fan-Browder fixed point theorem and related coincidence theorems. Finally, a coincidence 
theorem is used to derive the Sion minimax inequality in the case of two functions. 
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1. Introduction 
It is well-known that each fixed point theorem has an equivalent version as existence 
theorem of maximal elements. We recall that a point x E X is a maximal element of 
a set-valued mapping F from a topological space X into another topological space Y 
if F(x) = 0. The existence of maximal elements for mappings in topological (vector) 
spaces and their important applications to mathematical economics have been studied 
by many authors in both mathematics and economics (see, for example, Aubin [1], 
Ben-El-Mechaiekh and Deguire [2), Deguire and Lassonde [5), Deguire et al. [6], Ding 
et al [7], Hildenbrand and Sonnenschein [12], Lassonde and Schenkel [15], Mas-Colell 
[16 - 171, Tan and Yuan [21], Tarafdar [22], Toussaint [24], Tulcea [25], and Yannelis 
and Prabhakar [261). Recently, by the existence of selection functions for set-valued 
mappings with open fibers in product spaces, Deguire and Lassonde [5] have given some 
fixed point theorems in product spaces for both compact and non-compact domains. 
Moreover, by introducing so-called Ls-majorized mappings in product spaces, some 
existence theorems of maximal elements have been established by Deguire et al [6]. 

However all existence theorems of maximal elements mentioned above only concern 
one family of set-valued mappings in product spaces. Furthermore, it is clear that each 
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coincidence theorem in product spaces has an equivalent version of maximal elements 
in product spaces which corresponds to the existence of maximal elements for two set-
valued families 

This observation leads us to study in this paper coincidence theorems from the 
point of view of existence theorems of maximal elements in product spaces instead of 
using continuous selection theorems for set-valued mappings with convex (maybe empty) 
values and open fibers posed by Deguire and Lassonde [5]. Our method in this paper 
enables us to study the existence of coincidence theorems for two families of large classes 
of set-valued mappings as an immediate application of existence theorems of maximal 
elements for two families of set-valued mappings. Precisely, by introducing a concept 
called couple-rnajorized mapping for two families in product spaces, we first establish 
existence theorems of maximal elements for couple-majorized families in Section 2. As 
applications, some coincidence and fixed point theorems are then given in Section 3. In 
particular, our fixed point theorem could be regarded as component version of the Fan-
Browder fixed point theorem in product spaces. Finally, the Sion minimax inequality 
for two functions is derived as an application of our coincidence theorem. These results 
unify and improve most of the corresponding results in the literature and our approach 
employed in this paper is different from those used or given by Ben-El-Mechaiekh and 
Deguire [2], Deguire and Lassonde [5], Ding et al [7], Hildenbrand and Sonnenschein 
[12], Lassonde and Schenkel [15], Mas-Colell [16 - 17], Tan and Yuan [21], Tarafdar [22), 
Toussaint [24], Tulcea [25], and Yannelis and Prabhakar [26]. 

We now introduce some notation and definitions. 
If X is a set, then 2X denotes the family of all subsets of X. Throughout this paper, 

the term 'map' always means a single-valued one. If X = fl.EJ X1 is the product space 
of a family of spaces X, (i e I), then for each element x E X we shall denote it as 
X = { x},E J, where x- means the ith component under the project operation from X 
into X1 , for each i E I. 

Let X be a topological space and Y a non-empty set in a topological vector space. 
Then a mapping A: X -* 2Y is said to have 

• convex values if A(x) is convex in Y for all x E X 
• open fibers if A'(y) = {x E X: Y  A(x)} is open in X for each Y  Y. 

If U is a non-empty subset of X, then intxU denotes the interior of U in X. We shall 
denote it for convenience simply by mt U if no confusion can be. Also all topological 
spaces are assumed to be Hausdorff unless otherwise specified. 

Now we have the following 
Definition 1.1. Let X = fl jX3 and Y = 11iEJj be two product spaces of non-

empty convex subsets X3 and Y in topological vector spaces E, and F, respectively, 
where I and J are any given index sets. For each i E I and j E J, let A : X - 
and B3 :	, X, be two mappings. Then the families {A 1 } 1 j and {B}j are said 
to be couple-mayorized if for any given index pair (z,j) E Ix J and for any element pair 
(x ) y) E X x Y with A(x) 54 0 and B,(y) 54 0 there exist mappings A1() : X - 
and B () Y - 2 I and non-empty open neighbourhoods N(x) of x in X and N(y) 
of y in Y such that the following conditions are satisfied:
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(I) Both A1() and B,() have (maybe empty) convex values and open fibers. 
(ii) A,(z) C A () (z) and B) (w) C B, () (w) for all (z, w) E N(x) x N(y). 

(iii) (ui , v)	(B3() (v), A1() (u)) for all (u, v) E X x Y. 

Also we shall call the mapping pair (A () , B () ) which satisfies these conditions a 
couple-majorant of the mapping pair (A 1 , B) at the point (x, Y) E X x Y throughout 
this paper. 

2. Maximal elements for couple-majorized families 

Let E be a topological vector space. Then a polytope of E is the convex hull of any non-
empty finite subset of E. By the partition of unity for paracompact spaces, the following 
result can be easily proved (see, for example, Dugundji and Granas [8], Yannelis and 
Prabhakar [26], and Deguire and Lassonde [5] for more recent results in this direction). 

Lemma 2.1. Let X be a paracompact topological space and Y a non-empty convex 
subset of a topological vector space E. Suppose F : X -i 2' is a set-valued mapping 
with non-empty convex values and open fibers. Then there exists a continuous map 
f: X - Y such that f(x) E F(x) for each x E X. In particular, if X is compact, there 
exists a polytope D in Y such that 1(X) := U xf(x ) C D. 

By Lemma 2.1 and the classical Brouwer fixed point theorem, it was Browder, who 
first gave the following form of a fixed point theorem. 

Lemma 2.2 (Fan-Browder fixed point theorem, see [3]). Let X be a non-empty 
compact and convex subset of a topological vector space E and F: X -' 2X a set-valued 
mapping with non-empty convex values and open fibers. Then F has a fixed point. 

But really, seven years before the paper [3] of Browder, it was Fan, who as first 
person proved in [9] an equivalent form of the Browder fixed point theorem by using 
his extension to infinite dimensional topological vector spaces of the classical Knaster-
Kuratowski-Mazurkiewicz lemma (in short, KKM lemma) given in [13]. Since then, this 
result is often called Fan-Browder (or, Browder-Fan) fixed point theorem. 

As applications of Lemmas 2.1 and 2.2, we have the following existence theorem of 
maximal elements for a pair of mappings which may not have convex values nor open 
fibers. 

Theorem 2.3. Let X and Y be non-empty compact convex subsets of topological 
vector spaces E and F, respectively. Suppose A : X -+ 2' and B : Y - 2 W" to be 
couple -majorized mappings. Then there exists x 0 E X with A(xo) = 0 or Yo E Y with 
B(yo) = 0. 

Proof. Suppose contrary that, for each x E X and y e Y, A(x) 36 0 and B(y) 
0. Then there exist a non-empty open neighbourhood N(x) of x in X and an open 
neighbourhood N(y) of y in Y, and two mappings A : X -* 2' and B : Y - 
such that 

(a) A(z) C A(z) for each z E N(x) and B(z) C B(z) for each z E N(y)
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(b) (u, v) (By (v), A. (u)) for each (u, v) E X x Y 

(c) A, '(u) and By '(v) are open in X and Y, respectively, for each u E Y and v E X 

Since X and Y are regular, for each x E X and yE Y let 0(x) and 0(y) be open 
neighbourhoods of x in X and y E Y such that 0(x) C N(x) and 0(y) c N(y). Note 
that since X is compact and X = UZEXO(x), there exist elements x 1 ,... , x, E X such 
that X = U 1 0(x). Define mappings A : X - 2 (i = 1,2,... ,n) by 

A(x) = f A(x) if X  0(x)	
E X) 

	

1 Y	ifxEX\0(x). 

Then we have: 

(a)' A i is convex-valued 

(b)' A(x) C A 1 (x) for each x E X 

(c)' A'(u) is open in X, for each u E Y, as 

A'(u) = {x E 0(x) : u e A(x)} U (X \ 0(x)) 

= (A; 1 (u) fl 0(x)) U (X \ 0(x)) 

(A il (u) fl 0(x)) fl (0(x) U (X \ 0(XR)) 

= A.'(u) U (X \ 0(x)) 

which is open by property (c) above. Now define A' : X - 2'r' by A'(x) = fl1A1(x) 
for each x E X. Clearly, we have: 

(a)" A' is (maybe empty) convex-valued 

(b)" A(x) C A'(x) for each x E X 

(c)" (A') 1 (y) is open in X, for each y E Y, as 

(A')'(y) = {x E X : yE fl.. 1 A(x)} = fl1A(y). 

Note that since Y is also compact and  = U€ y O(y), there exist elements Yi, ,Ym E 
Y such that Y = U. 1 0(y). Define mappings B: Y . 2X (i = 1,2,.. . , m) by 

B(y) = {
 Byj 	if y E O(yi)	

(Y E Y) 

	

X	ifyEY\0(y1). 

= 

Now, similarly to the arguments used for the mapping A', we also have: 

(i)' Bi is (maybe empty) convex-valued 
(ii)' B(y) C B1 (y) for each y E Y 

(iii)' Br'(x ) is open in Y, for each x  X.



Maximal Elements and Coincident Points	669 

Now we define a mapping B' : Y - 2" by B'(x) =fl'!1B1(y), for each y'E Y. Then 
we have:

(i)" B' is convex-valued 

(ii)" B(y) C B'(y) for each y E Y 

(iii)" (B')'(x) is open in Y, for each x E X, as 

(B')'(x) = {y E Y: x E fl. 1 B1 (y)} = fliBT'(x). 

Moreover, we also have: 

(d) for each x E X and y E Y, x B'(y) or y A'(x) by the definition\of A' and B' 
(e) both mappings A' and B' have non-empty values as 0 54 A(x) C A'(x) and 

0 54 B(y) C B'(y) for each x E X and y E Y. 

As X is compact and A' has non-empty convex values and open fibers, Lemma 2.1 
implies that there exist a polytope D in Y and a continuous (single-valued) function I : X -b D such that f(x) E A'(x) for each x E X. Now the mapping F : X . 
defined by F(x) = B'(f(x)) for each x E X has the following properties: 

• F(x) is non-empty convex for each x E X 

• F'(y) := f x e X : y E (B')'(f(x))} = f ((B')'(y)) is open in X for each 
y E X by property (iii)". 

Thus Lemma 2.2 implies that there exits x 0 E X such that x 0 E F(xo) = B'(f(xo)). Let 
Yo 1(xo). Then x0 e B'(yo) and Yo E A'(xo) as f(xo) E A'(xo), but this contradicts 
(d). Therefore the conclusion follows and we completed the proof I 

Let X = Y in Theorem 2.3. As a direct application of the Fan-Browder fixed point 
theorem, we have the following existence of maximal elements. 

Theorem 2.4. Let X be a non-empty compact convex subset of a topological vector 
space E and A : X . a set-valued mapping. Suppose that for each x E X with 
A(x) 0 0 there exist a non-empty open neighbourhood N(x) of x in X and a set-valued 
mapping A : X -	which has (maybe empty) convex values such that 

(I) A(z) C A1 (z) for all z E N(x) 

(ii) A;'(y) = {z E X : Y  A(z)} is open for each y  X 
(iii) z A(z) for all z e X. 

Then there exists x 0 E X such that A(xo) = 0. 
Proof. By following the same idea used in the proof of Theorem 2.3, we will prove 

the conclusion. Suppose contrary that, for each x E X, A(x) 0 0. Then for each 
x € X there exist a non-empty open neighbourhood N(x) of x in X and a mapping 
A1 : X - 2X which satisfy conditions (i) - (iii) of Theorem 2.4. 

Note that X is compact. For each x € X, let 0(x) be an open neighbourhood 
of x in X such that 0(x) C N(x). Then X = UZEXO(X). By the compactness-of
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X, there exist elements x 1 ,. . . ,x, E X such that X = U 1 O(x 1 ). Define mappings 
A1 : X_+ 2x (i=1,2,...,n)by 

	

A(x) = f Ar(x) if x E O(x)	
(x E X) 

X	ifx€X\O(x). 

Then by similar arguments used in the proof of Theorem 2.3 we have: 

(a)' A i is non-empty convex-valued 

(b)' A(x) C A(x) for each x E X 

(c)' A'(y) is open in X, for each y E X. 

Now define a mapping A' : X -* 2X by A'(x) = fl. 1 A(x) for each x E X. Clearly we 
also have: 

(a)" A' is non-empty convex-valued 

(b)" A(x) C A'(x) for each x E X 

(c)" (A')(y) is open in X, for each y E X, as 

= {x E X: y E n 1 Aj(x)} = fliAT'(y). 

As X is compact and A' has non-empty convex values and open fibers, Lemma 2.2 
implies that A' has a fixed point. On the other hand, it is clear that x A'(x) for all 
x E X by its definition. This contradiction shows that there must exist x0 E X such 
that A(xo) = @1 

As an application of Theorem 2.3, we have the following existence theorem of maxi-
mal elements for two families which are coupled-majorized mappings in product spaces. 

Theorem 2.5. Let X = fl, E JXj and Y = HjY1 producr spaces of non-empty 
compact convex subsets X 3 and 1' of topological vector spaces E 3 and F1 , respectively, 
I and J being arbitrary index sets. Suppose A : X -+ 2 and B3 : V -2Xj are 
couple-majorized families of mappings such that 

U {yE V : B(y) 01 = U int{yE Y: B,(y) 54ø} 
JEJ	 JEJ 

U{XEX Aj(x)ø}=Uint{xEX: A(x)ø}. 
iEI	 iEI 

Then there exists at least one x E X such that A 1 (x) = 0 for all i e I or one y E V 
such thatB(y) = 0 for all j E J. 

Proof. For each i E I, define a mapping A : X -* 2' by


	

A(x) = fi Y3 x A 1 (x)	(x E X) 
jEI,ji
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and for each x E X define the index subset 1(x) = {i E I: A(x) 0 O}. Now we define 
the mapping A: X - 2Y by

El(z)A1() if 1(x)	0 
A(x)= to
	 ifl(x)=O. 

Similarly, for each j E J define the mapping B: Y -* 2i by 

B(y) = fi Xj x B(y)	(y E Y) 
IEJi;4j 

and for each y E Y define the index subset J(y) = {j E J: B3 (y) 54 0}. Now we define 
the mapping B: y2X by

Iici() if J(y) 
B(y)=1	

ifJ(y)=0. 

Then we shall show that the pair (A, B) is couple-majorized. Let (x, y) E X x Y. We 
may assume that 1(x) 54 0 and J(y) 54 0, otherwise the conclusion follows. Then 

	

xEU{xEX:A,(x)0}	and	Y  U{yE':Bj(y)0}. 
IEI	 JEJ 

Since (A 1 , B) is couple-majorized, there exist open neighbourhoods N(x) of x in X 
and N(y) of y in Y, and a pair of a couple-majorant mappings C : X -* 2yi and 
D1 : Y -2Xj at (x, y) such that we have: 

(a) A 1 (z) C C1 (z) for each z E N(x) and B) (z) C D(z) for each z E N(y) 

(b) (u 3 , v1 ) (D(v),C1(u)) for each (u, v) E X x Y 

(c) Cr'(v1) and D(uj ) are open in X and Y, respectively, for each vi E Y1 

and u 3 E X,. 

By our assumptions, without loss of generality, we may assume that 

N(x)Cint{xEX:A 1 (x)O}	and	N(y)Cint{yEY:B,(y)O}. 

Thus A 1 (z) 0 0 for each z E N(x) and B3 (z) 0 for each z E N(y). Now we define 
mappings C. : X - 2" and D : Y -* 2 X by 

	

C1(z) = H Yj x C(z)	and	D(z) = fl X, xD,(z) 
jE!,j96 i	 IEJ,i*j 

for each z in X and Y, respectively. Then we claim that (C1 , D) is a couple-majorant 
of the pair (A, B) at (x, Y) E X x Y. Indeed, we have: 

(i) A(z) = flkEf(z)A'k (z) C A(z) C C1 (z) for each z € N(x)
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(ii) B(z) = nkEJ(z) Bk( z ) C B(z) C D(z) for each z E N(y) 

(iii) C'(v) = (C:) — '(v) and D' (u) = (D'. ) — ' (u) are open in X and Y, respectively, 
for each u EX and v  V 

(iv) (u, v) D(v) x C. (u) for each u E X and v E Y. 

Therefore (C, D) is a couple-majorant of (A, B) at (x, y). Thus (A, B) satisfies all 
hypotheses of Theorem 2.3 and there exists at least one x E X with A(x) = 0 or one 
y E V with B(y) = 0, i.e. A(x) = 0 for all i E I or B,(y) = 0 for all j E J and the 
proof is completed I 

As an application of Theorem 2.4, we also have the following result. 

Theorem 2.6. Let X = Hj E JX1 be the product space of a family of non-empty 
compact convex subsets X, of topological vector spaces E 1 , I being an arbitrary index 
set. Let {A 1 } j E , be a family of set-valued mappings A, : X - 2" such that 

	

U {x E X: A(x) 	U int{x E X: A(x) O}. 
iEI	 iEI 

Suppose that for each i E I and x E X with A(x) 0 there exist a non-empty open 
neighbourhood N(x) of x in X and a set-valued mapping A, : X -* 2" which takes 
(maybe empty) convex values such that 

(i) A 1 (z) C A,,(z) for all z E N(x) 

(ii) Z	A, (z) for all z.E X 

(iii) A(y)	{z E X : y E A 1 , ( z)} is open in X, for each y E X. 

Then there exists at least one ± E X such that A 2 (±) = 0 for all i E I. 

Proof. By following similar arguments used in the proof of Theorem 2.5, for each 
i E I we define a mapping A' : X - 2 X by 

	

A(x) = HjEI,j;AXi x A(x)	(x E X) 

and for each x E X we define a index subset 1(x) = {i E I: A(x) 54 01. Now define a 
mapping A X .. 2X

I i4() if 1(x)	0 

	

A(x)=1	
ifl(x)=0. 

Then we shall show that A satisfies all conditions of Theorem 2.4. Without loss of 
generality, we may assume that 1(x) 54 0 (otherwise the conclusion follows). Then 
x E U 1 €j{x E X : A(x) 0) and there exists i E I such that A 1 (x) 54 0. Thus there 
exist an open neighbourhood N(x) of x in X and a set-valued mapping A1,1 : X 
which satisfies all conditions (i) - (iii) of Theorem 2.6. By our assumptions, we can also 
assume that N(x) c int{x E X : A 1 (x) 54 01. Thus A 1 (z) 54 0 for each z E N(x). Now 
define a mapping A.,: X - 2 X by 

	

A1 (z) = rIjEI,j0iXj x A ,1 (z)	(z E X).
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Then it is clear that we have: 

(i) A(z) = flkEI(z)A(Z) C A(z) C A1 (z) for each z E N(x), and A takes (maybe 
empty) convex values 

(ii) A;'(v) (A)'(v) which is open in X for each v E X 

(iii) z A(z) for all z E X. 

Therefore we have shown that all hypotheses of Theorem 2.4 are satisfied and there 
exists an E X such that A(i) = 0. Thus the proof is completed I 

Remark 2.7. Let X and Y be two non-empty sets, A : X -2Y a set-valued 
mapping and S : Y -+ X a single-valued map. We can definite their composition 
A o S as a map from Y into 2' by (A o S)(y) = A(S(y)) for each y E Y. When X 
is a compact topological space instead of having a linear structure and the mappings 
B, in Theorems 2.3 and 2.5 are replaced by a continuous single-valued , mapping S, 
some existence theorems of maximal elements for Ls-majorized mappings in product 
spaces have been established recently by authors' joint research work [6]. Note that 
both concepts 'couple-majorized' and 'Ls-majorized' are independent to each other, 
thus existence theorems of maximal elements in this paper are independent of those 
results given in [6). 

3. Coincidence and fixed point theorems in product spaces 

A coincidence theorem is a theorem asserting that if mappings S : X - 2'' and 
T : y ... 2X have non-empty values and satisfy certain other conditions, then there 
exist x0 E X and yo E Y such that Yo E Sx0 and xo E Tyo. 

In this section, as applications of existence theorems for maximal elements in Section 
2, we shall derive some coincidence and fixed point theorems in product spaces. For 
convenience, we first recall the following definition which has been used by Deguire in 
[4] (see also [5, 6]). 

Definition 3.1. Let X be a topological space and I any index set. For each i E I, 
suppose that Y, is a non-empty convex subset of a topological vector space F1 and 
A 1 : X -+ 2 yi a set-valued mapping. Then {Ai }, j is said to be a KF family if the 
following assumptions are satisfied: 

(i) For each i E I, A(x) is convex for each x E X. 

(ii) For each x E X, there exists i E I such that A 1 (x) 00. 

(iii) For each z E I, A'(y 1 ) is open in X for each yi E V1. 

Now we have the following coincidence theorem in product spaces. 

Theorem 3.1. Let X = MEJ X, and Y = fliEJ Y, be product spaces of non-empty 
compact convex subsets X, and Y1 in topological vector spaces E, and F1 , respectively, 
I and J being arbitrary index sets. Suppose that both {A 2 } 1 € j and {B,}, EJ are KF 
families. Then there exist an index pair (i 0 , j0 ) E I x J and an element pair	E 
X x Y such that	E A 10 () and jo E B0().
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Proof. Suppose the conclusion is not true. Then {AI} E I and {Bj } jEJ are couple-
majorized. By Theorem 2.5, there exist either an i E X with A(th) = 0 for all i E I 
or an E Y with B() = 0 for all j E J, which contradicts that both {Al } %EJ and 
{B} 6 j are KF families. Thus the conclusion follows! 

We wish to note that the conclusion of Theorem 3.1 was also given by Deguire and 
Lassonde [5], but in a different way which mainly depends on the continuous selection 
theorem of KF families. However, our approach used here is different from theirs as 
Theorem 3.1 is a consequence of our Theorem 2.5 which gives the existence of maximal 
elements for couple-majorized mappings. 

As an application of Theorem 2.6, we have the following component fixed point 
theorem which could be regarded as an extension of the Fan-Browder fixed point theorem 
in product spaces. 

Theorem 3.2. Let X = fliE! X1 be the product space of non-empty compact convex 
sets X1 in a topological vector space E2 , I being an arbitrary index set. Suppose that 
{ A,: X — 2"}EJ is a KFfamily. Then there exist an index i0 E I and an element 

E X such that i i o E A10(). 

Proof. Suppose the conclusion were not true. Then, by Theorem 2.6, there exists 
an element i E X with A() = 0 for all i E I. Of course, this contradicts with that 
{A I } ZEJ is a KF family. Thus there must exist an index z E I and an element E X 
with Ij,, E A 20 () and the proof is completed I 

An an immediate consequence of Theorem 3.2, we shall the derive Sion minimax 
inequality in the case of two functions in [20]. 

Corollary 3.3 (Sion minimax inequality). Let X and Y be non-empty compact 
convex subsets of topological vector spaces E and F, respectively. Suppose functions 
1,9 : X  Y —p R  {—eo,+eo} satisfy the following conditions: 

(i) f(x,y)	g(x,y) for each (x, Y) E X x Y. 

(ii) For each x E X, f(x,.) is quasi-concave, and for each y E Y, f( . , y) is lower 
semicontinuous. 

(iii) For each fixed x E X, g(x,.) is upper semicontinuous, and for each fixed y E Y, 
g( . , y) is quasi-convex. 

Then we have
min sup f(x,y) <sup min g(x,y). 

	

rEX Y EY	 yEY rEX 

Proof. Set Ao = min€x SUPYEY f(x, y) and, for each given e > 0, .\ = A0— 
Define mappings A: X — 2' and B: Y —* 2 X by 

A(x) = {y E Y: f(x,y) > A}	and	B(y) = {x E X: g(x,y) <A} 

for each x E X and y E Y, respectively. Note that both A and B have (maybe empty) 
convex values and open fibers and, moreover, they do not have any coincident point. 
Otherwise there exists a pair (x0 . Yo) e X x Y such that A < f(xo, yo) < g(xo, yo) < .\,
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which is impossible. By Theorem 3.1, we must have that either A or B is not a KF 
mapping. As A(x) 54 0 for each x E X, there must exist an element yo E Y such that 
B(yo) = 0. Therefore infXExg(x,YO) 2 Ao -, so that supyinfZxg(x,y) 2 Ao —e. 
As e is arbitrary, we have SUp Y Ey infZEX g(x, y ) 2 A0 . Then 

sup inf g(x,y) 2 min sup f(x,y) 
Y EY ZEX	zEX yEY 

and the proof is complete I 

As applications of Fan's lemma in [9] which is an infinite dimensional extension 
of the classical Knaster-Kuratowski-Mazurkiewicz lemma in [13], a number of minimax 
inequalities have been given by Aubin [1], Fan [9 - 101, Lassonde [14], Park [18], Sion [20], 
Tan and Yuan [21] and others. For more details, the interested readers are referred to 
Simons' paper [19]. The coincidence theorems known in algebraic topology consequently 
give rise to corresponding minimax theorems (see Simons [19] and references cited there). 
There are also a number of literatures for the study of coincidence theorems (see, e.g., 
Dugundji and Grajias [8], Granas and Liu [11], Park [18], and Tarafdar and Yuan [23] in 
this direction. Finally, we would like to remark that it is possible to give a family version 
of My Fan type minimax inequalities (see, e.g., Fan [10]), and Hartman -Stampacchia 
and Browder type variational inequalities in product spaces. In fact, some results in 
this line have been established in the joint research work [6] and thus we omit these 
details here. 

Acknowledgment. Both authors would like to thank anonymous referees' careful 
reading and critical suggestion which lead to the present version of this paper, and in 
particular to lead us to give a correct version of the proof for Theorem 3.2. 
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