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On the Dirichlet Problem for the
Ekman Equation

K. Frischmuth and J. Rossmann

Abstract. The Ekman partial differential equation for the stream function of turbulent mass
flow in shallow and small-sized surface waters are discussed. The Dirichlet problem.for the
Ekman equation is shown to be well-posed in a weighted Sobolev space. Conditions for the
existence of classical solutions are given. The dependence of regularity and asymptotics of the
solution on the properties of the depth profile are studied.
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1. Introduction

In the present paper we are concerned with the Dirichlet problem for the partia.l differ-
ential equation '

Au;%(Vh,Vu)=kA(Vh,QW) inQ (1)

which models the wind-induced hydrodynamic flow in small and shallow surface waters.
Here the bounded domain © C R? describes the projection of the considered surface
water on the plane R?, (-,-) denotes the Euclidean scalar product in R?, u: @ — R
the stream function, h : @ — [0,+00) the depth profile, W € R? the wind vector,

@-=(4 o)

a clockwise rotation by an angle of 7 and, finally, k4 > 0 an empirical constant.

In [17] equation (1) was derived in the given form and discussed under the Dirichlet
condition ’ .

u = ug " on oQ (2)

and a finite difference scheme for the numerical solution was presented. However, typical
depth profiles h vanish at least on parts of 92, and up to now there has been no proof
that problem (1) - (2) is well-posed for that case. The aim of the present paper is
to prove existence and uniqueness of solutions to problem (1) - (2) and, furthermore,
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to discuss regularity of the solution under possibly weak assumptions. To this end
we transform equatlon (1) into dlvergence form and consider an associated variational
problem .

a(u,v) = b(v) for all v (3)
in a weighted Sobolev space H(?). Using the Lax-Milgram lemma we obtain unique
solvability of the Dirichlet problem (1) - (2). If, in addition, V4 is bounded this allows
us to infer the existence of an element f € Ly(2) such that the solution u of problem

(3) satisfies
Au = f. (4)

Hence, we conclude that u € HZ (f2). We are able to strengthen this regularity result,
if Q0 is a polygonal domain and the depth profile h fulfils A(z) = g(z) dist(z, dN)# with
a function g satisfying g(z) > ¢ > 0 for.all z. In this case we obtain u € H!*#(Q).
Further, the asymptotic behaviour of the solution in a neighbourhood of smooth parts
of the boundary will be derived. c

2. Weak formulations, existence and uniqueness

If we derived a weak formulation of problem (1) - (2) by multiplying equation (1) by
a test function v and integrating by parts we would obtain a non-symmetric bilinear
form. Moreover, without assuming rather undesirable conditions on' the depth profile
h it proves to be difficult to obtain existence and uniqueness of a weak solution that
way. Weak coercivity (cf. [1]) can be obtained for'h > hg > 0 by using a maximum
principle (cf. {4]). The assumptions of the Lax-Milgram Lemma can be fitted under
certain conditions for  and h expressed in terms of embedding constants (cf. [13]).
Both results hold in H!(f), and both require rather unrealistic restrictions on h.

A proper varlatlonal formulatlon of problem (1) (2) i is obtained after multlplymg
equation (1) by A72. In fact observing that

h™2Au + 2h~3(Vh, Vu) = div(h™ 2vu)
we can rewrite equation (1) in the form
div(h™?Vu) —kAh 2(Vh QW). (5)
We mtroduce the welghted Sobolev space . ‘
' H=H.()=Co@ e

with completion taken with respect to the norm
o - 2 . . |
Sl = ([ aepa) @
Observe that Il . || makes H a Hllbert space with scalar pl‘Odl‘ICt- - ‘

'(u,v);'Aﬁ-?(vu,vv)Jz. o (8
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For the boundary condition ug we assume that there exists an element 1, € H(Q) such
that ’
tr (o, 0N) = uo and / h7?|Vig|*dz < +o0. , (9)
’ Q
Now we introduce the difference w = u — @y and obtain for it the equation |
div(h™*Vw) = IcAh"z(Vh,QW) — div(h™?V1,) (w € H) (10)

with homogeneous boundary conditions. Multiplication by v € H and integration by
parts yields

/h_z(Vw,Vv)dx = —/ h_2(Z,Vh)vd:r—/ h~%(Vig, Vv)dz (11)
Q : Q Q .
where we denote ¢ = k,QW. We define
a(w,v) = / h=%(Vw, Vv)dz
: Q

b(v) = —/ h_Q(Z,Vh)v‘d:z: —/ h_z(Vﬁo,Vv)dm,.
Q Q
Hence, the variational problem

Find a function w € H such that for all v € H there holds
N a(w,v) = b(v). (12)
is set up. As a matter of course we can state the following

Lemma 1. The bilinear form a(-,-) is symmetric, bounded and coercive on HxH,
both constants being equal to 1, i.c.

a(w,v) < Jlwll||v]| and  a(w,w) 2 |lw|i®. (13)
In fact, the second relation holds as an equality. Further, we have the following

Lemma 2. The terms ‘
/h_z(Z,Vh)vdz and /h_z(Vﬁo,Vv)ofx
Q Q

both define linear continuous functionals on H.
Proof. Let v € C®(2) C H. Then

/h_zvVhd:c=—/vV(h_l)dz=/h"led:z.
Joo Q 2
Hence, by the Hélder inequality

2 g
/ h™%wVhdz| < (/ R Vu|? dx) (/ ldz:) = ||v||* mes(R).
) v \Ja ‘ q o
Consequently, the first term in the statement of Lemma 2 is a well defined linear operator

for v in the dense subspace C§°(2) of H and its norm is bounded by [¢]/mes(Q) =

ka|W|\/mes(2). Hence, there exists a unique extension of this operator onto the whole
space H which satisfies the same bound. To fQ(Vﬁo,Vv)h‘2 dz we apply once more
the Holder inequality which yields

/ h=2|(Viio, Vo)l dz < [[v]] o]
N

and the lemma is proved il




332 K. Frischmuth and J. Rossmann

Remark 1. In the last inequality the norm ||Z¢}| is finite due to (9), although the
inclusion @y € H does not necessarily hold.

Lemmas 1 and 2 together with the Lax-Milgram Lemma provide a proof of

Theorem 1. The variational problem (12) possesses a unique solution w € H. An
upper bound on the norm of the solution is defined by the given wind force ka|W|, the
measure of the domain and the boundary condition, namely

lwll < kalW|y/mes() + ||l (14)
with 4q from (9) holds.

For h < hy < 400 we have H C H(2), and we are able to deduce the existence
of a solution u = 1 + w to equation (1) in the Sobolev space H!(£). Moreover, under
reasonable restrictions on |Vh| and for a suitable class of domains (2, the finiteness of
the norm ||u|| implies stronger regularity.

3. Regularity of the solution

We denote by r = r(z) the distance of the point z to the boundary Q2 and by p a real
function on C*°(2) satisfying the conditions

(i) e17(z) < p(z) < e27(2)

(ii) |1Dg p(2)| < cqr(z)~lol*?

for z € 2, where ¢, c; and ¢, are positive constants independent of x. Such function p
always exists (see, e.g., [18: Chapter 6/Section 2]) and is called regularized distance of
z to 0. If OQ is smooth, we can set p =r.

The goal of this section is to prove regularity assertions for the solution of problem
(1) - (2) in the case when the depth profile h has the representation

h(z) = g(z) p(2)" (15)
where § is an arbitrary non-negative real number and g is a real function on C*(Q)

satisfying the inequality
g(z) > g0 >0 in Q.

We restrict ourselves to the case when € is a domain of polygonal type, i.e. the boundary
0N of  is piecewise smooth and in a neighbourhood of each corner the domain 2 is
diffeomorphic to a plane wedge

K = {.’E = (.'1:1,.’122) E'IRQ D —¢o < arg(.r] +iI2) < +¢0} (16)
where 0 < ¢9 < 7. From (15) and the conditions on p it follows that

ID*(h™! VR)| < cari™®
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for every multi-index a, where ¢, are constants independent of z € . We define the
space Vé(Q) as the closure of C§°(2) with respect to the norm

1/2
||"||v;(n) = (/ 2|a|<r"2(ﬂ—l+l°“ |D*ul? dz) )
A <

It is evident that the norm in H is equivalent to the norm

1/2
lu]| = (/ﬂr'”Wusz) . (17)

Moreover, from the Hardy inequality it follows that the last norm is equivalent to the

norm 2
l|u|| = (/ (,.—25-2 Jul? + r-28 |Vu|2)dz)

in C§°(Q2). Consequently, H coincides with the space V1,(92).

In the following we will prove that the variational solution of the boundary value
problem (1) - (2) belongs to the space H!*#(Q). We consider at first the boundary
value problem

Au —2h7H(Vh,Vu) = (¢, Vh) in Q
u=0 on JfN

(18)
with homogeneous Dirichlet condition which leads to the variational problem
a(u,v) = / h=2.(6,Vh)-vdz  forall ve H. ©(19)
Q

Obviously, every solution u € H of this variational problem is a weak solution of the
differential equation (18). Since A~!Vh and (¢, Vh) are smooth in Q, we have the
inclusion u € HE (Q).

We observe now what happens, if we apply a diffeomorphism z’' = x(z) to equation
(18). First note that the space Vé is invariant under diffeomorhisms. Indeed, let

! . ! 1 .
re(e’) = inf |z’ ~y'|= inf |n(z) — «(y)l
be the distance of the point z' = «(z) to the boundary 99’ of the domain Q' = &(Q2).
Then it follows from the differentiability of & that r.(z') < ¢r(z) and, a.nalogously,
r(z) < crx(z'), where cis a positive constant. Hence x induces an isomorphism Vﬁ(Q)

Vé(Q’). The operator which arises from the Laplace operator A via coordinate change
z — 7' is a second order differential operator with smooth coefficients in §2, while the

x-image of the operator u — 2h~' (Vh, Vu) is a differential operator of first order with
coefficients of the form a(z') k™! 24 (a € C°(Q)).

For the investigation of the smoothness of u up to the boundary we need the fol-
lowing lemma.
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Lemma 3. Let K be the plane wedge (16) and let
2 » 62 2 F)
L= ii(z) —— (z)=—=
Y ai(e) grg >, (20)

i,j=1

be an elliptic differential operator in K with coeﬂiczents aij € C>(K) and a; € C*(K)
such that in K

laij(z) — ai;(0)] <e . and 1Da;| < cqr='~lel

for every multi-indez o = (a1, 02) with |a] <1-2 (1 € {2,3,...}) and ¢ a sufficiently
small positive real number. Furthermore, let u € V'ﬂ“ L(K)YN HE (K) be a solution
of the boundary value problem

Lu=f in K
u=0 on 0K

where f € V'ﬂi, (K). Then u € V_ﬂ+, l(1\) and

lullve,,. oo S € vz oo + Tullvist, o) (21)

—p+i-1 Ati-2
with a constant c independent of u.

Proof. We denote by Lo(z,D) the principal part of the operator L. Since u €
Vlﬂi, ,(K), we have Lu — LO(O D)u € Vlﬂ+, (K. Conscqucntly, u is a solution of
the problem .

Lo(z,D)u=F in K |-
u=0 - on 0K

where F = f — (L — Lo(z,D))u € V_Iﬂi_, ((K). Let {U,},>1 be a countable covering
of K such that dist (U,0K) = diam U., =:d,. Furthermore let 4, (v > 1) be smooth

functions satlsfymg the conditions
supp®, C U, , Z¢, =1 inK, |D%,|<cd]l. (22)

fz €U, then o' = £ € d;'U, =: U, , where diam U, = 1. We define the function u,
by the equation - : ) ‘
u,(z') = Yo (duz') u(d,z') = Yu(2) u(z).

Obvnoixsly, u, is equal to zero on the boundary of U, and the support of u, is contained
in U!. Using classical estimates for solutions of élliptic equations in the domain Uj,, we
get

”d’vu||vip+,_l(}() S Cd: lluullm(u;j

. ;2/3 . 2 . : 2'-' (23)
< cd;® (I1Lo(0, D) uulfi-sqey + Il i)
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with a constant ¢ independent of u and v. Since for |a| > 1
laij(dz’) = ai;(0) <€ and  |D3(ai;(dvz’) — ai;(0)] < cdll

from (23) it follows that

lll/’vu”?/iﬁl_l(x) < cd;”(llLo(d,,z',D,:)u,,ll"},._,(u",‘) + ”uvu2H‘-‘(U(,))
< e (ILo(m DY (howdliyizs iy +llbeulliss )

S (eI o + Tuer Wuvlliny )

where I, denotes a set of integer numbers such that Epel Y, =1on U, We can
assume that there exists a number N such that every of the sets I, consists of not more
than N elements and every ;z is contained in not more than N of the sets I Using
equivalence of the norm in Vﬂ(K) with the norm -

+oo 1/2
llull = (Z ||¢uu||€/‘;(x)>
v=0

we get the estimate (21). This proves the lernmal

Since the differential operator in (18) has the form given in the foregoing lemma as
a consequence of this lemma the following theorem holds.

Theorem 2. Letu € H be a solution of the variational problem (19) and function h
has the represe'n.tatzon (15) with a function g € C(Q) satisfying the zncqualzty lg(z)] >
90 >0. Thenue Vg, (Q) forl € N. In particular, u € HtA(Q).

Proof. If suppun 69 =9, then the assertion is trivial. Suppose that suppu is
contained in a neighbourhood of any boundary point. (Otherwise, we apply a suitable
diffeomorphism. As we have seen before Lemma 3, any diffeomorphism transforms the
differential equation (18) into the equation Lu = f, where f € V—lﬂil , and L has
the form (20). For sufﬁciently small suppu it can be assumed that the conditions on
the coefficients of L in Lemma 3 are satisfied.) Then with no loss of generality, we
may assume that the domain Q coincides with a half-plane or a pla.ne wedge in this
neighbourhood. In both cases we can apply Lemma 3 and obtain u € V! g+1-1(82). For
functions with arbitrary support this assertion holds by means of a suitable partition
of unity on Q. Using the fact that the space V_ﬂ+,_1(Q) is continuously imbedded into
H'¥B(Q) for I > 1+ 8 (cf. [16: Theorem 1}), we get u € H'*A(Q). The proof is
complete i

We consider now the boundary value problem (1) - (2) with mhomogeneous Dirichlet
condition. Under condition (15) assumption (9) can be characterized as follows.

Lemma 4. Let ug be an arbitrary -f‘unction on 0. Then there ezists a function
to € H1(Q) with properties (9) if and only if : :
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a) ug 18 a constant in the case § > 1
b) uo € Hit#(3Q) if 0< B < 3.
Proof. Let W}(Q) be the closure of the set of all functions u € C°(%) such that

1/2
. ||u||w;(n) = (“u”i,(n) + /n E(q:z"w |D°u|2d$) < +o0 (24)

with respect to norm (24). Then the function @ in (9) belongs to W1,(9Q). In case
b) the trace of each function from W!,(Q) belongs to the space H3*+5(09) (cf. [15:
Lemmas 1.1 and 1.2]).

We consider the case 8 > % Let 4y be a function from WIB(Q) and {dn}n>1 C

Ce(Q)N Wlﬂ(Q) a sequence converging to g in Wlﬂ(Q) Since fn r=28 | Vi, |2dz <
+00, we have Vi, |an = 0 and therefore @i,|sn = ¢n = const. From the Hardy inequality

it follows that
/ 72 i, — ot dw < c/ 772 | Vi, | ds
Q Q

with a constant ¢ independent of @, and ¢,. This implies |c,| < ¢ ”ﬁn”W“,(Q)- Anal-
ogously we obtain |cn — em| < c¢ljtin — ﬁm”Wlp(Q). Hence the limit of the sequence

{cn}n>1 exists and coincides with the trace of 4o on 028

Remark 2. In both cases g > % and § < % of Lemma 4 the function ¥y can be
extended to a function 4g € Wiﬂ“_l(Q), where | > 1 is an arbitrary integer (cf.- [15:
Lemma 1.2]). Since W', () C H'*4(Q) for I > B + 1 (see (16: Theorem 3]), we

have i € H!*A(Q).

Let u be a solution of problem (1) - (2) and let i € W!;,,_ () for I € N be an

extension of ug. Then Aty — 2h~! (Vh, Vi) € Vlﬂ+l () forie Nand w = u — 1,
is a solution of the equation ‘

Aw—2h™Y (VA, Vw) = (£, Vh) — Adg + 2k (Vh, Vi) (25)

with hornogeneous Dirichlet condition. Since the right side of this equation belongs to
the space V! ﬂ+, () for ! € N we can apply Lemma 3 and obtain u € H'+4.

4. Asymptotics of the solution in a nelghbourhood
of smooth parts of the boundary

Let v € H be a solution of the boundary value problem (18), and let x and 3 be
smooth cut-off functions which are equal to one in a neighbourhood U of any point
z° € 0 and equal to zero outside of a neighbourhood U’ O U such that yy = x. We
suppose again that the function h has the representation (15), where g € C*°(Q) with
lg(z)| = go > 0. For simplicity, we further assume that 9§ coincides with the z,-axis
in the neighbourhood U’.
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The function ¥u can be considered as a solution of the problem

A(u) —2h7 (VR V(yu))=F  in Q } (26)

Yu=20 on 0N

where

F =9, Vh)+2(Vy,Vu) + uly — 2h~ (Vh, Vi) u.
We prove at first a regularity assertion for the derivative of ¥u in z;-direction.
Lemma 5. Ifue H = V_{ﬂ(Q) 18 a solution of problem (18), then the inclusion

A(pu)
0:1:2

€ le(Q)

holds.

Proof. Let v be an arbitrary function in Q and é # 0 an arbitrary real number.
Then we define the function vs by the equality

vs(z1,22) = 6 ((v(z1,22 + 6) — v(z1,72)).
For sufficiently small &, the function (¥u)s satisfies the equations
h™2A(Yu)s — 2h™3(Vh, V(Yu)s) = k™2 Fs + 2h72((A™'Vh)s, V(¥u)) in Q (27)
(Yu)s =0 on Q. (28)
Hence Lemma 1 yields

(¥u)slla < c||h=2Fs + 2r™% (R™} VR)s, V(pu))]

He (29)

where H* denotes the dual space of H. We show that the right side of this inequality
can be majorized by the sum of the norm of F in V24(2) and the norm of Yu in V2 4().
For every smooth function v with suppv C U’ we have

Ivsllve, oy = [ 7 losl dz
Q

1
—-28 6v
=z —(z1,z2 + tb)dt
[1 ! /o 812(1 : )

< ||U||€/_1,(n)-

dz

Consequently, we obtain

/ R 2 Fsvdx
Q

- ‘AF~(h_2v)_5dx

< cllFllve o (”””"fa(") + ””‘6""3#("’)

S cllFllve, oy llvllva, (o)



338 K. Frischmuth and J. Rossmann

and, therefore, ||h=2 Fj||p- < ¢ ||F||V35(9) < +o00. Furthermore,

|22 (h= Im)s, w@ww) | < (257 (A7 Vs, (g

-

Ve, ()
1/2
<ec (/ r28+2 |r=28-1 V(3pu)|? dz)
(4]

<
< cligullvy () -

Thus, we get the desired estimate for the right side of (29). The constant in this estimate
is independent of §. By the Fatou lemma we further have

O(bu)
6:::2

Ilm(z,bu)g

—0

< lim [[($u)slivy (a)-
v:ﬁ(n) @ 60 -

Hence (29) yields the assertion of our lemmall

Theorem 3. Suppose that the function h has the representation

h(z) = g(z1,22) - 73

in the neighbourhood U' of z°, where g € C®(Q) with Ig(z)l go > 0. Then the
solution u € H of the boundary value problem (18) admits the decomposition

B+1

+1

xu=xb 9(0,12) +ul®

where u) € V2 () if B> 1 anduM e Vlw Le ) 1fﬁ <3 Herely=kaW, is
the ﬁ'rst component of the vector £ andce 1s an arbztrary small posztwe number.

Proof. Rewriting (26) we have

0 ( ~26 3(¢u)> .'1—2ﬂG

6131 6171
where 52
G=F-— a('/;u) +2¢7 (Vg, V(yu)).
2
Hence
agﬁ:t) = 2| / Gl T de 21’ C(a2). (30)

)

We write G in the form

G(z) = ¥(z) &1 f 9(0,z2) 27 " + Go(z)
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where
Go(z) = Y(=) (& B (a(z1,22) - 9(0,22)) 2§ ™" + (&, Vi) =f
+2(V,Vu) +u Ay — 2827} %

1 a u
3 (u)

_29_1 (Vg,Vz/))u— 92 +2g—‘w(vngu)‘
2

Since Yu € V14(Q2) and %‘f;‘) € V14(92), the function G, belongs to the space Vo,(9).
Hence for arbitrary ¢ > 0 the Hardy inequality yields

+o0 2
/ gy FEmex(efD) / €7 Go(€,22) dt| dz
Q E 2

_1
< C/ gy FAma(E A ) |27% Go(z1,22)| dz
Q

- 2
Sc/a:l 2‘3|Cv"o(ar:1,:z:2)| dr.
Q

Therefore, the function 11—2‘9 Go(&,z2) belongs to the space V.2(2), where x = —f -1
if > ,1—, and k = —28 — % +eif f< % Let a; and a; be the functions defined by

ai(zz) =max{€: 9(§,22) =1} and ap(z2) = max {€: P(,z2) #0}.

Then

+o0
22 / BEP1 (€, 22) &1 9(0, 27) de

a;(z32) a2(z3)
= 8, 2% 9(0,25) / €61 d + / (€, 22) P de

T ay(z3)
= 621" 9(0,72) (= 2 + c1(22))
for all z, satisfying the condition %(0,z;) = 1. Multiplying (30) by x we obtain

-0
X% =x (31 90(0,z2) 2} + CZ(-T?)Ifﬂ) +R

where R € V?(Q). It is evident that c; € Ly(8QNU), since x ;—:"‘- —R—2£,9(0,z2)z% €
V24(R). This implies x c2(z2) z2? € V2,_1(R). Consequently,

Ou
X 5gr = X0 9(0,22) 2] + R,
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where R, € V9(Q). Using Lemma 5 from this we can conclude that

B+1

V(xu - x 2 9(0,22) ;1+ 1) €V (Q).

I’+l . . . .
Since xu — x £1 9(0,z2) 247 =0on 0f, the Hardy inequality implies

;19+1 LB+
u—x¥ g(0,z < c||V(xu — x4 g(0,z2)-2 .
xu = x €1 g( 2)B+1 v (xu —x € g( 2)B+1 oo

&=1 L3

p
Thus, xu — x £1 ¢(0,z2) %_-:—: € V(). This proves the theorem il

5. Appendix: The Ekman model

In an attempt to keep the paper self-contained we are going to outline the derivation
of the partial differential equation (1) from continuum physics. However, for details
compare [5, 17] and the papers cited there. '

As our starting point we take the general 3-D turbulent Navier-Stokes equatiohs
ve+vVv =G — Vp~ 2w x v+ div(AVv) (31)
in the 3-dimensional domain

Q3 = {(:z:,z) ER?xR:z€Qand{(z)>z> —h(z)} . (32)

Here we denoted v — the (3 dimensional) velocity field, G = (0,0, - g)7 - the gravitation
field, w - the spin of Earth rotation, p — the pressure, £ — the (a priori unknown) free
surface and A = diag (Ay, Ay, Av) — the tensor of turbulent impulse transition. In this
section we use the symbols v, V and div regardless of whether they are applied in the
3-dimensional or in the plane case. In the 3D case z is identified with z3.

Using Einstein’s convention, equation (31) may be rewritten as

Ov; v ' Op 1} v; .

— — =G — =— — 2¢e;j)wj — | Axj— =1,2,3

5t T Oz; Bz, UK * Bon ( o azi) . )

with z3 = z, A1) = A2 = An, Ass = Ay, A;j = 0for i # j, and ¢ the Riccati tensor.
Equation (31) is completed by the incompressibility condition

divv=0. » (33)

Here and in (31) the density is assumed constant and equal to 1. As boundary conditions
we assume on 9034

v(z, —h(z)) =0 (34)
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(the so called "no slip” condition at the ground) and
V Ov; .
AVE(I,ﬁ(I)) =k |W|W,; (i=1,2). (35)

Here W = (W), W;) is the wind vector (usually taken at a height of z = £ + 10 (in
meters)) and k4 > 0 is an empirical constant describing the shear stress induced by the
wind. Equation (35) expresses the continuity of the normal impulse flux through the
interface between air and water (cf. [10}).

Now, following [5, 11, 17], several assumptions are introduced which lead to a scalar
linear elliptic partial differential equation in the 2-dimensional domain . We look
for stationary solutions with small accelerations, and further consider only water bodies
with a very small depth to length ratio. Thus we neglect v,, v¥Vv, w xv and Ay as being
small in comparison with the remaining terms. Following [5, 11, 17] we also assume Ay
to depend only on z and not on z. Hence, we obtain from the third component of (31)

v g 3

p(z,z)=g(f-2)  and %2 ~ Ay 1. (1 =1,2). (36)

Now, by integrating twice and substituting (34) and (35) into the second equation of
(36), we obtain an explicit expression for v, and v; dependent on V¢ and z. Integrating
once more, and denoting for £ €  the velocity of mass transport by

&(z)
V(z) = (W1, V)T with Vi(z) = /v(z)dz (i=1,2) (37)
—h(z)

we arrive after elementary calculations at
V= ——(E+hPIWIW - =Z—(¢ + h1VE.
2Avy 3Av

Finally, we assume £ << h and obtain

_ k|W| ., gh3
V= 2Ath SAVVE (38)
or, equivalently,
3x 3Av
V¢ = 25]—h|WlW_ gTV'

Note that due to (33) the two-dimensional field V is again divergence free, i.e.
div¥=0 in Q. 39)
As a constitutive assumption in (5] the empirical formula

Ay = A% |W|h ‘ (40)
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was recommended. Assuming this we obtain

3 ks|W|

Ve = 2h| W - ==V (41)

“with kg = 34% /g.

We observe ‘that the velocity of mass transport V is a positive combination of
directions of wind and of steepest descent of the surface level. We could have introduced
equation (41) as a phenomenological assumption for wind-driven flow processes instead
deriving it from (31) - (35), but this approach explains the form of the coefficient
functions.

Now equation (1) turns out to be the integrability condition for the first order
partial differential equation (41). In order to make this conspicuous we observe that for
sufficiently smooth functions the operator ‘D = div QV vanishes. Hence, multiplying
(41) by @ and taking the divergence, we obtain for |IW| being constant on 0

II

|4 3
a7 —kg le (22 ) = g:z (Vh,QW). . (42)

We introduce the, strgam.funption u by

e

V =QVu. . . (43)

Now, with k4 = 32 5> and because of Q? = -1, equation (42) reduces to equation (1).
From (43) we obtam for the boundary values ug the interpretation

w(@) = [ a(e)ds (44)

where the integration is carried out along the boundary 09 and ¢ is the mass flow
through the boundary.

Remark 3. We are not interested here in local velocities v = v(z, z), however they
can be derived from (34) - (36) (v; and vz) and from (33) (for v;) by integration over
[—h(z),2] (cf. [5, 11, 17)).

The variational formulation (12) of problem (1) - (2) was first used for a Finite
Element solution in (7, 9, 12]. For the discretization of (12) a conforming Finite Element
Method based on (3) was used to calculate the stream functions u and velocity fields V
for the Greifswalder Bodden and the Riga Bay of the Baltic Sea.

It is worthwhile to mention that the discretization of equation (5) instead of equa-
tion (1) allows us to work with positive definite symmetric matrices, while the Finite
Difference Method applied in [17] yields non-symmetric systems of equations. Hence,
the numerical calculations require only half the memory and time compared with [17].
Refined versions of the numerical method have been developped in [3, 6].

Recently, inverse problems have been concidered in [6, 8, 19]. For details of the
numerical solutions and for applications we refer to [8, 12]. The Neumann problem and
bounds for the discretization error will be considered in a forthcoming paper.
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