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On Measures of Non-Compactness in Regular Spaces 
N. A. Yerzakova 

Abstract. Previous results on non-compactness obtained in [11-13] are extended to regular 
spaces of measurable functions, and new criteria for the a-compactness of sets and operators 
are proved. An application of the abstract results to elliptic boundary problems is given as 
well. 
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1. Introduction 

Let Q be some subset of R' and IL a non-negative continuous measure on a a-algebra 
of subsets of 1 such that (1l) < oo. Throughout this paper, PD denotes the operator 
of multiplication by the characteristic function of a measurable subset D ç c 

Definition 1 (see [5, 14]). A Banach space E of measurable functions is called 
regular if 

(a) II x IE !^ IIYIIE for all y E E and measurable function x with Ix(i)I 

(b) lim, II PD x II = 0 for every x E E and decreasing sequence of measurable 
sets {D} with empty intersection. 

is fulfilled. 

Remark 1. It is well-known (see [5, 14]) that all Lebesgue spaces, Lorentz spaces 
and Orlicz spaces whose generating N-function satisfies a L 2 -condition are regular 
spaces.	 .	 0 

Definition 2 (see [5, 14]). A set U in a Banach space E of j.t-measurable•func-
tions is called s-compact if it is compact in the topology induced by u-convergence, i.e. 
convergence in the measure j.. 

Definition 3 (see [1, 9]). Given a bounded subset U of a normed space E, the 
(Hausdorif) measure of non-compactness XE(U) = ' (U) is defined as the infimum of all 
e > 0 such-that there exists a finite i-net for U in E. 
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Definition 4 (see [1, 91) . Let E and C be Banach spaces. The upper x-norm of a 
bounded linear map A: E - G is defined by 

II A II	= ml {k > 0 XG(A(U))	k(U) for every bounded U c E}. 

Remark 2. In 161 the equality II A II	x(AS) was proved, where S = S(E) 
{x E E : II x IIE = 1} is the unit sphere in E. 

We denote the measure

V( U ) = lim sup sup II PD U IIE	 (1) 
IL(D)-.O tzEU 

for U C E, where E is a regular space. 

Remark 3. The characteristic (1) was introduced and studied for Lebesgue spaces 
E in [10) and, independently, in [ 31 (see also [4])• For regular spaces E the characteristic 
(1) was considered first in [2]. 

A bounded subset U of a regular space E is compact if and only if it is p-compact 
and v(U) = 0. Check of z-compactness presents a real challenge. In this paper we shall 
propose a necessary and sufficient criterion of p-compactness for all normed spaces of 
p-measurable functions which can be embedded into the Lebesgue space. The criterion 
is reduced to the equality v = X . The theory of measures of non-compactness has a lot 
of applications. There exists a large amount of literature devoted to this subject (see, 
e.g., [1, 91 and the references therein). 

2. The results 

We shall research a conjunction between the Hausdorif measure of non-compactness x 
and the measure ii defined by (1) for any sets and operators. 

Lemma 1. The measure ii has the following properties: 

(a) v(U) <v(V) if U c V. 

(b) zi(U U V) = max {u(U), u(V)}. 

(c) zi(U) = v(U), where U denotes the closure of U. 

(d) v(tU) = ItIv(U) for all t E R. 
(e) v(convU) i(U), where cony U denotes the convex hull of U. 

(f) zi(U + V) v(U) + v(V), where U + V = {u + v: u E U and v E V}. 

(g) I'(U) - v(V) I k dist (U, V), where dist (U, V) denotes the Hausdorff distance, 
and the constant k does not depend on U and V. 

(h) v(U) = 0 if U is relatively compact, but v(U) = 0 does not imply that U is 
relatively compact. 

Proof. The proof follows directly from the definition (1) and a well-known com-
pactness criterion in regular spaces (see, e.g., (14))I 

'p
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Lemma 2. Let U be a bounded subset of a regular space E. Then v(U) 

Proof. For the unit ball B = B(E) {x E E: II X flE < 11 in E we have V(B) = 1, 
since II PD x II' PD x e B for every measurable D C ci and x E E. Let e > 0. Applying 
Lemma 1 t any [x(U)'+ e]-net C = {c i ,... , Cm} for the set U we obtain 

v(U) <v(C + [(U) + e]B) <(U) + e 

which proves the assertion U 

Let u 0 = u 0 (t) be a unit in E, i.e. a fixed non-negative function such that supp no = 
suppE (see [141), and T > 0. In what follows, we denote by [X]uo,T (x E E) the 
truncation

[x]0T(t) = min { Ix(t)I, Tuo(t)} sgn x(t). 

Lemma 3. Let U be a bounded and it-compact subset of a regular space E. Then 

X( U )	sup JJX - [X]uo,TME	 .	 ( 2)
zEU 

and x(U) < zi(U). 

Proof. Let D(x,uo,T) = {t E ci: Ix(t)I 2 Tuo(t)}. By [14: Theorems i and 31 we 
know that

lim sup i.i[D(x,uo,T)j = 0.	 (3) 
TOOxEU 

Furthermore, for every T> 0 we have 

limsup sup PD[x]uQTlE 5 limsup T II PDuQIIE = 0. 
.i(D)-.O zEU 

Since U is j.-compact, from [14: Theorem 15] it follows that the set { [x]0,T : x e U) 
is compact in E. Consequently, 

X(U)	sup JJX - [x]uoTME	sup PD(Z,UO,T)XME 
zEU	 zEU 

which together with (3) proves the statement  

Combining Lemmas 1-3 we arrive at the following 

Theorem 1. Let U be a bounded subset of a regular space E. Then u(U) 
and v(U) = x(U) if U is iz-compact. 

We are now going to apply Theorem i to a particularly important class of regular 
spaces.	 . 

Theorem 2. Let U be a bounded subset of LP(ci, ), where LP(ci, ) is the space of 
'u-measurable functions with the usual norm 

•	.	 / r	\1/P.	. 

II X IILP(fl, i.i) = (\ J IxI Pd)	(1 < P <	) 
0
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Then U is it-compact if and only if x(V) = v(V) for every V C U 

Proof. Let U C L(ci,p) and x(V) = v(V) for every V ç U. We shall show that 
U is ti-compact. If x(U) = 0, the assertion is certainly true. So let x(U) = v(U) > 0. 
Obviously, U isp-compact if the set [U] T = {[x]T : x E U} is it-compact for every 
T> 0, where

• I X ( t ) if x(t)	T 
[x] T (t) = s

0	if ix(t)l > T. 

Suppose that the set [U] TI is not p-compact for some T1 > 0. Then there exists a 
sequence {x} C U such that, for all n .0 m, 

p([Xn]Ti,[xm]'1)	
ix(t) - Y(01 dp c	where p(x,y) =

	+ ix(t) - 

and the constant c is independent of n and in. By hypothesis, for the set V = 
{x 1 ,x2 ,x3 .... } we have (V) = v(V). Let 0 < C < (V), and let {c i ,. . . ,C} be 
a finite [(V) + El-net for V. For T2 > T large enough we get then 

sup sup I I PD(Z,T2)C LP(fli) zEU I <i<m 

where D(x,T) = f  E ci: ix(t)i > T}. Choose ii 7A in such that, for I = n or 1 = in, 

I PD ( XI,T2 ) X1 ML P (,) ^: v(V) - e = x(V) - 

and li x , - ci ii Lp ( ç , , )	x(V) + e for a suitable i E {1,.. :,m}. Consequently, 

liP	II 
II [ T ilT2 - C ILP(,) 

P	

1k' - Ci IIL p () - 11 PDX,,T2 )(x , -	 + ep 

[x( V ) + 6]P - [x( V ) - 2e]" + C' 

From this we further obtain

- [x m 1 T2 ll Lp(ç, ,	k2e 

and	 •	 •	 . 

C	p([xnji',, [xmIT,) !^ p ([xn ] T2, E Tm]T2)	 . 

j(x] 2 - [x m]T2I dp	k3 IknIT2 - [Xm]T21ILp() 

<k2k3C 

where the constants kR (i = 1,2,3) do not depend on C. This contradiction shows that 
U is it-compact. Conversely, if U is it-compact, then (V) = v(V) for every V ç U, by 
Theorem 1 1
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Theorem 3. Let G be a Banach space and A : G -i L"(ci,p) (1 p < oo) a 
bounded linear operator. Let S = S(G) = {x E G : II X IIG = 11 be the unit sphere in C, 
and suppose that v(AV) x(AV) for every V C S. Then A is p-compact, i.e. if U is 
an arbitrary bounded subset in G, then AU is p-compact in L'(ci,p). 

Proof. It is enough to show that rAB is p-compact for any r, where B = B(C) is 
the unit ball in G. Using Lemma 1 and the properties of x (see [1: Subsection 1.1.4]), 
we have

v(rAB) = v(rA convS) = rzi(convAS) 
= rv(AS) = r(A5) = (r convAS) = (rAB) 

which by Theorem 2 implies the p-compactness of rAB I 

Now let ci be a domain in R" and rn the Lebesgue measure on Q. For 1 p < 
and s E N we consider the following function spaces: 

LP (Q) = LP is the Lebesgue space 
W P (Q) = W- ,P is the Sobolev space 
L s P(ci) = L' ,P is a space of generalized functions on ci defined by the 

semlnorm.IIuIIL . , p = II Vs u IIL P = (f	ID u(x)I 2 p/2 
]	dx) 1/p 

L s P(ci) = L' is L- ,P with the norm II V .U IILP + II u IILP() (see [8]), where w 
is some (non-empty) open set with compact closure 0 C ci 

C°" (ci) = C0 ' 1 is the space of all Lipschitz functions on an arbitrary compact 
subset Q C ci 

W'(ci) = wg" is the closures of C000(ci) in the norm of W3' 
L P (Q) = L" is the closure of C1 '°(ci) in the norm of L3' 

C is the closed subspace of all constant functions on Q.

Theorem 4. Let E be a regular space of rn-measurable functions on a domain 
ci C IR" with m(Q) <oo. Then for	E {W"P ,w0",	L"} the equality 

= lim sup sup IIXIIE 
m(D)—.O ZEUD IIxIIS 

holds, where UD = {x E C°" fl S"P : x = 0 outside D}, I: S" —* E is the embedding 
map for S" P e {W1P,W01h',L'}, and I : — E/C is the embedding map 
modulo constant functions for 51P = 

Proof. We shall consider only the case I :	— E/C, since the proof is
analogous for 51P E {W1P,W',L}. The existence of the embedding I: L"P/C 
E/C means that

inf 1ju — d iE < k il Vu liL,	(u 
cEC	- 

where the constant k does not depend on u. 

Let S = {x € V : I1 Vx IIL P = 1). By [8: Theorem 1.1.2 and Lemma 1.1.11] there 
exists a set B C S such that B is bounded in L ,P and S = B + C. By [8: Theorem 
4.8.41, B is rn-compact. Therefore, since the embedding map I : -+ E/C is 
bounded, we can choose any bounded rn-compact set B0 C S such that S = B0 + C. 
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Obviously, XE/C(S) = xE(Bo) . By Theorem 1 we have 

XE(B0) L/E(BO) = urn sup sup II PD X IIE .	 ( 4) 
m(D)-0 zEB0 

In the last limit, by [8: Theorem 1.1.5/1], we may assume without loss of generality 
that B0 CC-(Q). In addition, we use the inequality 

XE(B0) < sup JJX - [x]TME	(T > 0) 
zEB0 

which follows from (2). In view of (3) we obtain 

XE(B0) lim sup sup 11X 11E
 

m(D)-0 xEU0 IIVxIILP 

since

X - [x lT E UD(Z,T) = { x e C 0 "(l)flL" 1'(1l): x 0 outside D(x,T)}. 

On the other hand, for every x E UD there exists a constant c E C such that 
II Vx II(x - c) E B0 , i.e. LP

kolIVxIILp 2 li x - c IlE > IIPn\DcZI1E 

where k0 is independent of x. From this it follows that 

IIVxIILP 
lcI <k0 

IIP\DlIiE 

and
1PDCr1IE	 IIPD11IE — lim sup sup	 urn sup k0	 o 

m(D)—.0 XEUD II VX IIL'	.(D)—.0 ll PcvD h ilE - 

Thus from (4) we conclude that 

	

xE(Bo) 2	 lix —.cxIIE urn sup sup	 = hmsup sup IIXIIE 

m(D)—.0 XEUD II VX I1LP	m(D)-0 ZEUD IIVXIILP 

The proof is complete I 

Remark 4. It follows from Theorem 4 that the upper x-norm of the embedding 
map I: L' -P/C-+ Li /C is a characteristic of non-compactness which has been assumed 
as a basic criterion of compactness in 18: Lemmas 4.2 and 4.4.1, and Subsections 4.8.1 
and 4.8.21.
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3. Applications 

As an example of an application of our results we consider now the solvability of the 
Neumann problem for the linear operator 

Ju =	(_1)ND(aijDiu) 

IiI,IjI^s 

in the space W"2(). Here the coefficients aii E L°° are assumed to satisfy the bound-
edness condition

supIIaIjIILoo < c 1	 (5) 
I,) 

as well as the ellipticity condition 

aD'uDiudx ^ c I V3u 2	(u eL"2 ).	 (6)Ref  
n ItI=IiI=) 

We say that u E W"2 (0) is a generalized solution of the Neumann problem Au = f if

f?JAudx=f	aijDtuD3vdx=fftdx 
I'I,IjI5' 

for any v E W"2 and I C L2. 

Lemma 4. Let the embedding operator I: L 1 '2 /C - L2 /C be bounded. Then for 
all u E L2 fl L"2 the estimate 

IIVulI L 2 :5 C(U(c),n)IIV,uII t2 + C(e)IIuI1L2 

is true, where 

C(U(e),n) < 
au(c) ,

	a = nV2 + 1,	U(e) =. sup sup 11u11L2 
1— all ( E ) m(D)<euEUz, IIVUIIL2 

Proof. Given e >0 and ,u E L2 fl L"2 , and putting T = inf{t m(D(u,t)) 
by Theorem 4 we get 

11U42 < 11jul - TML2	+ 1 1l u l -	T)) + T[m(cl)]'"2 

< U(e)Vu	+ 2T[m(l)]1/2. 

Now, following a similar reasoning as in [8: Proof of Theorem 4.8.21, we denote by 
any bounded subdomain Q with a C°' 1 -boundary such that m(cZ \ Q) < . Since 

m[D(u,T)] ^: ewe have m[D(u,T) ncl€] ^ . Hence II u IIL(n.) ^ 2_' 1 'Te 11' for any 
r > 1, and therefore 

II u II0(cz) < U(e)IIVuII L 2 (0) + 

where the embedding map from L"2 (1Ze) into L'1,) is compact. The remaining part 
of the proof goes precisely along the line of [8: Proof of Lemma 4.10.21 u
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Theorem 5. Let

	

	 .. 

a[/+/] 

where I is the embedding map from L 1 ' 2 /C into L2 /C, a = + 1, c and c 1 are the 
constants from (5) and (6). Then, for RcA. large enough, the equation Au + Au = f has 
a unique generalized solution for each f E L2. 

Proof. By (6), 

Ref	aD'uD)udx >	 - c 1	IIVkuII. 
n I i I,liI^)	 k=O 

By Theorem 4 and the assumption on III11 W there exists anE > 0 such that 

2 a
2 U(e) 2 < c 

[1 - aU(e)] 2 - 2c1 

Consequently,

a1D'u+ A1u1 2)dx ^	IIVSuII2	(RcA - c2)II u II Ref (
	

(0) +	 2(), 
IIIiI^s 

i.e. the "coercivity" condition 

II Vu II1 2 <constef
(	

aDu+ A1u12)dx 
k=O	 IiI,Iil^) 

is fulfilled for sufficiently large RcA. But this implies (see, e.g., (7: Theorem 2.9.1]) the 
assertion of our theorem U 

Remark 5. In the special case when I L"2 /C -+ L2 /C is compact, i.e. I II11 W = 
0, Theorem 5 implies [8: Theorem 4.10.21. 
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