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On a Class of Nonlinear Elliptic Problems
with Neumann Boundary Conditions
Growing Like a Power

M. Chipot and F. Voirol

Abstract. One investigates the issue of existence and number of solutions for the problem

Auv=au’ in Q
du q

u=0 on I's, —=u' on I

on

where Ty and T, are two parts of the boundary of the open set 2. In dimension one we are
able to find all the solutions to the problem. In higher dimension we give for different solutions
depending on p, ¢ and ) existence and non-existence results.
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1. Introduction

Let Q be a bounded open subset of R™ with boundary I'. This paper is concerned with
the problem of finding a positive solution u to the problem

Au = au? in

u=20 on Iy (1.1)
o
8_Z =uf on Iy

where a and p, ¢ are positive constants such that p,q > 1, I'g and I'; are two portions of

“the boundary T that we will assume to be disjoint and covering I, and n is the outward
unit normal to I'. Moreover, we will assume that I’y has a positive superficial measure.
We refer the reader to [1] for the case where 'y =T.
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The above problem models the equilibrium of the temperature u in a domain Q. It
is assumed that cooling is provided at a rate proportional to u” inside the body and a
flux of heat is entering the boundary through I'; at a rate u9. The other part of the
boundary is maintained at a constant temperature. The question is then to determine
if an equilibrium can be reached by the temperature inside the body.

2. The one-dimensional case

In this section we consider the problem of finding u > 0, u € C?(0, L) n C*([0, L)), such
that
u" =au? on (0,L)
2.1)
u(0) =0 and u'(L) = u%(L)

where @ > 0 and p,¢ > 1. In this case the situation is complete and we have the
following result.

Theorem 2.1. The problem (2.1) can be described through the following cases.
(1) If 29 > p+ 1, then the problem (2.1) has for any L > 0 a unique non-trivial

solution.
(2) If2¢g=p+ 1, then
for a < q the problem (2.1) has for any L > 0 a unique non-trivial solution

for a > g the problem (2.1) has no non-trivial solution. .

(3) If2g < p+ 1, then there ezists L* > 0 such that
for L < L* the problem (2.1) has no non-trivial solution
for L = L* the problem (2.1) has a unique non-trivial solution

for L > L* the problem (2.1) has two non-trivial solutions.
The proof of assertions (1) - (3) will be given in separate parts.

Proof of assertion (1) of Theorem 2.1. We introduce u,, the solution of the
Cauchy problem

ul = auf,
(2.2)
um(0) =0 and u,,(0)=m

where m is a positive constant and we denote by [0,1,,) the interval where the solution
exists. Then we set

b(m,r) = ulmg"; for all (m,r) € (0,+00) x (0,1sm). (2.3)

We claim that for any m > 0 the function r — b(m, r) is decreasing on (0, 1,,). Indeed,
if we mutiply the first equation of (2 2) by uj, we obtain

1
p(um) = STy
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Integrating between 0 and r we get

1
pum(r) = gm® = ——ulti(r)

hence
up(r) = \/m2 + o uR ) (2.4)
So, we deduce
b(m,r):Z \/mz 2r'(r)+ uP“ (). (2.5)

From u,, being clearly increasing on (0,l) there follows since p + 1 — 2g < 0 that
r — b(m,r) is decreasing on (0,/mm). Next, let us establish the following

Lemma 2.1. Let a >0 and (m,r) € (0,400) x (0,1n). Then
(ma(p+l)/2, ‘ra_(p-l)/z) € (0, +oo) X (0, lmu(,+1),¢2)

and one has

b(ma(”+’)/2,ra‘(”_l)/2) = a(”+l_2")/2b(m,r). (2.6)
Proof. Consider
5(t) = aum(alP™1/2y), (2.7)
One has
s'(t) = aPFN/2Y! (afP~1)/2y) (2.8)
s"(t) = @®up (aP7V%t) = oPaul, (aPV/2) = as(t)?.  (2.9)

So, s = s(t) satisfies
' s" = as?

(2.10)
5(0) = 0 and s'(0) = ma(P*1)/2 |

and by the uniqueness of the solution of the Cauchy problem

S = Upalp+1)/2 and Loty = a”P~D/2]
Next, we have
—-(p-1)/2
b(malr*V/2, ro=(r71/%) = a7 (p+1-20)/2 ¥m(T)
’ si(ra-(-172) i (r)

which gives (2.6). From (2.6) we deduce easily that for r fixed the function m — b(m,r)
is decreasing. First note that for m’ > m one has, since the trajectories of the system
(2.2) cannot cross, :

um(r) Sum(r)  and  up(r) S up(r)
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and thus
lm 2 Im'- (211)
So, for r > 0 fixed, b(m,r) is defined on some interval (0,m,). Next, m' > m can be
written as m' = ma(P*1/2 for some o > 1. Then, since b is decreasing in r and by (2.6)
b(m',r) < b(m',ra~(P=1/2)
= b(ma(”+1)/2,7‘a_(”_])/2) = a(p+l_2q)/2b(m,r)

< b(m,r)

and the result follows il

We are now in a position to establish (1). First remark that, by (2.11), limy—o Im
exists. We claim that this limit is +co0. This follows clearly from the continuous de-
pendence in m of the solution to the Cauchy problem (2.2) and from the fact that, for
m = 0, the solution is 0 and defined on the whole real line. Thus, given an L, one can
find m > 0 such that L < [l,,. If b(m, L) = 1, then u,, provides us with a solution to
our problem. If 5(m, L) > 1, then one can select @ > 1 such that

b(ma(”+l)/2,La_(”_l)/2) - a(’+1_2")/2b(m,L) =1,
Then, due to the fact that b is decreasing in r,
b(maPTV/2 L) < b(ma P2 Lo~ (P=1/2) = 1 < b(m, L).

But due to the continuity of the map m — ¥(m, L) one can find mo € (m, ma(P+1)/2)
such that (mg, L) = 1 and um, is solution to our problem. In the case where §(m, L) < 1
one proceeds the same way selecting o < 1.

To see that uniqueness holds, assume that we have two distinct solutions u; and u,
to (2.1). Then, m; = u{(0) # u4(0) = m2 and we cannot have b(m;, L) = b(m,, L).
Thus, uniqueness follows and assertion (1) of Theorem 2.1 is proved i '

Proof of assertion (2) of Theorem 2.1. So, we assume 2¢ = p+ 1 and as above
we introduce un,,, the solution to problem (2.1). In this case (2.5) reads

_ 'u’m(r) _ m? a
b(m,r) = e ”u?,‘,’(r) + . (2.12)

Since u,, is increasing, 7 — b(m, ) is decreasing on (0, l,,). Moreover, we claim that

lim un,(r) = +oo. ' (2.13)

r—lm,

Indeed, the above limit clearly exists. Moreover, (u,v) = (um,u,) is solution to the
system

v =v and v' = au?
(2.149)

u(0) =0 and v(0) =m.
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The functions u and v are both increasing and have a limit. If I,, < +0c0 and lim,—;,,
um(r) < +00, then, due to the first equation of (2.14), lim,—,,, u"(r) < +oo and so
does lim,—.,,, u; (r) which is impossible. If now I, = +o0 and lim,—~, um(r) < +oo,
then uy,(r) and thus ul,(r) are unbounded which contradicts the fact that u., is. So,
in all cases we have (2.13). It follows from (2.12) that for any r < I,

b(m,r) > lim b(m,r) = 2
r—lm q

Thus, when a > ¢, then the problem (2.1) cannot have a solution. The case a = ¢
gives rise to no solution due to the fact that u,(r) is unbounded when r — [,,. When
a < g, then, clearly, for any m we can find a unique L,, such that b(m,Ls,) = 1. Now,

1t is easy to check that if u, denotes the solution to (2.2) corresponding to m = 1, then
(compare to (2.7) - (2.10)) v(t) = au;(alP~1/2t) satisfies

v =av? on (0,a”(P~N/2L,)
v(0)=0 and v'(a”®P"V/2L)) = af.
Thus, )
UQQ(t) = aul(a(”_l)nt) a.nd Laq = a_(p_l)/le.

It follows that for any L > 0 there exists a unique a such that L = a’(”‘l)/lei and

uqe is the unique solution to problem (2.1). This completes the proof of assertion (2)
of Theorem 2.1 8

Proof of assertion (3) of Theorem 2.1. So, we assume throughout this part
that 2¢ < p + 1. We introduce as before the solution u,, to problem (2.2). Recall that
we have (see (2.4))

2a
' - 24 27 B, 2.15
(r) = [ + 2 () (219)
So, in order for um(L) to solve u,,(L) = u?,(L) it needs to be a root of the equation

2a
p+1

F(u) = u* - uP*! —m? = 0. (2.16)

We have F'(u) = 2qu??~! — 2qu? hence F'(u) = 0 if and only if u is equal to 7 =
(£)!/(p+1-20) Thus, F is increasing between 0 and 7 starting from the value —m? and
decreasing after 7 going to —oo when u — +o00. So, in order for the equation (2.16) to
have a root we need to have F(7) > 0 which reads after an easy computation

2q/( +1-2 )
(2) "{1_2_q}2m2,
a p+1

So, in order for um to be a solution to problem (2.1) we have to restrict m to satisfy

/(p+1-2¢) 1/2
0<m5M=(3)qP Pho 2 L
a p+1
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In this case (2.16) has two roots R;(m) < 7 < Ry(m) which coincide with 7 in the case
where m = M. Going back to (2.15) we have

Um(r)
Ve b ) 4 m

hence integrating (recall that u!, > 0)

=1

um(r)

/ ds
—_—— =
{ Ve
Then it is clear that u, is a solution to problem (2.1) for L = L,(m) and L = Ly(m)
where

ds

Li(m) = o/ W (i=1,2). (2.17)

Since every solution to problem (2.1) is a solution to problem (2.2) for some m, when
m varies the numbers L;(m) are going to run over all the possible values for L. So, we
need to study the functions Li(m) and L,(m). Let us start with La(m).

Lemma 2.2. L; is o decreasing function of m on (0, M]. Moreover,

Ly(M) = / ds .
NeraET

Proof. First, since when m increases the graph of F goes down one has

lim0 Ly(m) = o0 and

Ry(m) is increasing with m
Ry(m) is decreasing with m.

So, if m > m' one has

1 < 1
\/x% sPHL 4 m2 \/ﬁ:l sP+1 4 m2
and, integrating,
Ra(m)
bm= [

Ra(m) Ra(m’)

ds ds
< > < >
28 .p+1 2 8_gpt+l ”?
oV priSFT A m 0 pristT tm

= Lg(ml).
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Thus, L; is decreasing. On the other hand R;(m) > 7 so that

La(m) > ] ds

28 p+1 2
5 st +m

Letting m — 0 one obtains limm—¢ L2(m) = 400 since

/ ds
diverges (2 > 1). This concludes the proof of Lemma 2.2
Next we turn to the study of L,. We have
Lemma 2.3. Whenm — 0, then Ry(m) ~ m!/9 and L,(m) ~ ms~'. In particular
limm—o L1(m) = +o0.
Proof. First, note that when m — 0, then any limit value of R;(m) must satisfy

29 _ 28 .p+1 = — (p1\P+1-2¢ o ptl g
u AT U =0so that u =0 or u = (B1%) . Since = > 4, we have

p+1\PH-% q\P+1-29
( % ) > (a) =7 > Ry(m)

and the only possible limit value for R;(m) is 0 so that lim,,—¢ R1(m) = 0. Going back
to (2.16) we have

2a

+1

2 -
Rl(m)z" {l - p—:l Rl(m)”“ 2q} = m2.

Since, limm_o R1(m) = 0 we deduce that, when m — 0, R;(m)?? ~ m? and thus
Ry(m) ~ m'/9. Going back to the definition (2.17) we have

Ry(m)

R] (m)Zq - P Rl (m)”'“ - m2 =0

or

ds

/ [2a_ p41 2
° P“s +m

0g \1/(pH1) '
v ( ) m=2/PH) g = O+

Ll(m) =

Changing of variable, i.e. setting

r+1
we obtain
Cm"/(”'“)ﬂ\(m)
1 du
Ly(m) = Crl=-2/(p+1) A=l
—2/(p+1) +1
Cm ] ubtl +1 (2.18)
_ Ry(m) 1 /C"‘-m’“)“'(m) du
T m CmG+)R(m) J, Verti 1

Since Cm~2/(P¥D R (m) ~ Cm!/9=2/(P+) _, O when m — 0 we obtain L;(m) ~
R'm"') ~ m3~" which concludes the proof il
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Next let us show

Lemma 2.4. Let us denote by L;(m) the derivative of L; with respect to m. Then
one has

(1 - 1—)%) Li(m) + mLj(m) = (1 — pi’l) {qR;'-‘ i T } (2.19)

for i =1,2. Moreover,

mli_r’nM Li(m) = +o0 and n}gnM Ly(m) = —co. (2.20)
Proof. Going back to (2.18) one has

Cm"”("*])ﬁ.-(m)

du
le—Q/(P'H)L'.(m) - / -
Jurtl + 1
] uPtl 41

Hence differentiating with respect to m we get

2

p+
1 _ '
i \/(C 2/(r+ 1) Ry( ))”+1 (Cm 2/(P+1)R‘(m)) (2:21)
m—2/(p i(m +1
i \/ 2 (m) +1 4 2 ¢ (_1h2L lm_l_z/(’“)Rf(m) + m_2/(’+l)Rf(m)) '
=L Ri(m)Ptl 4+ m
p+1
Since 0
Ri(m)?? = . :le(m)’“ +m? (2.22)

relation (2.21) reads after pulling out Cm=2/(p+1)

2 () 4 mL(m) = — ) — 2 Ri(m)
<1 P+1)L'( )b = By {R‘( ) i m } (2.23)
! (m)~ 9 — L (m) 9 '
= {mR,-(m)R,( ) ot 1R.( ) } .
Differentiating (2.22) we obtain

m

qRi(m)z;" — aRi(m)?

R:(m) =

so that

mR)(m) = m’ _ Rlm)t - i R(m)r?
! gRi(m)?9-1 —aR;(m)?  gqRi{(m)?9~! — aRi(m)?
Replacing into (2.23) we obtain (2.19). Now when m — 7, then Ri(m) — 7 where

qui~! — quP~? vanishes. Since Ri(m) < 7 < Ry(m) we see passing to the limit in (2.19)
that (2.20) holds il
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Next we have

Lemma 2.5. On (0, M) the function L, is decreasing until a value my € (0, M)
and then increasing until M.

Proof. Due to Lemmas 2.3 and 2.4 it is enough to show that at a point where
Li(m) = 0, then LY(m) > 0 so that m could only be a minimum. For that, differenti-
ating (2.19) we obtain

(1- 525 £hm) + Bym) + mEiom)

p
i
~(1--2 ! (2.29)
p+1/ | gR{™' —aRP™Y
. 2q 1 -2 p—q—1] pr
T (1 B 1) (¢RI™! —aRZ79)2 {ota = DRI - alp — )R }.

It is clear from (2.21) that at a point where Lj(m) = 0 one must have R)(m) >
0, then (see (2.24)) at a point where L{(m) = 0 the sign of L}(m) is given by the
opposite sign of {g(¢ — 1)RI™? — a(p — ¢)R®™"""} so that L{(m) > 0 if and only if
glg— DRI —a(p- )R,  <Oor

q(g —1) < RPHI-%0

pr— ! (2.25)

(note that ¢ < p since 2¢ < p+1 < 2p). Next, going back to (2.19), at a point where
Li(m) = 0 we have

2 2q 1
1-— )L ={1— .
( p+1) 1(m) ( p+1) {qR‘{" —aR’l’“’}

Clearly

Ri(m)

Ll(m) _ / 2 ds N - Rl(m) — R](m)l_q.
Rt [EE Ryt me

So at a point where L{(m) = 0 we have

2 - Qq) 1
1-— R "< (1-
(1-5) & < (- 350) Lo

which reads also

2 p+1-2¢ _ 2q
(1—p+1){q arp* 2 < (1 o
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or
p-1 1-2 p+1-2¢
=~ {g-arrt (A WP e o
A A

This is equivalent to the inequality
- +1-2¢q
_ RP+1 2¢q < p
{q a 1 } p— 1
and the last to the inequality

So we will be done thanks to (2.25) if
- -2
a(g U<q_p+1 q
pP—gq p-1
or equivalently
p+1-2 -1 -1 +1-2
prl-2¢ ,_gla=)_ [y g1l _ [p+1-2]
p-1 P—gq P—gq P—q
This will be true if ,,lTl < ;ﬂ—q which is true since ¢ > 11

Combining the information of the different lemmas we see that the curves L, and
L; look as below.

\

Set L* = inf(o p)Ly. Then for L < L*, L = L* and L > L* problem (2.1) has no
solution, has a unique solution and has exactly two solutions, respectively.

Remark 2.1. The method used in proving assertion (3) of Theorem 2.1 could also
have been used to establish assertions (1) and (2).
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3. The higher dimensional case
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In this section we assume that u is a weak solution to (1.1) such that u € H'(Q) N

LP+(Q).

In the case where 2g = p + 1, we have a similar result to the one-dimensional case:

Theorem 3.1. Assume that 2¢ = p+ 1. Then, if a is large enough, the problem

(1.1) cannot have a non-trivial solution.

Proof. Let us denote by v a smooth vector field such that
v=n on I and lv] < 1.

Multiplying the first equation of (1.1) by u and integrating over Q we get

a/u”“dz:/Auudz:/V~(Vuu)d2:—/|Vu|2dx
Q Q 1] Q
=/ a—uu,dcr(z)—/ |Vu|2d1:=/ u"“do‘(z)—/ |Vu|® dz
r, On Q Ty Q

were do(z) denotes the superficial measure on I'. Hence

/|Vu|2d1:+a/u"+ldz=/ u?*! do(z).
Q ' Q I

Next, remark that
/ uItl do(z) = / V.- (uty)dz
F1 Q
=(g+ 1)/ u'Vu-vdzr + / uwIt'V . vdz.
Q Q

Hence,

/ u"“da(z)ﬁ(q-{-l)/ u"|Vu|dz+C/ uItldz
r, Q Q

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

where C denotes the L>(Q)-norm of Vv, i.e. C = |V -v|. Using the Young inequality

2 .
ab < Sa’ + i,-b2 we obtain

2 1
/ w* do(z) < ﬂ/ Vul?dz + %/ u¥dz
r, 2 [} 2e N

Ce? 2 (o} 2
+T nu dr+§‘/nuqd:c.

Due to the Poincaré inequality one has for some constant K

/qu:tSK-/ |Vu|®dz
Q Q
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so that we derive

/ uItldo(z) < é{(q + 1)+CK}/ |Vuldz + g+l + < /u”'“da:
r, -2 0 2¢? 2¢? 0

since 2¢ = p+1. Combining this with (3.3) and selecting ¢ such that ‘2—2{(q+1)+CK} =1
we obtain for some constant C

’a/ uPtldz < C/ uPtldz
Q 0

hence a contradiction when a is large enough, u Z0 B

In the case where 2¢ < p + 1, then, as in the one-dimensional case we can show
that the problem (1.1) can fail to have a solution when the size of 2 is too small. More
precisely let us show

Theorem 3.2. Assume that 2¢ < p+1 and p < %f—g when n > 3. Then, if the size
of  1s small enough the problem (1.1) cannot have a non-trivial solution.

Proof. Consider for instance for ¢ € (0, 1)
Q. =(-1,1)""! x (0,¢) and I =(-1,1)""" x {0}

and denote by u = u, the solution to problem (1.1) corresponding to 2 = €,. Recall
that by (3.2) one has

/ |Vu|®dz +a/ uPtldz =/ u'tldo(z). (3.6)
Q Q r,
Next, remark that due to the Young Inequality
g+1 0 +1
uwIdo(z) = - | —utdz
r, Q aIﬂ
Ou
= - 1 9 _ .
(¢+ )/‘;u 3 dz
< 1 ﬁ [Vu|?dz + L ug"dx}

82 1 2¢/(p+1) ,
<(g+1) 3A|Vu|2dz 4+ 257 (/{; uP'Hdl.) IQll_ o/(p+1) |

Combining with (3.6) and selecting (g + 1)% = 1 we obtain for some constant C

1 2 p+1 p+1 2/t 1-2¢/(p+1)
3 |Vul’dz +a [ vwPtldz < C uPtldz |2 .
Q Q Q
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Thus, if we denote by |u|,41 the usual LP*!(Q)-norm we get for some constants
lulpi) < ClQ| 3.7
/ﬂ [Vul?dz < Clul3%,|Q]' ~29/(P+1). (3.8)

Next, from the Sobolev embedding Theorem (see [2: p. 148]) we know that there exists
a constant C such that

o[24, < c/n |Vo|2dz
1

for any v € H'(£,) vanishing on 89, \T;. So, extending u = u, by 0 outside of Q = Q,

we derive

full, < C /ﬂ Vu[tdz, (3.9)
Combining (3.8) and (3.9) we obtain
lul24) < Clul?%,|Q]'72/¢®+)  and (if u #0) 1< Cluf2437%|Q) ~20/+)),
Hence by (3.7)
1< C|Q|2(q—l)/(p+1)IQ|1—2q/(,,+1) _ C|Q|‘"2/(P+‘)

and a contradiction when |2] = |2¢| is small enough il

In fact, as we are going to see, what is important is the size of |I';]| with respect to
the one of |[2]. So, we would like to conclude this paper by an existence result referring
the reader to forthcoming works for more on this topic. In what follows we will assume

that
n

1< —5 when n >3 (3.10)
so that the trace operator is compact from H!() into LI*!(T"). We define
E(v) = l/ |Vv|®dz + ——a—/ |v|Ptdz — ;/ |v|**do(z). (3.11)
2 Ja p+1Jq g+1Jr,

Then we have

Theorem 3.3. Assume that 2¢ < p+ 1 and that (3.10) holds. Set
Vo={ve H'(Q)|v=0onTo} and V =V, n LPHY(Q).
Then there exists u € V such that E(u) < E(v) for allve V.

Proof. First remark that arguing as in (3.4) and (3.5) one has forv e V

/ [v|9*'do(z) < (¢ + 1)/ |v|?|Vu|dz + C/ o]t dz. (3.12)
r, Q Q



866 M. Chipot and F. Voirol

Then, since ¢ < ’% < p, by Holder’s inequality

(g+1)/(p+1)
/Ivl"“dx < (/ |v|P+‘dz) Q=G+ D/ Gp+1)
L Q

= |Q|1—(q+l)/(x=+l)|v|;i:.

(3.13)

Moreover, using the Young inequality one has for some ¢ and some constant C,
(g + 1)/ [v|9|Vu|dz < e/ |Vv|?dz + C,/ |v|*9dz
Q Q Q
2q/(p+1)
< 5/ |Vv|?dz + C. (/ |v|”“d:c) (3.14)
Q Q

- e/ﬂ Voltdz + Celo|2%,.

Thus, collecting (3.11) - (3.14) we obtain for some constants C; and C, depending
eventually of ¢

1 a
E(v) > (5 - 5) /n |Vo|2dz + — 1|v|;1} - Ci|IY) - Calvf2d,.
Selecting € such that ¢ < 1 and denoting
lv] = |Vl + [v]p4: (3.15)
it is clear since ¢+ 1 < p+ 1 and 29 < p + 1 that

lim E(v) = +oo. (3.16)
Jv)—+co

Let us denote by {vi} a minimizing sequence of E on V, i.e. a sequence {vi} satisfying
kkTmE(vk) = z}re]{/ E(v). (3.17)
By (3.15) and (3.16) one has, for some constant C, |Vui|; < C and |ug|p4; < C. So,

one can extract a subsequence that for convenience we will still denote by v such that
for some u € V one has

vy — u in
Vg —u in L”“(Q)
Vp > u in L"'H(l")

(recall (3.10)). Using now the lower semicontinuity of the maps v — [Vv|2 and v —

|v|£i} one deduces

2 B = lim_B(on)

v

1., . a .. 1
EhmklanVvklg + i1 llmkmf]vdzi: “ T 1 h'rcn/r‘ ve |7+ do(z)

v

E(u).

So, u is a minimizer of E and the result follows
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Remark 3.1. At this stage, nothing prevents the solution u to be equal to 0. As
we will see this happens for instance under the assumptions of Theorem 3.2. Note also
that the proof of Theorem 3.3 holds when |I'g| = 0.

Let us now turn to our existence result.

Theorem 3.4. Assume that 2g < p+ 1 and that (3.10) holds. Set

d(z) = dist(z,Ty) = yiélrf |z — y| and D, = {z e R"|d(z) < 1},
]

where |-| denotes either the Lebesgue measure, either the superficial measure on T'. Then

‘f
2 ! p+1 q+1 ! ! ! ’

there ezists a non-trivial solution u to problem (1.1).

Proof. Consider the function v = d A 1 where A denotes the minimum of two
functions. It is clear that v € V. Moreover, since d is a Lipschitz continuous function
with a Lipschitz constant less than 1, |Vd(z)] <1 for a.e. z € Q. So, we have

1 a 1
Ev=—/ ded:c+—/ v”“dz——/ v|9t do(z
()= [ 1vaPaz+ 25 [ 1o T L i dete)
1 a 1
-|D — |- ——|1Z \D
_2| 1|+p+1|| q+l|l\ 1
< 0.

Thus, the infimum (3.17) is negative and achieved for a non-zero function u. Noting
that |u| € V and E(u) = E(Ju|), there is no loss of generality in assuming u > 0. But
then, it is easy to see that u is solution to problem (1.1). This completes the proof of
the theorem B

Remark 3.2. Note that it is very easy to find an open set Q for which (3.18) holds.
Assuming  included in some fixed domain it is enough to choose |T'y \ D, | large enough.

Remark 3.3. In the case where |Tg| = 0 one remarks that since ¢ < p,

a

1
= QlePt! - —— e < 0
B(e) = ~57120e7* - —ITler*! <

for € small enough. So, in this case problem (1.1) has always a solution (compare with

(3])-
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