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A Necessary Condition to
Regularity of a Boundary Point
for a Degenerate Quasilinear Parabolic Equation

S. Leonardi and I. I. Skrypnik

Abstract. We"shafl study the behaviour of solutions of the equation

du 9 du du .
v(z)a - 2 6_1:.-6‘ (x,t,u, 3_2‘) = ao (a:,t,.u, -('Z':.) ((z,t) €EQT = x (O,T))

at a point (zo,t0) € ST = 9Q x (0,T). Inded we establish a necessary condition to the regu-
larity of a boundary point of the cylindrical domain @Qr extending the analogous result from
paper [13] to the degenerate case. The degeneration is given by weights (depending on the
space variable) from a suitable Muchenhoupt class. It is important to note that the coefficients
of the equation depend on time too.
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1. Introduction

In the present paper we are concerned with the behavior near by the boundary of a
cylindrical domain of solutions to a second order degenerate parabolic equation with
coefficients which depend on time.

The Wiener condition to the regularity of a boundary point for a linear parabolic
equation with measurable bounded coefficients is due to Lanconelli [9]. A Wiener-type
sufficient condition for a quasilinear parabolic equation has been proved by Gariepy
and Ziemer [6, 14] and a necessary condition by I. V. Skrypnik [13]. In [1] Biroli has
extended the result of [14] to the parabolic degenerate case with a weight in the Aj4;/,
Muchenhoupt class (see in 1] about literature). In our paper we use the method of [13]
for proving a necessary Wiener-type condition for such a problem.
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2. Notations, definitions and preliminary results

To begin we recall some facts from [2] about A, weights. Let 0 < r € R and zo €
R" (n > 3), and put

B(zo,r) = {x € R"

jz — 20| < r} and w(B(zo,r)) = / w(z)dz.

B(zo,r)

We say that a non-negative and locally integrable function w = w(z) in R" is a doubling
weight if there exists a constant K; > 0, independent of r and z, such that

w(B(zo,2r)) < Kyw(B(zo,r)). (2.1)

Given p € (1,400), we say the weight w belongs to A, if there exists a constant K, > 0
such that, for all balls B C R™, we have

(me:sB /Bw(z) dx) (me:\sB /Bw“”("""(r) dz)H <K, (2.2)

We say w € D¢ if there exists a constant K3 > 0 such that

w(B(z0,7)) < Ka (’s—”)"<w(3(z0,s)) for all s € (0, ] (2.3)

with K3 independent of zo,r and s.

We say the Poincaré inequality holds with weights w; and w,, p-average and expo-
nent ¢ (g > 2) if there exists a constant K4 > 0 such that

(ﬁ/,;w(l) _"”B.nFl"wlz(x)dx)l/"
S K (measB)l/“('”JZB) /B OF(z)

Jz
for every ball B C R™ and every F € Lip(B) where

(2.4)

2 _ 1/2
w(z) dx)

1
avg F =m/;}F(z)y(z)dx.

As it follows from the result by Chanillo and Wheeden [2], the inequality (2.4) holds for
¢ > 0 with p =1 or 4 = w, whenever w; € A, and

meas B, 1n wy(By) Ve < wy(By) 1/2
(mea.s Bg) (wg(Bz)) =K (w2(32)) 25)
for all balls B, and B, with By, C B, and with K5 independent of the balls.
Also, if v = v(z) is a weight, w € A,(v) means an analogous inequality to (2.2) with
dz and meas B replaced by v(z)dz and v(B), respectively. We also use the notation
Aso(v) = U:?—_l Ap(v).
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Remark 2.1. As it follows from the definition, if w € A, then there exist constants
K¢ > 0 and 7 > 0 such that

w(B(zo,7)) £ Ks (;:)m, w(B(zg,s))
for0<r<s.

Let now Q be a bounded domain in R” and Qr = Q x (0,T). We shall study the
behavior of solutions of the equation

U(I)% - 2:; a%a; (z,t,u, g—:) = ao (z,t,u, Z—:) (z,t)€Qr)  (26)

at a point (zo,t0) € ST = 9N x (0,T) under the assumptions that the functions a; =
ai(z,t,u,p) (2 =0,...,n) are defined for (z,t,u,p) € N x [0,T] x R x R" and satisfy
the following conditions:

(C1) For almost every (fixed) (z,t) the functions ai(z,t,u,p) are continuous with
respect to u and p, and for all (u,p) they are measurable functions of (z,t);
ai(z,t,0,0)=0for:=0,...,n.

(C2) For some constant v, > 0,

> (aizt,u,p) - o, tu,0) (i — @) 2 w@)lp -, (27)

i=1

and for some constant v, > 0,
|ao(2,t, 4, 7) = a0(z,,0,9)| < w2 (v(@)lu = v] + 0!/ *(2)w**(2)|p - gl)

ai(z,t,u,p) =~ ai(z,,0,0)| < w2 (v 2@ 2(@)lu - v] + w(2)lp — ]

fori=1,...,n.

We will denote by L?(2, w) the Banach space of all measurable functions f, defined on
Q, whose norm

1122w = | fi(z)w(z)dz
Q
is finite. W} (QT,v,w) will be the Banach space of functions f equipped with the norm

1oy @ram = [, S0 0(0() + u() dd ~
’ (29)

2
+/Q'r ( aLg;’—tl w(z) + a—ﬂétx-ﬁlv(z)> dzdt.
We use also functions from the space V2(Qr,v,w) endowed with the norm
113 = sup / fi(= t)v(z)da:-+ / 3f(z.) " w(z) dzdt. (2.10)
Va@riww) = et Ja ’ Qr Oz :

We will denote by W;(Qr,v,w) and f/g(Qj‘,v,w) the spaces of functions belonging,
respectively, to W} (Qr,v,w) and V2(QT,v,w) and being equal to zero on St.
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Definition 2.1. ‘We say that a function u € V2(Q1,v,w) is a solution of the equa-

tion (2.6) if, for all functions ¥ = ¥(z,t) in W (QT,v,w) vanishingat t =0 and t = T,
the identity

Ir(u,¥) =0

is satisfied, where

I(,$) = / / { ~v(@)u(z, 0%

’ (2.11)
+Za, (z,t,u ) g—i ao (:1: t,u, Ou );b(x)}dzdt
Definition 2.2. Let f € W;(Qr,v,w) and g € Ly(Q,v) for which
u(z,t) = f(z,t)  ((z,t) € S1) (2;i2)
u(z,0) = g(z) (z € ). (2 13)

We say that u = u(z,t) in V;}(Qr,v,w) is a solutlon of the problem (2.6), (2 12), (2 13)
fu-—fe Vg(QT,v w) and, moreover, for any 9 € W2 (Q¢,v,w) and 7 € (0,T),

/ v(z)u(z, 7)Y(z,7)dz — / v(z)g(z)¥(z,0)dz + I (u, ) = 0. (2.14)
Q Q

.Definition 2.3. We say that (zo,%0) € St is a regular boundary point of the region
Qr for the equation (2.6) if for any its solution u, defined in Qr, satisfying the condition

$(u — f) € Va(Qr,v,w) (2.15)

with f € C(Qr) N WX(Qr,v,w) and ¢ € C°°(|R"+1) which is equal to one in a nelgh—
borhoud of (zo,t0), the equality

u(z,t) = f(zo,to) ((z,t) € Qr) (2.16)

lim
(z,t)—'(z‘o,!u)
holds.

For any set E C R™, let

#(z) > 1 forall z € E}

M(B) = {p € CR™)

and define
2

Cs.u(E) = in {/R w(z) gﬁ dz| ¢ € M(E)}.

In the following we shall need two lemmata.
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Lemma 2.1 (see [13]). Let {B:}ien be a bounded numerical sequence such that
Bi < Aﬁf-;.] a' (1€N)
with posstive constants A,a and § € (0,1). Then
~p < CAYV(-8)

for a constant C depending only on 6 and a.

Lemma 2.2 (see [5: Theorem 1.2]). Let the Poincaré inequality hold with w, = w
andwy =v orwy =wandw, =w, p =1 and w € Ajyz/n,w ' € Az_g/n. Then for
an arbitrary function u € C§°(B(zo,R)) one has

2

: 2 9(Bz0,9) ou
/B(zo.p)u (z)v(z)dz < Cip w(B(z0.)) Ja(en.r) |92 w(z)dz (2.17)
or 2
/B( )uz(z)w(z)dz <Gt /B'( " g—: w(z)dz (2.18)
Zo,p zo,

with a constant C, independent of u and 0 < p < R.

3. Regularity at the boundary

In this section we prove our main result:

Theorem 3.1. Let the functions a; satisfy conditions (C1) and (C2). Suppose
moreover the following:

(i) v,w € A,.
(ii) The Poincaré inequality holds for w) = wp = w with u =1 and some ¢ > 2.

(iii) The Poincaré inequality holds for wy = w and wy =v withanypu=1lorv=v
and some ¢ > 2.

(iv) The inequalities (2.17) and (2.18) hold.

Then for (zg,t0) € O % (0,T) to be a regular boundary point of the domain Qr to the
equation (2.6), it is necessary that

[ Cou(B(z0,7)\ ) dr
C2 w(B(zo,r)) r

= 00. (3.1)
Remark 3.1. Put, for any 8 > 0,

; r 2 v(B(z0,7)) 5 v(B(za,r
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and define, for any set F ¢ R**!,

M(F) = {¢ € cg°(mn+l)| $>1 forall (z,)¢ F}

Tow(F) = idf {Sl:p / (2, t)o(z) dx + // w(z)

9%
YEM(F) a

2
dz:dt} .
T

C2,w(B(z0,7) \ ).

As well as in [14] it can be proved that

2 ¥(B(20,7))

Tow (Q(z0,10)\ Q1) ~ r w(B(zo,7))

Also we can easily obtain that
1-‘xa,w (Qf(Io,iO)) =~ U(B(Io,’”))
C2,w(B(z0,7)) = r'zw(B(zo,r))

so that condition (3.1) is equivalent to

jmwmmWM\mﬂgzm. (3.2)

v(B(2o,7))

From Theorem 3.1 and (3.2) we have that, in the case v(z) = 1, our necessary
condition coincides with the sufficient one from [1].

Now we define auxiliary functions ux = ui(z,t) (k € N) that will play a fundamental
role in the proof of Theorem 3.1. For k € N we define a numerical sequence {ak}ken
such that axy — 0 when & — oo and

1 _1z2\ me
Qg1 S K7 — (ZKS_IKG 29 ) q

ag

with the constant Ks from inequality (2.5), K¢ and n from Remark 2.1 and some ¢ > 2
for which the Poincaré inequality is valid. Let

Ey = B(zg,ax) \ and E® = g, \ B(zq, ak+41)- (3.4)

Let further My(Ex) and MY(E(®)) be the subsets of M(Ex) and M(E®)) consist-
ing of functions with support contained in B(zo,ax-1) and B(zg,ax—1) \ B(zo,ak+2),
respectively.

Lemma 3.1. There ezxists a constant Cz > 0 such that

inf{/R" w(z) ?

- dz|é € Mk(Ek)} < CyC2.u(Ex) (3.5)
) 09
mf{/m w(z) 3z

2
dz

¢emem45Q0mwm) . (36)
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Proof. We will prove only inequality (3.5), because (3.6) can be proved as well.
Let xx € C*(R™) with

xk(z) =1 for |z — zo| < a, and xk(z) =0 for |z — z¢| > ax—y
and
Oxk !
0z |~ (1 — K7)ak—1

Then, for ¢ € M(E) with xx¢ € Mg(Ex), we have

. oY

£ ks
weAlAn.(Ek)/nn w(=) a

<C; inf / z

= ¢€/1&(E‘) B(zo,ax-1) (Xk

1 . |04
< 14— f —
s G ( * (1 - K7)2) ¢€’1&1(E“) /B(IO,Ok—l)w(I) Oz
< CyCo,w(Ek)

2

i

2 an
Oz

w(z)dz +

¢2(x)w(-’c))

2

and the assertion is proved

Let diam 2 be the diameter of the region Q. From now on, putting R = 2+ diam ,

B will denote the ball of radius R centered at zo. We introduce a non-increasing function
v € C°°(R) with

<2

0<9(s) <1, ~(s)=0 fors>2, (s)=1 fors <1, id'(yi_(S)
4 s

Further, let

hz)=y(z—zol) and  At) =7 (ak% it - tol) .

For a given point (zq,%0) € 0 % (0,T) we can choose a number kq such that

2 Y(B(z0,ak,))
ko w(B(IO’ako)) < to.

And for k > ko,(z,t) € Qx = Dy x (0,T) and D¢ = B \ Ex we define the function
ur = ug(z,t) as the solution of equation (2.6) in Qi satisfying

uk(z,t) = h(z)e(t)  ((2,t) € ADx x (0,T)) (3.7)
uk(I,O) =0 (.’l: € Dk). (3.8)

Extend then the function ug = uk(z,t) to B x (0,T) by setting it equal to Ax = Ax(t)
for (z,t) € Ex x (0,7T).
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Lemma 3.2. There ezists a constant Kg > 0 such that the function ux = ug(z,t)
satisfies

2 v(B(zg,ak))

w(B(:co,ak))

Proof. It is easy to show that for 2 > 0 and 0 < 7 < T — h the integral identity

// { [uk($ )ay(z,t) +Z [a‘ (z,t, ur, %uk)]h @%

luklVs@u vy < Ks e C2,u(Ex). (3.9)

(3.10)
- [a (z,t,uk, )] z,b(x,t)}d:cdt =0
9z /|,
holds for any ¢ € f/z(Qk,v,w) in which we use the notation
1 t+h
e N et
t
Let us put in (3.10) the function
b(z,1) = [ue(z, )], — d(2) M)l (8 € Mi(Ex)). (3.11)

In the inequality obtained from (3.10) by substituting (3.11), we integrate by parts the

term containing 5 [uk(z,t)],, pass to the limit as h — 0, and estimate using (2.7) and

(2.8). Thus we get

/ o(z)ud(z, r)dx+// w(z) 6“"“ t)' drdt
Cs{//;) (1+ il )ui(:,t)\_v(x)dxdt ' (3.12)

2 2 0(3(2010‘1:)).
+, [”W )+ ko (Blzo,an)) |3

w(x)] dz }

Using the Poincaré and Gronwall inequalities, from (3.12) we obtain

/ w(z)ud(z, r)dx+// w(z)

» v(B(zo,ax))
SCsO{k10(19(17070%)) D, |0

dzdt

auk(z t)‘

w(z)dz

for 7 < T. Hence, by Lemma 3.1, the estimate (3.9) follows
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’

Lemma 3.3. There ezists a constant Kg > 0 such that, for k > kq,

m(k) = inf {luk(x t)l M}

r —zo| < ag t—to <a.
| OI +5, | I k+5‘UI(B(Io,0k+5))

(5.13)

[ Cau(BE) '
s o {"* w(B(zo,ao)} ‘ \
Proof. Set
v(B(zo, akts - .| uk(z,t
(k) = aZ+SW and u.k(z,t.) = min [ rrf(}c))’ 1] .
Then from the definition of capacity and doubling condition for w we get
w(B(zo, ak))az” < CrCa,u(B(z0, akss))
. to+r(k+5) - 12 .
< Cor M (k +5) / / w(z) ‘% dedt. (3.14)
B | 0z
to—7(k+5)
Now from Lemma 3.2 it follows
to+7(k+5) -
w(z) |Z~| dedt < Co[m(k))~27(k + 5) Ca,w(Ek). (3.15)
to—T(k+5)

From (3.14) and (3.15) we have the thesis I

In the next sections the a priori estimates on which the proof of Theorem 3.1 is
based will be proved.

Theorem 3.2. Let all of the assumptions of Theorem 3.1 be held. Then there ezists
a constant Ko > 0 such that the solution ux = uk(z,t) of problem (2.6),(3.7),(3.8)

satisfies
Crw(Br) _ , 2 v(B(zo, %)) }
w(B(zo,ak)‘) * w(B(zo, ar))

fur(z,0) < Kio {ai (3.16)

for

|.’L‘—Io|<ak 3, It—to[<ak 3

(z,t) ¢ {(1: t) € Qk

~v(B(z0,0%_3))"
w(B(zo, @k-3))

Theorem 3.3. Let all of the asaumptzons of Theorem 3.1 be held. Then there ezuts
a constant Ky} >0 auch that

- (317)

|ur(z,t) — ks (z, t)| < Ky, {O‘i C2,u(Ek) 4o v(B(:z:o,ak))}

w(B(zo,0x)) " w(B(zo, o)
for
. p(B(Io, C!k_4))
w(B(zo, k-4))
Let us remark that the Theorems 3.1 - 3.3 in the non-weighted case were proved in
the paper [13].

lz — 20| £ ak-4 and Jt—to] < ax—gq

Using Theorems 3.2 and 3.3 we can now prbve Theorem 3.1.
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Proof of Theorem 3.1. We construct a solution of equation (2.6) in Q satisfying
condition (2.15) with function f € C(Q7) N W}(Qr,v,w) and discontinuous at (1‘0, to)
as soon as the inequality (3.1) is not satisfied.

Thus, let us assume the boundedness of the integral on the left-hand side of condition
(3.1). Then using (3.3) and (2.5) we can easily show that

o~ 2 Caw(Ex) 2 v(B(z0, ar))
kz=l {ak w(B(Io’ak)) + aj w(B(:co,ak))} < 00. (318)

We can then find a number k; € N such that

> { o2 Cru(Er) 2 V(B(20, k) 1
k;l {akw(B(Io,ak)) + o w(B(g;o,ak))} < 4K, (3.19)

where K, is the constant from Theorem 3.3. We will show that the function U, =
ug, (z,t) defined above as the solution of the problem (2.6), (3.7), (3.8) is discontinuous
at (zo,t0). Let 6 > 0 be an arbitrary number. By the convergence of the series (3.19)
and estimate (3.13), we have m(k) — 0 as k — 0. In this way a number k; = k;(6) and
a point (z5,t5) € QT can be chosen so that

1

|uk2(1‘5,t5)| y and |zs — :L‘ol2 +Jts — to| < 52, (3.20)
From (3.17), (3.19) and (3.20) we have
ka—1 1
|uk, (z5,t6)| < |ur,(zs,ts)| + Z Iuk+l(-736,t6) - uk(x&,t6)| < 3"

k=ky
So it follows that '
lim inf )ukl(z ) <1 ((z,t) € Q).

(z,t)—(zo0,t0
ThlS inequality proves the non-regularity of the boundary point (zg,#0) and thus The-
orem 3.1 1

4. Pointwise estimates of the function uy = ui(x,t)

In this section we will use the following

Lemma 4.1 (see [7]). Let the assumptions (i) - (iii) of Theorem 3.1 be satisfied.
Then there ezist consta'n.t.s Ciwo>0and h>1 3uch that

/ o) dad + o / (uPo(z) dedt

w(Q) (Q)
h-1
< Clo{ sup o(B) / u (:c,t)v(z)d:z:}
_ 4)
x { tEJ v(B)/ (z,t)v(z)dz

" [ o

d:z:dt}
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for any u € Vg(Q,v,w) on Q@ = B x J, with J being an interval and B a ball, |J| =
meas J and

w(@) = |J|/Bw(1:)dx, v(Q) = |J|/Bv(:r)dz, v(B) = ./I;v(:c)dz.

Let ax-3 < p < R,

lz —zol < p, [t —to] <

G(p) = {(I, t)

v(B(zo,p))
w(B(z0,p))" |’

0<e<pand u > ur(p,e) with

ix(p,€) = sup {ua(z, )] (z,0) € [Glo +€)\ Glp— )] N Qx }.

We then define the set
Flp,u) = Qe \ G(p) U {(z,t) € Qe N G(p)| ur(a,t) < u}

and the function

u(z,1) = { R for (z,1) € Qx \ G(p)
A min {ux(z,t),p} for (z,t) € Qx N G(p).

Lemma 4.2. Foray_3 < p< R, 0<e<pand pu> ux(p,e) we have

Wep ol Bux(z,t) |
sup v(z) |uy (z,t)' dz + w(z) | —F——| dzdt
0<t<T JD, Flo.n) Oz (4.2)
< Cuy p Pi(Ex, p)
where 12
B(zo, o)) ]
Py(Eg,p) = 21)(—0 w(E
) = ok S Ol (43)

< [z 2(Blzo, 1)) 202 (B(zo, )]
ety Ot + 5 S

and Cy; is a constant depending only on n,vy vy and T.
Proof. Into the integral identity (3.10) substitute the function

2 ¥(B(z0, p))

wet) = [ 0], - deNA0) for 0<h< e TEERES,

Here .
AW (@) = min {Pe@lnrn} (6 € M(ER)).
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After this substitution we transform the term containing %L%l‘i, obtaining
[f ., .0 .
/ /D () 55, Ol {[4°.0], = s} dear
0

——7/ v(:z){ [ (u)(x ‘r)] ‘*‘#([uk(z )a — [u(")(:r:,r)]h)
_ [u;(;,r)]m(x)xg'j,{(r)}dz

(u)
/ [, @t o 2 Peal)

Using this representation on passing to limit with respect to h in the ihtegral identity,
we get

/D k v(z){— [, )] + b (sl ) — (7))

- uk(a:,:T)zﬁ(:z)/\i“)(T)}dz

LA

—a (z,t,u;, 28) [0 - 62 0)

e (mtun G2 ) o [0 - snP0] g

=

(»)
+ v(z)ur(z, t)d(z) ——= X, (¢ )}dzdt

=0.

Using inequalities (2.7), (2 8) and (3 9) we can estimate the left-hand side of (4.4)
obtaining

/Dk w(z) [ui“)(z,'r).]:d:t +//F(p’“) w(z)

< Clz{#aiM Ca,w(Ex) +~//F( )v(;)ui(x,t)d;dt (4.5)

(B(zo, 1))
WH ‘ui")(:c,t)l dxdt}.

Oui(z,1) 2
oz drdt

+ / /D k [v(gnuk(x,t)l +w‘”(z)v‘”(é>
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We estimate the latter part on the right-hand side of (4.5) using the Holder and Young
inequalities, (3.9) and the observation that

B(zo, ak))
- up(z,t) =0 for t < ¢ - 2a 2b———
Ko ) (B 00)
We have -

/’/Dk [v(r)luk(z,i)l + w2 (z)

auk(z,t) (u)
e || [ 0] dea

<uff o, [ o w2589 g
//F(p,“) [v(z)|uk(x t)] +w1/2($)v1/2( ) auk(:c t)” Iui")(x,t)‘dzdt

CIZ // 6uk(z t)‘
F(p, #)

+ 013{ // v(z)ul(z,t) dzdt
F(o,n)

2 ¥(B(z0,04)) 292 (B(zo,p))]""*
A ey LR W }

dzdt

Hence from (4.5) it follows

/ BYER) v(:z:)dz+//(p’“)
< Cha {// v(z)[ (5 t)]zdxdt-i.-;sz(Ek,p)}.' |

Now using the Gronwall mequalxty we obtain (4.2) 1

auk(:z: Oui(z,t)
Oz

lddt

Proof of Theorem 3.2. Let a;_3 < p < R. We define two numenca.] sequences
{Pl,'}.eN and {p2,l},€N by putting

2 _1+a,- 2

Pr,i

_ 2 142 -0,
! 1+O’0p

and P2,i = 1+ ag

where «; are defined by (3.3). Moreover consider inﬁnifely differentiable functions
x = xi(s) (i € N) on R such that

0<xi(s) <1

xi(s)=1 on [p},p3;] and xi(s)=0 on R\[p?;1},p%:s1)

\dx,'(s) < l+a 1 _,

~1-K7a;

ds
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Then let

o) =x(le-ml)  and a0 =xi (Lol )

and substitute into (3.10) the function

Wz, ) = [ue(z, O {2 (2)6742(1)

for arbitrary non-negative numbers r and s. Integrating by parts the term containing

m [u(:z: t)],, passing to the limit as A~ — 0 and estimating using (2.7) and (2.8), we

obtain

[ i e @ (e ds
Dy

r Oug 2
+//D, “’(“\E
0

ug(z, )it (z)gI 2 (t)dzdt

v(B(zo, p))

a7 (r +s+1)° A N w(B(xo,p))v 2w 2)00(8) de
Scls—pz O//Dk ko ( :t)[ () + — ( )]1/’,( )#:(t) dzdt.

Hence using Lemma 4.1 and applying the iterative technique (see, e.g, [13: Lemma 2.2])

to

w(B(IO) p))
14 S 5(B(z0,p))

we obtain the following estimate with some A > 1:

| (z,t) € Qk, p1,i < |z — 20| < pa,i
m; = m;(p) = sup { [ug(z,t)] }

|t - to| < p3;

_ 2a
[mi]? < Cie a; *T

x /Y/Dk ui(x,t)[ wiz) W(B(xo,/’))v(l‘)} ¢?(x)¢?(g)dzdt.

p’v(B(z0,p)) = p*v* (B(z0,p))

Let us estimate the integral (4.7) applying Lemmata 2.2 and 4.2. We have

/ /D uk(z, )[ wz) | w(Blzo,p 5)v(x)}¢?(z)¢?(t)dzdt

pv(B(z0,p))  p*v* (B(zo,p))
ey o [ w@)  w(Boo)u(a)]
S//G(pm)nq. e ) [pzv(B(zo,p))“L 7 (B(za,p)) |

" v(B(-"lv‘o,P)) //p(m) w() W‘

1
< _—_— :
= CIB 'U(B(.'E(),p)) m"‘}'lPk(Ek)p)'

dzdt

(4.6)

(4.7)

(4.8)



A Condition to Regularity of a Boundary Point 173
Here piy1 is such that piy; < p2,i41, and xig1(s) =0 for s > Pit1-

Now, from (4.7) and (4.8) it follows that

-7

il < Cro B0y

Pk(Ek,p) mis1 (419)

and further, by Lemma 2.1, we get

mi(p) < Ca ”

!
(B(Io » P))

Now for proving Theorem 3.2 it sufficies to show that for p > ax_3

P(Ey, p). (4.10)

For p = ai_3, inequality (4.11) follows from (4.10). If for some p > ax_; we had
mi(p) < p(ak-3,ak), then that p will satisfy (4.11). If however m,(p) > p(ak—3,ax)

for some p, then for all i € N we have miy,(p) > p(ak—3,a:) and we operate a change
in (4.8). In this case

F(pi+1,mis1(p)) C F(ak-3,mit1(p))

and we obtain instead of (4.8)

T . . w(z) w(B(:co,p))v(x) 2 z 2 -
o/ Jo, 0 gy + gy | V0 drd

(4.12)

. 1 ’ auk(:t, t) ‘2
<Crpp——— // w(z) | ——*| dzdt.
2 v(B(:z:o,p)) Flax-s,mi41(p)) (=) Jz

So as above we get the inequality

— 2h
a -1

[mi(p))* < Czsm Pi(Ek, ax-3) mis1(p).

Hence, by Lemma 2.1, for a given p we have (4.11) and this completes the proof of
Theorem 3.2 B
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5. Integral estimates for the difference ui(x,t) — uy,,(z,t)

We shall need auxiliary functions fx = fi(z) and gx = gi(z) defined, respectively, as
the solutions of the problems

Z": a% (w(z)g—i’:(z)) =0 (z €Dy=B\Es, fi —he Wz‘(Dk,w)) (5.1)

iLS(M@%§@0=o (e € D® = B\EW, gi — h e W} (D, w)) .(5.2)

- Lemma 5.1. There ezists a constant Caq > 0 such that
| fellwi(Dy,w) € Cas Co,w(Ex) (5.3)

lgkllws (D), wy < Caa Co,u(EX). (5.4)

Proof. We will prove only the inequality (5.3), the proof of inequality (5.4) is
analogous. In the definition of a weak solution for equation (5.3), choose as test function

. | b=fioé (b€ MED).
We then obtain

() |" / |22/’
w(z)|—%—=| dz < w(z) | =—| dz.
[ |2 [ w5
Now, using Lemma 3.1, we have (5.3) 11
Let us denote . '
6k = Uk — Uk . (55)

and

v(B(IO:Ok—S)) (5.6)
- w(B(zo, ak-3))

For é.ny function f = f(z,t) and numbers A; and ‘Ag with A; < A,, we define
© [f(z,8)]y = max { £ f(z,1),0}

(@ O ay ayy = max { min[f(z,) 4] A1}

Moreover we define for

|t—to| <Cl?c

. (z,t) € Qx, |z — 20| < ak-3
di = sup < |6k(z,t)| .

‘U(B(:Eo, [+ 4988 ))

>0 d ty = to + a2 _
K an k 0 k 'w(B(zo,ak-1))

the sets

FE(u) = {(.1) € B x 10,ta]]| (62,00 _pp 2 1 [z, t) + (2,0 }
F(p)=F*(u)UF~(n)

T(u) = {(z,t) € B x [0,t] . 16k(z,1)] < #}
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where

fe(z,t) = fulzr(ail, [z — 2ol ){Ae-2(t) = Arsa(t)}
9¢(z,8) = ox(@){ 7 (@72, 12 = 2ol) = 7 (o 12 = zol) }Aealt)

and where 7 and A« are the functions introduced in Section 3. Further, for an arbitrary
subset E C B x (0,T), we denote by x = xg(z,t) its characteristic function.

Theorem 5.1. For arbitrary p > di there exists a constant K, > 0 such that

2 4
sup /Bu(z)[wk(z,t)](_ml XFiy (2,) dodt

0<t<ty
2

——bk(z,t)| dzdt

ol
TwnFw) 0T

2 v(B(zo,ak))
< Kins (o4 G ey o) OB}

[ 20 (Blzoan) » o(B(zo, a4))
{ w(B(zo,ax)) + CaulBi) o} (B(zo,ak»}

‘Proof. Since F(u) = F*(p)UF~ (1), we prove the mequa.hty (5.7) only for F+(p)
Define for

(5.7)

v(B(zo, ak+2))

h <a?
**2w(B(z0, aks2))

the function
$(z,t) = (Ol — B, O — lgaa, O] (58)

where 8; a(z,t) = [u(z,t)], — [ur+1(2,t)),: As well as in [13], usmg condition (3.3), we

check that the function ¢ defined by (5.8) belongs to the space Vo(Dk x (0,tx), v, w).
We plug 9 in the integral identity (3.10) for ux and uk+, obtaining

0//3 {v(.z)%éﬁ,u/)(-:c,t)wtg ([a (z,t,u,,,aa"")h .

. Ouiq) oy
- |a; I,t,Uk.H,T R a—x‘ . (5.9)

— ([ao (z,t,uk, %>] — [ao (I,t,‘u.k+|, auk+l>] ) 1/)}d$dt
dz /], Oz N

=0
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We transform the first term under the integral sign in (5.9) in the following way:

r 9
v(z) z,t)dz
O//B () 2 b wb(a,£) dede
= -;-/Bv(x)%{ [[5;(,:;(2,7)](_“'“) — 1 fe(z,7) + ez, 7)) "]i

+2 (5k,h($,T) - [6;;,1»(%7)](—“,;:)) (5.10)

X [[6k,h(21 T)](_“,,,) —H [fk(xar) + gk(x,r)] h]+ }d‘r
wo [ [ o) et) + anta,0)],
x [6k,h(x,t) —u [f;‘(:c,t) + gi(z, t)] A ] +d:l:dt.

Using (5.10), passing to the limit as h — 0 and applying (2.7), (2.8), (2.17), (2.18),
(3.9), (5.3), (5.4), we obtain from (5.9)

/ v(z) [bk n(z, T)]f_“’”) XF+(u)(z,T)dz
B

+/t/;?w(x)

2 ¥(B(20, @)
* w(B(zo, ax))

B6i(z,t) |
oz ) X

F+ (“)nT(“)(.’L‘, t) dzdt

< Czs{lla Ca,w(Ex)

f (5.11)
+// v(z)65 (2, t)X P+ (w)nT(w) (2, t) dzdt
B
0

+/t/;; (v(xj |5k(-‘"",t)|+w1/2(z)vl/2(z)‘%%(—;’0|).

X [6k,n(z, ) (o) XFH() (T, t)dzdt}.

We estimate the last integral of the right-hand side of (5.11) using the Hélder inequality,
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getting

r

[, (v 1601+ wr@p 20| 2529))

0

X [,n(zs 1)) _ ) XF(u)(T, t) dzdt

1 e 66k(z,t) 2
= 2C2s //B w(z) ‘T X F+(p)nT(u) (T, ) dzdt
0

+CZG .//B v(x)6i(z7t)XF‘*'(;A)ﬁT(u)(xvt)dzdt
0

2 ¥{B(z90, ax)) v 1/2
* Cosp {ak w(B(zo, ak)) } (GO T}

where

v(F+(p) \T(p) = // v(z) dzdt. 5.12)

FH(u\T(n)

Since p > di, from (5.6) we have

|z — zo| < ak—3, [t —to| < a",:_s

FY*(w\T(p) C {(z,t)

v(B(zo,ax-3))
w(B(:Eo, ak_s))

and so
2 sz(l‘o,ak)
o)\ T() < O o g 2ot

Now applying the Gronwall inequality, from (5.11) - (5.13) we get (5.7) B

(5.13)

6. Proof of the Theorem 3.3

From the integral identity (3.10) for ux = ux(z,t) and ux41 = ur41(z,t) it follows that,
for an arbitrary function ¢ € V3(Qx,v,w) andfor 0 < 7 < T,

]/m {v(z)%ék.h(z,t)d)(x’t)
+Z [a, (:z: ok, 5 ) —a (z,t,ukﬂ,%)]h g_i o

- [ao (z)t7uk’ %) — Qo (.’E,t,Uk+], auak;:.l)] d)(IYt)}dzdt
h

=0.
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Define the numerical sequences {p;}ien and {0;};en by the equalities

pi = arss(l + 01 — ;)

2 U(B(lo,akﬂ))

T ¥4 5 (B(z0, aksa))

14+ a —ay).

Then define infinitely differentiable functions % = vi(z) (z € R"*)and 4; = %:i(t) (t € R)
such that the following conditions are fulfilled:

a) vi(z) = 1 on the set {1:| |z — zo| € pi}, 7i(z) = 0 outside the set {z]]|z — zo] <
pi+1}, 0 < 7i(z) £ 1 and I-all < C28°‘k al.

b) 7i(t) = 1 on the set {z| [t—to] < 0}, Fi(z) =0 outside the set {t|lt—to] < git1},

2 _, w(B
0<—y,(t)<1amd‘-(.,'Yt—’<cggoz2 1%}?}%.

Let us put in (6.1) the function ¥(x,t) = [6x,a(z,t)]" 77727 *? with arbitrary positive

numbers r and s. After integratig by parts in the term containing ;8 4(z,t), passing
to the limit as h — 0 and using the inequalities (2.7) and (2.8), we get

/D v(2) 16(z, 7)) 723 (z) 72 2(r) de

k
+ff
| .
0

| @ 770 dea
(6.2)
< Cso(r+s+1)2 T2
w(B(:l:o,ak)) r42 .4 I n
//Dg l: ‘U(B(Io g )) +w(x) |6k(zat)| x( )7: (t)d dt.
From (6.2), as well as in Section 4, we obtain with some h > 1
‘ 43(i) < Cuo; *_// 52(z,1)7%(z) 7 (t) ag?
e B ] (6:3)
* [ww(zo,ao) * 7 (B(zo,ax)) ”(z)] dedt |
where
k(i) = sup {I8k(=, 1) (=,) € R()}
with

R(2) = .{(z’vt) € Qk| |z —zg] < pi and |t — 20| < a.‘}:
Let us consider two possibilities:
1) u(i +1) < da |
2) u(i +1) > dg.
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If (i + 1) < di, then from the definition of u(i + 1) we have

2 v(B(20,0k+4))

- < t—to| < _ = 3 < ] 1) <
Iz = 2ol < akra, It =~ to “k+4w(3(zo,ak+4))}"‘('+ )< d

~ sup {Iék(z,t)l

and (3.17) follows from (3.16) for ux and the analogous estimate for ug41. If u(i +1) >

di, then, as in [12], we can show that R(: + 1) C F(u(i + 1)) and using the inequality
(5.7) we have

2 - - w(B(zo, ax)) w(z)
[y i@ 03" [ FEER & 2B ] dea

. 2 .
=//R(‘“)|[5k(~"5’t)](-,,(i+1),y(i+1))| 7?(”)‘7;'2(t)XF(u(i+l)) 0‘;2

w(B(zo, ak)) w(z)
* [v(x)vQ(B(xo,ak)) v(B(zo, k)

o] T 2 v(B(z0, ax)) e
S Cozp(i+1) (B(zo,ak)){ ko (B(zo,an)) ”(E")}

| o2 2(Blzo,ax)) ; v(B(zo,ax)) |2
ot Sy CrmtB) -k SEC0R )

dzdt

Then applying Lemma 2.1, we obtain (3.17) and with this the proof of the theorem is
complete il
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