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On the Condition of Orthogonal Polynomials
via Modified Moments
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Abstract. We consider the condition of orthogonal polynomials, encoded by the coefficients of
their three-term recurrence relation, if the measure is given by modified moments (i.e. integrals
of certain polynomials forming a basis). The results concerning various polynomial bases are
illustrated by simple examples of generating (pOSSIbly shifted) Chebyshev polynomials of first
and second kind.
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1. Introduction

Let o be a given positive measure with infinite support S(o). Then there uniquely exists
a family {#%;},en, of monic polynomials %, with

/ﬁl(x)ﬁj(:r)do(a:) —0 (I<j) and /;r;.(z)da(z) > 0.
They satisfy a three-term recurrence relation '
#i1(2) = (2 - 0;)F5(2) = B (2)
if we set #_, = 0. We follow the usual convention
po=[rd0tz) (1)

which has no meaning for the recurrence relation, but unifies some other formulas (see
equation (14) below).

It is well-known that the generation of the orthogonal polynomials (or equlva.lently,
of the coefficients a; and f;) from ordinary moments

pE = /1:" do(z) (k€ Np)
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is severely ill-conditioned (see the classical paper of W. Gautschi [3]). More promising
there are modified moments

— / pr(z)do(z) (ke Ny) (2)
with some properly chosen polynomials px (e.g. Chebyshev polynomials). Of course,
we should be able to calculate or estimate the condition of the map

Kn : [mo, PN ,m2"_1] [ao, sy Qnog, ﬂo, e ,ﬁn_I]T.
In (3] and [5], the map G, from modified moments to the vector of nodes and weights

of a Gauss quadrature rule is considered, instead, and from this estimates are given for
the condition of our original map K,. Fortunately, a more direct approach is possible.

2. Maps and norms

If we denote by m € R?" the vector of the first 2n modified moments [my), . . mg,,_l]T
and by p the vector of the recursion coefficients [@o,...,an-1,P0,..- ,Bn_l] then we
are interested in the condition of the map K, : R?" — Rz" defined by
Ku(m) = p.
In order to compare our results with those of W. Gautschi [3 - 5], we introduce the
vector
T
y= [‘rl,...,r,,, 01,...,0,.]

of nodes and weights of the Gauss-Christoffel quadrature rule

/q(a:)da(:t) = Zok q(7x)
k=1

for any polynomial ¢ of degree less or equal 2n — 1, and denote by G, the map G,
R2" — R?" defined by
Gn(m) =7
The sensitivity of the nonlinear maps K, and G, can be measured by the norm of the
Fréchet derivatives K;, and Gy, which are linear maps (the Jacobians of K, and G,)
from R?" into R?". We consider here only two norms of matrices 4 = (aj x f,','c;{): The
2n—1

sup-norm ||A]|e = =0T Z |ajk|

and the
2n-1 172
Frobenius norm ||A||r = (Tr AT A)'/? = Z a%y
2,k=0 _
We mention here that the condition number ”cond” defined in {3: Formula 2.1] for the
map v = G,(m) in our notations will be

Il

ETl IGa(m)lI (3)

(compare (3: Formula 2.2]). The partial derivatives constituting the Jacobian K will
be evaluated in the following section.

cond(G,,m) =
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3. Calculation of some partial derivatives

We assume that (p,-)f;o is any polynomial basis in the space Py of all polynomials of
degree less or equal N, i.e. there is a representation

N

g(z) = > ci(q)pi(z) (4)

j=0

for all polynomials ¢ € Py, with some linear functionals ¢;. Note that for the degree of
the polynomials we do not assume deg(p,) = j, i.e. the case of Bernstein polynomials
or Lagrange interpolation polynomials is included! The case of ordinary moments is

. ; G) .
included as well, here we have pj(z) = z7 and c(q) = q]j# (remember that we are in
a finite-dimensional space, where all norms are equivalent and all linear operations are
continuous). For the following, we need partial derivatives of integrals.

Lemma 1. Let ¢ € Pn be some polynomial depending on my,...,my, with con-
tinuous partial derivatives in some neighbourhood of the point (mg,...,my|7, and let

(2) and (4) hold. Then

s [a(@ dota) = enta) + [ 2 doa). (%)
Proof. From (2) and (4) we have immediately
N
[a@do@ =Y citam,

=0

and, differentiating,

N .
Bimk/q(z) do(z) = ck(q) + Z aaC’T(Z)m,

-ck(q)+zc,( )i = @)+ [ oL dofa).

Jj=0

The interchange of partial derivatives and the functionals c; is justified, since the latter
are continuous il

Now we consider the orthonormal polynomials r; (j € Ng), satisfying the relations
/m(z) nj(z)do(z) =0 (I<j) and /Wf(z) do(z) = 1. (6)
¢ From the algorithm given in [5] it is clear that a; and B; for j < X1 (and thus all #; for

7 < %ﬂ) are just rational functions of my, ..., my. Normalization inserts square-roots
of positive quantities, and consequently the 7; are differentiable functions of mg,...,mn
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in some sufficiently small neighbourhood of {my, ..., mn]T. Differentiating the relations
(6) we obtain first, with the help of (5),

0
0= a—mk/m(z)nj(z) do(z)

Omi(z
= cx(mm;) + 61( )n)(z)do(z) +/7r1(:1:) ( ) do(z)

= () + [ (@) ZE do(a)

forl < j,ie.
/7r( ) —=1— (z) do(z) = —cp(mmj). » (7
The second relation in (6) gives
__9 2 = 2 , 67’1(
0= g [ T do@) = ex(d) +2 [ my(2) B2 o

and this means 5 ) )
[0 52 do(a) = S eutad) ®)

Thus we have the following

Corollary 1. Under our assumptions (2),(4) and (6) the formula

6 = - ch(mﬂ'])m - = Ck(ﬂ' )75 for 25 <N

i<y

holds.

Though this is interesting, it is not our main goal. We consider now the dependence
of the coefficients a; and 3; on the moments mj. The three-term recurrence relation
for the orthonormal polynomials 7; reads

B2 miaa(2) = (z — ay)my(z) = B2 mioa(z) (€ No). (9)

Differentiating with respect to my, we arrive at

g2 .
it yia(e) + g 2a2)
J om " (10)
- _ an _ ae)aﬁj('r) aﬂ T ( ) _ 1/26”1 1(.’2:)
Omy 77 Bmy Bmy 7! Omy

Since

(2 = a3) mia(2) = B2 my4a(2) + (jan — o) i (2) + B2 ms(a)
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and the orthogonality of 7,4, and mj4, with any polynomial of lower degree, multiplying
(10) by 741, integrating and using (8) we have

1/2
6'3)-/H 1 1/2 2 1 1/2

dmr 5’61'“ er(m]41) = ~ 5 By cx()).

This immediately gives

aﬂjl-{?l 1 1/2 2 2
Bm = §ﬂ;+1 Ck("j+1 - 7',‘)

and (after multiplication by 2,81/2

dB; o
6#? = i+ cx(mjqy = 7})- (11)

Multiplying (10) by 7; and integrating we get

1/2 Oa; 1/2 .
B er(mmian) = —5 8 = % c(mjmy) (12)

since in virtue of (9) we have (z — a;) 7j(z) = 1-/H 1r,+1(2:) + B; 12 wj-1(z) and thus by
relation (7)

671'1(37) do ( )_ - 1./2 Ck(”l’j—lﬂ’j).

[@-apm@ %

The derivation of (11) is not valid for j = —1. The equation, however, is true: We have
by (1) and (5)

9P 1
Ty k(1) = ﬁo,Ck (E) = Bo ck(mg — 72,)

since 72 = FE and 72, = 0. This is (11) for j = —1. Writing j instead of j + 1 in
relation (11) we finally obtain the following

Theorem 1. Let (2),(4) and (6) be satisfied. Then the partial derivatives of the
coefficients in the three-term recurrence relation a; and B; with respect to my evaluate
as

] )
a::z]k = J+1 ck(erer“) ﬁ ck(1rj_17rj) for 2].+ 1<N (13)
and
;i _ g, cp(n? ~ 2 or 2§ < N (14
Ime Bj cx(ms — w5 y) for 25 < N. ( )

The Jacobian K consists of the partial derivatives

O q ap; (j=0,...,n—l )

Bmk Bmk
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so it is clear that we must have a polynomial basis with N > 2n — 1. Now we can
mtroduce the notations

¥2;(z) = B;(n2(z) — 73_,(2)) (15)
Y25401(z) = Bj{3 mi(2) misa(2) = B2 mi—i(z) my(x) (16)

for j = 0,...,n—1. Then ¥; is a polynomial of degree j, and obviously 1K lloo = [[¥]|co
and ||Kyl[r = ||¥||F, where ¥ = (%;k)j k=0,....2n—1 With ¥jx = cx(s;). These norms
can be estimated (or evaluated exactly in some special cases) for various choices of
polynomial bases (p;)n=0,.,n. We first reconsider ordinary moments, investigate the
(somewhat exotic) bases of Bernstein polynomials and Lagrange interpolation polyno-
mials, and are finally concerned with the practically important case, where the p;j are
orthonormal polynomials with respect to some other measure s.

To evaluate the norms, we just have to find a way to express

N N

to(@) =) lex(g))  and @)=Y ()

k=0 k=0

for all ¢ € Pn. Then evidently we will have

IKalloo = 1¥]leo = aco(¥;) (17)

max
0<j<2n—1

and

2n—1 1/2
KA lF = 11®lF = ( > az(d)j)) : (18)

=0

Since the coordinate functionals ci are linear, one easily observes that ao(-) and ay(-)!/2
are norms in Py, i.e. they must satisfy the norm inequalities

00(q+7) S oo(g) +aeo(r)  and  ax(g+1)"/? < az(g)'/? + ag(r)'/?

for ¢,r € Pyn.

4. Some examples

In order to illustrate our results, we consider Chebyshev polynomials of first and second

kind.
Example 4.1 (Chebyshev polynomials of first kind). These polynomials are the

orthogonal polynomials with respect to the measure

d
do(z) = 7r_lz—_;z:2 for = €[-1,1]
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(observe that we use the normalization o([—1,1]) = 1, i.e. fp = 1). In this case, we
have a; = 0 by symmetry, §; = j for j = 1 and §; = } for j > 1. The orthonormal
polynomials will be
{ 1 forj=0
;=

V2T; forj>0.

Then the polynomials ¢; defined above can be calculated easily using the well-known
identities for Chebyshev polynomials (see [1: Formula 22.7.24]):

11 forj=0
haj = ?Tz for j =1 (19)
1Tz = Toj) forj>1
and )
T, forj =0
=41 .
1/}21+1 §(T2j+l - TZj—l) for 7> 0. (20)

To compare our results with those of W. Gautschi [3], we consider shifted Chebyshev
polynomials as well (we will mark any quantity related to the shifted polynomials with
an asterisk).

Example 4.1* (Shifted Chebyshev polynomials of first kind). The measure here is

defined by p
z

7/ z(l —z)

Again it has total weight 1, and the orthonormal polynomials are connected with the
above via

do*(z) = for z € [0,1].

. N . 1 for ;=0
mj(e) = 722 = )‘{\/QT;(z) for j >0

where the common notation for shifted Chebyshev polynomials of first kind is used (see
(1: Formula 22.5.14}): T:(z) = Ta(2z — 1). The recurrence coefficients of these shifted
polynomials can be readily determined from their scaling properties: ’

1 o

. oo+l 1 .1 g forj=1
— tor ) >
16

(this is essentially [2: Chapter I/Exercise 4.4(a)]). Of course, we have 85 = 1. From
(15) and (16) we obtain

1 . . 1 .
¥35(2) = %2522 —1) (G 21) and ¥3;,,(2) = 32122 1) (5 20),
respectively; clearly it must be 1§ = 1. Thus, the explicit formulas will read as
for 7 =0

T; forj=1 (21)

1/12.1‘" =

00 |

E—(Tz‘j —T3;_,) forj>1
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and

1
§T1' for j =0

Y241 = (22)

1. . .
2 (T3j41 = T3;-,) for j > 0.

Example 4.2 (Chebyshev polynomials of second kind). These polynomials are the
orthogonal polynomials with respect to the measure

2
do(z) = ;\/l—xzdz‘ for z € [-1,1]

(again we use the normalization ¢([-1,1]) = 1,1.e. By = 1). In this case, we have a; = 0
by symmetry, 8; = i for j > 0, and the orthonormal polynomials will be 7; =U;. The
polynomials ; can be calculated easily using the well-known identities for Chebyshev
polynomials of second kind (see [1: Formula 22.7.25])

1 forj=0
bas =4 1
¥ §Usi forj >0 (23)

and

1
Y2541 = 2 Uzjt1. (24)

As in the preceding subsection, we will consider shifted polynomials.

Example 4.2* (Shifted Chebyshev polynomials of second kind). The measure is

defined by )
do*(z) = §\/ac(l —z)dz for z € [0,1].
O

The explicit formulas for our polynomials Y5 can be obtained analogously as above:

. 1 forj=0
r= 1 . . 25
Y=\ U5 fors >0 (25)
and
* 1 - :
1/’2,41 = Z U2j+17 (26)

where U}, denotes the shifted Chebyshev polyﬁomia.ls of second kind: U};(z) = Un(2z— 1)
(see [1: Formula 22.5.15)). :
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5. Ordinary moments

For our special choice p;(z) = z’ and cj(q) = ‘-’%22 the following lemma holds.

Lemma 2. Let ¢ € Py be a polynomial with real coefficients. Then the auziliary
quantities aco(q) and az(q) introduced in Section § can be written down ezplicitly:

(i) If the coefficients of q have alternating sign, then aco(q) = |g(—1)|.

(ii) If ¢ contains only odd (or only even) powers of  with coefficients of alternating
sign, then aco(q) = |g(z)]- '

(iii) The quantity az(q) can be ezpressed as ax(q) = 7= 02" lg(e*®)|? d¢.
Proof. (i) We have e (—1)7¢;(g) > 0 with some ¢ = %1, and from this there follows

N
aoo(g) = Z le;(g)l = ZE(—.l)’Cj(q) =eY ci(g)pi(-1) =eq(-1).
=0 =0 -
But, since ax(g) is non-negative and |¢| = 1, we must have € g(—1) = |¢(=1)|.

(i) We have c2j(g) = 0 for 2j < N, and again € (—1)c241(g) 2 0for 2 +1 < N
with some € = £1. Consequently, from (—1)7 = (—i):2/*! = (=1) p2j41(i) we obtain

(55 (252 N

to(@) = Y lemi@l= Y e(=1Vco1(a) = (-1)e 3 ¢;(9) p; () = (=i) e a(i)-

=0 3=0 7=0
As Vabove we ha.ve'l(—i)5| = 1, and the equation (—1)e ¢(z) = |¢(¢)| follows. The case
of only even coefficients with altematmg sign can be dealt with analogously.

(m) The formula for a;(¢) is an immediate consequence of the orthogona.hty of the
functions /¢ il .

We are now ready to give explicit results for the simple Examples 4.1 — 4.2* above.

Theorem 2. For our e:z:a.mples the sup-norm of the Jacobian K|, can be calculated
ezactly. T s

(i) Let the measure o be defined as in Ea':arhlple 4.1 (Chebyshev polynomials of first
kind). Then the sup-norm of K will be

1K lloo = 4Un—2(3) ~ for n>2. ' (27)

In the case of shifted Chebyshev polynomials of first kind this norm évazugte; as
1K oo = 4 Uzn— 3(3) for n>2. oL (28)
(ii) For Chebyshev polynomials of second kind (Ezample 4. 2) we have the result j

1Ko lloo = Unca(3)  for n 22, (29)
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Finally, in the case of shifted Chebyshev polynomials of second kind ( Ezample 4.2%) we
obtain the formula

1
[Kulloo = 1 Uan_1(3) for n>2. (30)

Proof. First, we prove equation (27). According to equation (17), we have to in-
vestigate the functionals aco(3;). The fact that the Chebyshev polynomials T, = T, (z)
and U,, = Un(z) contain only odd or even powers of r with coefficients of alternating
sign, is well known (see the explicit expressions {1: Formula 22.3.6] and [1: Formula
22.3.7] or [6: Formula 4.15) and [6: Formula 4.16]). For the polynomials T4 — Tj-4
this follows from the identity

Tis1(z) = Tjma(z) = 2(2® - 1) Uj_y (2) (31)

(this is [1: Equation 22.7.25) with n = j and m = 1). Thus, the polynomials 1; satisfy
the assumptions of Lemma 2, and we have a(t;) = |¢;(i)|. From equations (17), (19),
(20) and (31) we can see that || K |lco will be the maximum of

. 3 . .
X, %)l = 3, TEX [U2j-2(3)1, 2, Jax V21 (1)l

We will need the formulas for Chebyshev polynomials of first and second kinds (see [6:
Formulas 4.13 and 4.14)):

Ta(z) = %((z +V22 - 1) 4 (2 — /2 = 1)") (32)
Un(2) = 5= (= + V1) = (e = Ve m 1) (33)

2vz? -1
We see easily that there always holds {U;(i)] > |U;—,()|. Consequently, the maximal

value will be 2max; <j<n—1 |U2j-1(¢)] = 2|Uz2,-3(¢)] if only this is not less than % To
convert the result to real expressions, we need the identity

Uzj-1(z) = 2z U;—,(22% - 1). (34)

“This equation follows at once from the trigonometric form of the definition Uy, (cos 8) =
sin(n+1)6 (see [1: Formula 22.3.16)), since we have

sin 8

sin2j8  sin26 sin(j - 268)
j— = = . = 0U;.. 26).
Uzi-1(cos 6) siné sin @ sin 26 2056 U1 (cos 26)

Setting z = i, we obtain Uza_3(i) = 2iUn—_2(—3) and ||K. e = 2[2iUn—2(—3)] =
4Un_2(3) (this value is greater than 3 for all n > 2).
The equation (28) can be shown analogously. First, we have to check the assump-

tions of Lemma 2. Indeed, the polynomial U 7 has coefficients of alternating sign: From
(34) we see

Up(z) =Uj(2z — 1) = Uz—’;‘\/(g—‘/a
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The same is true for the polynomials T}, , — T;_,, since (31) gives (with 2z — 1 instead
of z)

T} (2) = T;_y(z) = 8(2® ~ 2) U;_,(2). (35)
Hence, all polynomials ¢; have coefficients of alternating sign, and aco(¥;) = [¥;(-1)|.
Again, from equations (17) (21), (22) and (35) we obtain ||K’ floo = |1/)2n (=1 =

4Uz,-3(3), if only this is not less than max;=¢,1 2 l5(=1)| = 3, and this is true for all
n>2.

The proof of equations (29) and (30) goes along the same lines i

The comparison of (28) with the result of W. Gautschi [3: Inequality 5.9] is very
interesting. He investigates the map G, instead of K, and obtains the estimate

(17 + 6/8)"

doo Gn;
condeo(Gn,m) > 6an?

where conde is defined via (3) with the norm || || = || - ||c. From our equation (28)
together with (33) we have the asymptotics

oo L 22 _ 2(17-6V8)
1K alloo ~ 4 5= (34 VB)"" 72 =

7 (17 + 6V8)".

6. Bernstein polynomials

The set By = (B, ,) =o of well-known Bernstein polynomials defined by

Buse) = () #h1 - 2
form a basis of Py. Since By is not a subset of By for M > N, we have to indicate

the dependence of coordinate functionals and norms on the degree N explicitly:

N

N
g(z) =Y cnj(@)Bnj(z) (@€PN)  and  aneo(q) =Y len,;(g)l

7=0 =0
(we consider here the supremum norm only).

Lemma 3. Let g € Py C Py (i.e. N < M). Then we have the inequality

+1
. 6
N +1 aN,oo(q) (3 )
Proof. Obviously, we have to prove our proposition only for M = N +1, the general
case follows via induction. From the identity

aM,oo(q) <

N+1-
17 By rs(e) + 2T

Buje) = —§

N+ ] = By g+1(z)
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for j =0,...,N we obtain

N+1-3 J
en+1,3(0) =~y emile) + N1 Mi-1(9)
for g € Py and j = 0,...,N + 1 (the undefined functionals cN,N+1 and ¢y ~; have
coefficient zero). This gives .
' N+1
an+1,00(9) = Y len+1,5(9)]
=0
N : N+1 .
N+1-—j 7
< -7 ‘ _J .
<2 TRy el ¥ Z N lemim (o)
_i Ntloj g+l o
TS\ N+l TN+ Ni\g
N
N +2 ~
=N+l X_) len 5(0)]
N +2 (q) -
T N1 N

and the assertion is proved il
The following result enables us to evaluate an,o0(g) explicitly in some special cases

Lemmea 4. Let ¢ € Py, and let its coefficients c, j(q) in the basis By have alter-
nating sign. Then the equality

o) = (1) / (-1 () o (37)

holds. The coefficients have alternating sign, if all zeros of the polynomial q are real
and contained in [0,1). ’

Proof. Suppose first that all coefficients cN,;‘(q)vare positive. From the well-known
fact that fol By j(u)du = i we obtain

N

enola) = S ens(a) = (V4 1) [ qtu)du.

=0

The first proposition now follows easily from the identity
u

(2u - 1)V By, (2u - 1) = (-1)"" Bw ;(u).

If all zeros z,,...,zn of ¢ are real and contained in [0, 1], then we have

N N
o(z) = CU(I —z)=c[[ (1 -2z - =1 - 2))

i=1

and this polynomial obviously has coefficients of alternating sign in the basis By i
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We choose N = 2n — 1, and equation (17) takes the form

”K/ lo = or<na.xN ‘fN 00(‘1’1)

Of course, our equation (37) enables us to evaluate a;(%;) only. But in some cases
we will be able to show

0r<na.<xN an,o(¥j) = an oo(l/)N)

using the inequality N N1 1
an,co(%;) < Tr1 oo(¥;)-

Since the natural interval for Bernstein polynomia.ls is [0,1], we illustrate our results
with shifted Chebyshev polynomials only.

Theorem 3. Let the measure o be defined as in Ezample 4.2° (shifted Chebyshev
polynomaials of first kind). Then the supremum norm of K| can be estimated as

IKallo = 5 (27 g2 oo .——(rig@: goeom) @)

for n — co. In the case of Ezample 4.2* (shifted Chebyshev polynomials of second kind)
we have the estimate

ren ) o)

n
. KI o = — 22n—1
1Ealloo = 5 ( T(2n + 1)

(39)

for n — oo.

Proof. First, we conSIder shifted Chebyshev polynomlals of first kind and deﬁne the
polynomials ¢; = T] — T}_, for j > 2. ;From (35) we have g;(z) = 8z (z — 1) U;_,(z).
This polynomial has all its zeros in [0, 1] and thus fulfils the a.ssumptlons of Lemma 4.
Using equation (33) we get

QJ(Z)—2\/12_z((2$-1+2\/m> 22—1—2m’ 1)

and from this

(2u —1)g; ( u_ 1) =2Vu —uz((l +2\/u—u2)j_l -1 —2\/u—u2)j_l).

2u

Our Lemma 4 yields

1

Laj,‘x,(qj):‘/2\/u—u2( (1 +2vu —u?) (1-2 u—u2)j—l)du.

7+1
0

Now we can see that the integrand is monotonically increasing in j, and consequently
we obtain

1

maj,oo(‘h') < an,co(gn) for 2<j <N
~

1
N +1
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Together with (36) this implies

+1 .
an,eo(g5) < T3 o) Savelen)  for 2S5 <N
Since according to equations (21) and (22) we have y; = 15 ¢; for even j > 2 and

Y= %qj for odd j > 2 and N =2n - 1 is odd, the inequality

1 1 .
anoo(;) S 7 aN0o(8j) S 7 aN,co(gV) = aN,co(¥N) for 2<j <N
follows immediately. This yields the equation

T2 aN,o(¥j) = an,0o(¥N),

and since we will see that an oo(%n) tends to infinity as N — oo, we have

. 1
|Knlloo = oBax, aN oo(5) = an co($n) = 7 aN,00(qN)

for N large enough. This quantity can be estimated easily: Our Lemma 4 gives the
expression

N +1

vl = [V (e eV T - (- 2va ) ) a

But |1 — 2v/u — u?| < 1, and consequently the right-hand side equals

1

/2 u—uz((1+2\/u—u2)N_l+(1—-2 u—uz)N_l)du+O(1).

0
The last integral can be evaluated: First, in the integral

1/2

1
/2\/u—u2(1 +2\/u—u2)N_ldu =2/2\/u——u2(1+2\/u—u2)N~1du
0

0

we substitute v = y/u + v/1 — u to obtain

vz

(* =1)* N2
2/ﬁv dv.

Further, in the integral

1/2

/1 2u— w2 (1 - 2v/a — ) du = 2 / 2Vu—w(1-2vu — )" au

0
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we substitute v = /1 — u — \/u to obtain

2
/(v 1) 2N 2d
N

Putting these integrals together, we obtain the equation

o
an,o(gn) = 2/ (L___)va—z dv + O(1).
0

1
N +1 V2 — 2

Using the simple identity

2_12 1 .
(vz_v)2 p2N-2 _ — »2N-2 _ \/2_—,02va’

the substitution v = /2t and the well-known formulas for the Beta integrals (see [1:
6.2.1 and 6.2.2))

0
we finally arrive at
< . npv -1 e L

Inserting this in equation (40) and observing N = 2n — 1, we obtain our proposition
(38). The proof of our second proposition (39) is almost identical to the above one and
will be omitted here il

7. Lagrange interpolation polynomials
Suppose v;/e are given N + 1 (different) nodes zq,...,zn of interpolation. If we denote
wn+1(z) = (2 — z0) -~ (z — zN),

then the basic polynomials of interpolation in Lagrange form will be

wn+1(7)
Inj(z) =
! wiyi{z;)(z - ;)
and we have the identity

N
q(z) = Z q(z;)In,j(z) for g € Pn.

=0

Thus, our coordinate functionals ¢; have the simple form ¢;(q) = ¢(z;) for all g € Py,
and clearly the following result holds.



238 H.-J. Fischer

Lemma 5. Let ¢ € Py and [a,b] be any interval containing given nodes z; (=
.,N). Then we have the estimate

o0(q) < (N + 1) lqlleo (41)
where [|q|lo is the usual sup-norm: ||glles = sup,¢(a 4 lg(2)l-

In many practically important cases we have bounds for the modulus of orthonormal
polynomials on the support of the measure.

Lemina 6. Let the measure o have support S(o) C [a,b] and assume
o(lz,y]) 2 C(y — z) for z,y €a,b]

with some constant C > 0. Then we have the bound

(v+1) .
I7allee € —o—n”  for n> 1. (42)
Ch-ay -

Proof. We denote for brevity ||m||co by Mn. Then clearly M,, = 7r,,(:c ) for some
z* € {a,b], and from the classical Markov theorem we know

()l <

on?
b—aM" for y € [a,b].

With the notation

. b—a
B={x€[a,b]:|z—:v | < 4n2}

this implies

z

Ima(@)] = |malz") + / 7\(y) dy| > [7a(z®)] — |z — 2°|

2n?

b—a

My 2 5 M,

N =

z*

for z € B, and we obtain the incquality

1= [ 12(2)do(z) > wz(z)da(x)Zlewf(B)Z1M2~C b-a)"
/ A (%)

4n?
Solving this inequality for M,, we arrive at our proposition (42) (the idea of this proof
is well known, compare the proof of Theorem 1.10 in {7: p. 145]) 1

Now we are able to give simple estimates for the norm || K} ||oo in the case of these
measures.

Theorem 4. Let the measure o fulfill the assumptions of Lemma 6 and let all nodes
Zo,..., TN, where N = 2n — 1, be in the interval of orthogonality [a,b]. Then we can
estimate )

1K lleo = O(n*7+). (43)

Proof. Since the support S(o) is compact, the cocfficients 8, are bounded, and
from inequality (42) and the definitions (15) and (16) we deduce [|¢j|loc = O(;%7). Our
proposition now follows from the inequality .

!
— N < .
| Kz lloo orgnjang aoo('/’.r) <(N+ 1,)0r5_njaéxN ll¥;lo

(cf. Lemma 5) 11
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Of course, the bound (42) is very rough. We can obtain sharper bounds for our
illustrative examples.

Theorem 5. Let the measure o be defined as in ezample 4.1 (Chebyshev polynomials
of first kind), and let all nodes zo,...,zn, where N = 2n — 1, be in the interval of
orthogonality [~1,1]. Then the suppremum norm of K', can be estzmated as

[Knlleo < 2n. ' (44)
In the case of ezample 4.2 (Chebyshev polynomials of second kind) we have the estimate

1Ko lloo < 2n2. (45)

Proof. In the case of Chebyshev polynomials of first kind, we can see from our
equations (19) and (20) that |[%);]lec < 1 for all j > 0. Consequently, we have the
estimate

”K, loo = Or<naxN aco(®¥;) < (N + 1) ma.x H¥jllo S N+1=2n

In the case of Chebyshev polynomials of second kind, our proposition follows easily from
equations (23) and (24) and from ||¢;ljec < 3 |Ujllec = 3 (5 +1) for j > 0N

Surprisingly, we have simple estimates for ||K}||co of only polynomial growth in
n. Moreover, the result does not depend on the distribution of the nodes inside the
interval of orthogonality. However, this is somewhat misleading. The norm ||K}||co is
a measure for sensitivity to small absolute perturbations of the modified moments. But
if the distribution of the nodes is bad, the basic polynomials may have large peaks,
and consequently the modified moments may vary greatly in magnitude (compare the
discussion in [4: Sections 2 and 6}). If the support of our measure o is an interval, we
could, of course, use well-known good nodes of interpolation (e.g. Chebyshev nodes),
where the basic polynomials remain uniformly bounded. Unfortunately, this is only
theoretically useful, too. It is hardly ever possible to compute the ”Lagrange moments”
practically even in the case of very simple measures o.

8. Orthonormal systems

Let now {pj}nN=0 be a system of orthonormal polynomials with respect to some measure
s. Then the coordinate functional ¢; will be ¢j(q) = [q¢(z)p;(z)ds(z). We shall
concentrate in this caseon the Frobenius norm. Clearly we have

N M .
a() = Yocko) = [ F@ds(s) o g€ P

=0

This immediately yields, by (15), (16) and (18), the following result.
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Theorem 6. The Frobenius norm of K! is
1/2
1€l = { [ wna) s} (46)
where

wn(z)

il
i3
&,
o

= Z { (}(@) =71 (@)) + (B}fimiaa(@) - B}/ *m,1(2)) 'm(2) }.

For the class of measures mentioned in the preceding section we are able to give
bounds for the norm ||K},||r growing only polynomially in n.

Theorem 7. Let the measure o have support S(o) C [a,b] and assume o([z,y]) >
Cy- :z:)”’ for 2,y € [a,b] with some constant C > 0. Then we have the bound | K. || r =
O(n2~r+ )

Proof. Our assumptions imply ||¢;|| = O(j%7), and from equation (46) we deduce
KL% < s([a,b]) 22" " |l+;1I2. The proposition follows immediately from 22" Yty =
O(n4‘y+l) [ ]

Again, we illustrate our results with Examples 4.1 and 4.2.

- Theorem 8. Let the measure o be defined as in ezample (4.1) (Chebyshev polyno-
mials of first kind), and let s be any measure with support C [—1,1]. Then the polynomial
wy defined above can be bounded by

wp(z) < 2n for z €[-1,1] (47)

and consequently the Frobenius norm of K, can be estimated by

IKallF < v2ns([-1,1]). (48)

In the case of Ezample (4.2) (Chebyshev polynomials of second kind) we have the esti-
mates

(2n — 1)(4n? + 5n + 3)
12

wn(z) <1+ for z €{-1,1] - (49)

and 1 2n
n <1 "
wp(z) +41

and consequently for the spccial measure ds(z) =dz on [—1,1] we obtain the inequality

2n—-1 2n-1 16 20
”K:,”FS\/2+ n4 + " ln(?n2+?n+3) (51)

for z€(-1,1) (50)
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Proof. The proof of the inequality (47) is trivial, since for Chebyshev polynomials
of first kind we saw |¢;(z)| < 1in[-1,1]forall j > 0. The estimate (48) is an immediate
consequence of formula (46).

In the case of Chebyshev polynomials of second kind, we have 9 = and t/);"(:c) <
: Uf(z) for all 7 > 1 (see equations (23) and (24)). This gives the inequality

2nl

wa(z) <14 = Z Ul(z). (52)
Using the inequality |Uj(z)] < j + 1 for z € [—1,1) (this is [1: 22.14.6]) and the
elementary formula

2n-1 2n

Z(j'*'l)z =Zj2_1= (2n — 1)(4n? +5n 4 3)

3

we obtain inequality (49).

Recalling the trigonometric forms of the definitions of Chebyshev polynomials (com-
pare equations [1: 22.3.15 and 22.3.16])

sin(j +1)8
sin §

Tj+1(cos @) = cos(j + 1)8 and Uj(cos8) =

we obtain (with = cos §) the identity sz“(a:) +(1-z?%) U]?(:z:) = 1. Consequently, the
inequality (1 — z?) Uf (z) €1 holds for all j > 0 and all real z. Qur proposition (50) is
an easy consequence of this inequality and (52).

The proof of the estimate (51) is now straightforward. From equation (46) we obtain

1

1Kl = [ un(e)ds =2+ / (wa(z) — 1) ds

¢

If we introduce the notation en = g3r3577¢, We can estimate (using (49 and 50))

8n?+10n+6
2n—-1 2n—-1
n —1)dz < dz =
(wn(z) ) z < / 8. T 3
1-e,<|z|<1 1-e,<|z|<1
and
s m-1 [ d M—1. (2
n — T -
n _1 d < _=—l _._1 .
[ w@-naot [t ot (2 )
—1+en —1+en

Putting these estimates together, we obtain our inequality (51)
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It is very interesting to compare our results with those of W. CGautschi [4). He
investigated the sensitivity of the map G instead (defined in our Section 2) and showed

the equality
1/2
A ou(z) ds(z))

where the polynomial g, of degree 4n — 2 is defined via the weights and nodes of
a quadrature formula for the measure o (see the following section). For Chebyshev
polynomials of first kind, he conjectured the polynomials g, to be uniformly bounded
on [—1,1]. This is true, as we will show in the following Appendix. Consequently,
the norms ||G},||r are bounded, too. In the case of Chebyshev polynomials of second
kind, the polynomials g,, have large peaks near the ends of the interval [~1,1], and the
numerical values for |G}, ||r show moderate growth with n. This is in good agreement
with our estimate (51) for the norms || K} ||r.

9. Appendix

In this section we estimate the polynomials g, introduced by W. Gautschi [4] in the
case of Chebyshev polynomials of first kind. We have

gn(z) = th(z +Z _2k2 (53)

where
hj(z) = (z)(1 - 205(7)(= - 7)) (54)
and

ki(z) = 1(z)(z — 7)) ' (55)

are the fundamental Hermite interpolation polynomials in terms of the fundamental
Lagrange interpolation polynomials

Tn(x)
Li(z) = =——————. (56)
S AR
The nodes 7; are the zeros of the polynomial T, (obviously, Irjl<lforj=1,...,n).

First, we have the identity

S hie) =1 (57)

(this is just Hermite interpolation of the polynomial” which is equal 1 everywhere).
But in our case we obtain li(ry) = %TJ(]. - 7']?)_1 (see [4: Equation 4.2]) and from (54)
there follows h;(z) = l?(x) l—lz_ir?- Consequently, for z € [—1, 1] we can estimate

J

h (:r) > 12(.’1:) |T]| 12( )l—m - 2 ](l') (58)
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This gives immediately k;(z) > 0, and from (57) we get hj{(z) < 1. Thus, the first sum
on the right-hand side of (53) can be estimated as

Z h¥(z) < Z hi(z) = 1.

To deal with the second sum, we note ¢; = 1, and (55) and (56) yield
n _ n 1
> 072k (z) = n?T2(2) Y 0 1¥(z).
J=1 j=1 n 2
The derivative of T,, at the zeros 7; can be easily calculated: ;From the well-known
identity Tn(cos 8) = cosn we obtain sin 8 T(cos §) = nsinnb. Thus, sin? § T'2(cos 8) +
n? cos?nf = n?, and substituting z = cos§ we obtain (1 — z2)T'%(z) + n?T?(z) = n?.

From this identity the equation T}(7;) = 1_"—1; for the zeros of T, follows immediately.
2

Consequently, our sum can be written as
n n
- 2
Y o2k (z) = Ti(x) ) (1 -] 3(=).
j=1 j=1
The last sum can be estimated easily:

Y a-rHE@) <Y Bz)y<2) hi(z) =2
j=1 =1 j=1

where we used the inequality [3(z) < 2h;(z) following from (58). Finally, from (53) we
obtain the interesting inequality

gn(z) £1+2=3 (60)

uniformly in n. This result (via o;) depends on the normalization of the measure o
of orthogonality of the Chebyshev polynomials. W. Gautschi [4] used o([-1,1]) = =,
instead. This would imply o; = = and

2
gn(z) <1+ — =1.20264...
T

which is not so far from the inequality gn{z) < 1 conjectured by W. Gautschi.
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