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Hausdorff Dimension Estimates
for Invariant Sets of Time-Dependent Vector Fields

A. Noack and V. Reitmann

Abstract. In this paper we are concerned with generalizations of the results of A. Douady
and J. Oesterlé [4] on estimates for the Hausdorff dimension of sets on Riemannian manifolds
being negatively invariant with respect to a map. The main theorem that we derive for maps
allows a number of corollaries which generalize several-other results of A. V. Boichenko, F.
Ledrappier and G. A. Leonov (see [2, 7, 8}). We extend the concept on differential equations
and the corresponding vector fields on Riemannian manifolds. To obtain upper bounds for
the Hausdorff dimension we formulate conditions for the eigenvalues of the symmetric part
of the covariant derivative of the vector field. Modifications of the eigenvalues by the choice
of an apropriate Riemannian metric will be of great importance. Besides the investigation
of dimension of negatively invariant sets we are interested in the convergence behaviour of
autonomous differential equations on Riemannian manifolds. We propose also a general.form
of the Bendixson-Dulac criterion for the non-existence of non-trivial periodic orbits of vector
fields on compact Riemannian manifolds.
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1. Introduction R

In the papers (2, 8] generalizations of a theorem by A. Douady and J. Oesterlé [4]
about estimations of the Hausdorff dimension of negatively sets invariant with respect
to a map are obtained by requiring weaker conditions for the map under consideration.
Lyapunov functions are introduced to modify the Jacobian matrix of the tangent map.
That includes naturally a change of the singular values of the Jacobian matrix.

In Section 2 of this paper we show that the results published in [2; 8] follow directly
from a generalization of the theorem of A. Douady and J. Oesterlé for Riemannian
manifolds. With slightly stronger assumptions such kind of generalization is quoted in
7). : : ,

Supplementary to the results of [2, 4, 7, 8] in the present paper we give estimates
of the Hausdorff dimension for sets which are negatively invariant with respect to shift
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maps of differential equations on manifolds. This is done in Section 3 of the paper. The
differential equations are considered to be generated by time-dependent vector fields
and the estimates-are based on conditions for the eigenvalues of the symmetric part of
the covariant derivative of the vector field. _ , :

'In the last Section 4 the number of closed orbits for autonomous differential equa-
tions is estimated from above in form of a Bendixson-Dulac criterion for Riemannian
manifolds. For the derivation of the results properties of the Hausdorff measure as
obtained in Section 2 play an essential role.

2. Hausdorff dimension bounds for invariant sets of maps

Fora lmea.r operator T : E — E , where E and E' are Euclidean spaces of dlmensmn n,

we write T*.: E' — E for the ad30mt operator of T. The singular values of T, i.e., the

elgenvalues of the positive operator (T*T)'/? : E — E, ordered with respect to ltS size

and multiplicity we denote by a;(T) (¢ = 1,...,n),.ie. al(T) 202(T) 2 ... 2 an(T).
For an arbitrary k£ € {0,1,...,n} we deﬁne

() {,al(T)- -~ap(T) fork>0
wi(T) =
1 ' for k = 0.

More genera.lly, for an arbltra.ry real number d € (0,rn] written in the form d = do +s
with dy € {0,1,...,n — 1} and s € (0, 1] we introduce the notion

(2.1)

- w0a(T) = wao(T) ™ - wgoia (T, @2
Obviously this can also be interpreted as .
wa(T) = | A% T A% 7

where || A* T|| stands for the norm of the k-exterior power of T, i.e. the norm of the
linear operator AT : AKE — AFE'.

Remark 2.1. Let & = (t ) be the realization of the linear operator T when fixing
a basis {e; }in E and a basm {e;} in E'. Further, let us define the metric tensors
by the matrices G = ((ei,ej)e) and G' = ((ei e ])E'). The adjoint operator T* of T
is represented by the matrix G~1®7G’, where by 7 we mean the transposed matrix.
Then the singular values are nothing else than the eigenvalues of the matrix vVG'®vG-!

or, what appears to be the same, they are the eigenvalues of the matrix G-1®TG'®

Before we pay attention to estimations of the Hausdorff dimension of compact neg-
atively invariant with respect to a map sets on Riemannian manifolds we start with a
‘short introduction of the notation of the Hausdorff dimension.

Let (X, p) be a metric space and let B({) = {77 € X|p(é,n) < < €} denote the closed.
ball in X with center £ and radius ¢. For an arbitrary compact subset K C X and for
real numbers d-> 0 and ¢ > 0 we consider the Hausdorff premeasure at level € and of

order d of K.
p(K d,e) = mfz :



Hausdorff Dimension Estimates for Vector Fields 459

where the infimum is taken over all finite covers |J; B(§i,ri) D K with balls of radius
r; < e. For fixed d and K the function u(K,d,€) is monotone decreasmg Hence, the
outer Hausdorff measure of order d of K can be defined as

u(K,d) = lim p(K,d,e) = supu(K,d,e).
«—+0 0

Since the relation

u(K,d+6,€) < éu(K,d,e)

holds for every d > 0, € > 0 and § > 0, as can be easily verified, it turns out that -there
exists a unique number d*(K') with the property .

{ 0 ford>d(K)
(K,d) = |
+oo for d < d*(K).

This critical value dy(K) := d*(K) is called. Hausdorff dimension of K.

Let now (M,g) be a Riemannian manifold without boundary of dimension n and
class C!, let U C M be an open subset and let us consider a map ¢ : U — M of class
C'. The tangent map of ¢ at a point u € M is denoted by duyp : TuM — Ty)M.

The following theorem generalizes the results of Douady and Oesterlé (4] for Rie-
mannian manifolds. :

Theorem 2.1. Let d € (0,n] be a real number and KCUa compact set which is
negatively invariant with respect to @, i.e. @(K) D K. If the inequality i

supwadup) <1 | 23
ueK

holds, then dH(K) <d.

Remark 2.2. Let u € U be an arbltrary point and consider charts z a.nd z' at u
and ¢(u), respectively. We introduce the matrices G = (g,,(u)) and G' = (g,)(gp (u)))
that realize the metric fundamental tensor g in the canomcal bases of T, M and T‘P(u)M
respectively. The tangent map of ¢ in u written in coordinates of the charts z and z'
is then given by the matrix = D(z' 0 p 0 z71)(z(u)). From Remark 2.1 there follows
that the singular values of the tangent map duyy : TuM — w(u)M coincide with the

singular values of the matrix VG'®VG~1.

The proof of Theorem 2.1 is postponed to the end of this section. Now we proceed
with some corollaries. The first one concerns a result which has been formulated in (2,
8] for the case M = R™ using slightly stronger conditions for the map.

Corollary 2.1.1. Let K C U be a compa‘ct set satisfying p(K) D K. If for some
continuous function p: U — Ry and for some number d € (0,n] the inequality

'

supw(”(“’( W), «)) < | 2.8)

vEK ( )
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holds, then dy(K) < d.

Proof. On the open set U C M we. introduce a new metric tensor § by

9. =P (w9,

It is easy to show that this is really a Riemannian metric equivalent to the given one
on compact subsets of M. Since K is compact the new equivalent metric does not alter -
the value of the Hausdorff dimension of K.

Let us now consider an arbitrary point'u € K and two charts z and z' around « and
¢(u), respectively. Suppose that G' = (g;;(u)) and G’ = (g};(#(u))) are the realizations
with respect to the canonical bases in T, M and T,,(u)M of the metric tensors ¢ and g¢’,
respectively. As indicated in Remark 2.2 the singular values of the tangent map dy¢ in
the new metric are the singular values of the matrix

VGeVG-1 = ple(u)VG' @®p(u) " 1VG-1.

Thus, condition (2.4) guarantees that in the new, metric the mequahty (2 3) is valid and
Theorem 2.1 can be applied il

* The next corollary provides a method for estimating the Hausdorff dimension with-
out explicit computation of the singular values. It serves further as a basic tool to
derive frequency domain conditions for feedback systems to receive upper bounds for
the dimension (15]. :

Let us remark that for a linear operator T : E — E' where again E and E' denote
Euclidean spaces both of dimension n, the absolute value of the determinant is defined

as |det T} = (det T*T)!/2.

Corollary 2.1.2. Let K C U be a compact set which ts assumed to be negatively
invariant with respect to ¢. Let 6 : U — Ry be a continuous function and let d € (0, n]
be a real number such that the conditions :

(2) ((dutp)*dutp] v, v) > O(w)2|[v][* for allu € K and v € T,M

| det dyp]

(b) e(u)—n_d<lf07‘>(1”u61\

are satisfied. Then dy(K) < d.

Proof. From condition (a) for the singular values at(u) of the ta.ngent map du<p
we obtain the 1nequa.11t1es

ai(u) > 6(u) forall u€ K and :=1,2,...,n
Thus, for any k € {0,1,...,n} and u € K with a(u) := 1 it follows that

oy (u) - ar(u)8(u)*™* < ay(u)- - an(u) = |det dyo|.
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For d = dy + s with dy € {0,1,...,n — 1} and s € (0, 1] the last relation together with
condition (b) of the corollary leads to

an(u)- - ady(u)a 41 (4) = (01 (w) - aup(w)) ™ (a1 (u) - gy (w)adpsi(u))’
|det dup|'™* | det duepl®
- e(u)(n—do)(l-s) O(u)(n—do=1)s
_ |detduyp|
- g(u)n—d
<1

Now, the only thing left to do is to apply Theorem 2.111

For the proof of Theorem 2.1 we need some auxiliary results. Let £ be an ellipsoid
in an Euclidean space E of dimension n and let a;,(£) > ... > an(€) denote the lengths
of the half-axes of £ ordered with respect to its size. For an arbitrary real number
d € (0,n} written in the form d = do + s with dp € {0,1,...,n — 1} and s € (0,1] the
definition of the value wq4(&) for £ is provided by formula (2.1) where «;(T) is replaced
by ai(€) (i=1,...,n).

In the first place we quote a result from (4] necessary for the proof of Theorem 2.1.

Lemma 2.1. Let us consider numbers d € (0,n] (wntten as above),k >0, m >0
and 7 > 0 and assume k < md. Let £ be an ellipsoid in E such that oy(€) < m and
wa(E) < k. Further we take a ball B(0,7) of radius ) in E. Then the set £ + B(0,n) is
contained in an ellipsoid &' which satisfies

[ mde s ’
wd(g’)s 1+< A ) nl k.

Let us come back now to the Riemannian manifold (M, g) and consider the expo-
nential map exp, : TuM — M at an arbitrary point v € M. Then the set exp,(£) is
the image of an ellipsoid £ in the tangent space T, M centered at 0 under the map exp,,.
We recall the definition of another outer measure concerning covers of such images of

ellipsoids in tangent space and then are interested, in the relation between the outer
Hausdorff measure and this ellipsoid measure.

Let K C U be a compact set, let ¢ > 0 be a sufficiently small number and fix a
number d € (0,n]. The outer eilxpsoui premeasure. at level € and of order d of ‘K is given

by
A(K,d,¢) = inf ) wa(&)

with infimum is taken over all finite covers | J;exp,,(£i) D K, where u; € M and
& € Ty, M are ellipsoids satisfying wa(&;)!/¢ < e. Now we show the equivalence of both
the Hausdorﬁ' premeasure and the ellipsoid premeasure in a similar way as it is done in

(4].
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Lemma 2.2. For an arbstrary number d € (0,n]) written in the form d = dp +'s
with dg € {0,1,...,n—1} and s € (0,1] we define the numbers Cq = 2%°(dy + 1)%/% and
Ad = Vdo + 1. Then for a compact set K C U and for every sufficiently small e > 0
the mequa.hty '

(K,daf) zﬂ(K,d,é) ZCd N(K’d”\d 6) (2 5)
holds. -
Proof. In a number of technical details the proof differs from the one given in [4].
Therefore, at least in short we show some of the essential steps.

In analogous manner as in [4] it is established that for sufficiently small ¢ > 0, for
an arbitrary ¢ € K and any elhpsmd £cC T M satisfying wd(E)l/d <e the relatlon

(expu(E)d/\de)<ded(S) .. (28

is valid. 'Let us now fix a finite cover of K consxstmg of sets {expu (£))}i, where

wa(&)Y ¢ <e holds for all mdlces i. The properties of the measure then guarantee
the relation . :

l“(K’ da ’\dAE) < ﬂ'(Uexpu;(gf)ad’ /\d‘é) < le’(expu.- g)!d’ ’\d 6)'

Using (2.6) we obtam w(K,d, A €) <Cay, wd(S) and since the cover was a.rbltrary
among all those sa.tlsfymg the’ restrlctlon for wq we have p(K,d, A €) < Cd a(K,d,e)l

Lemma 2.3. Let K C U be a compact set and:consider @ map o U — M of class
C!'. For a number d € (0,n] we assume that sup,¢x wa(dup) < k. Then, for every
I > k there ezists a number ¢g > 0 such -that for every € € (0 €o)

(<p(K) d, Aq 14 ) < cdz,‘(K d,€)

holds where Cd and Ag are deﬁned as in Lemma 2 2
APr(.).of. In a first step we show for, spfﬁciently :srhall numbers e> 0 the:inéql.v{a,l:ity .

Be(K) 401 ka0 @

Obviously it is always possible to find an open set-V C U conta.mmg K whlch itself lies
mnside-a compact set K C U with the property : :
k' ;= sup wa(duyp) < L.
uGlA('

We choose a number m > 0 such that k'.<_ﬂ'ld and -

sup [dupl| <m0 T (20g)
€K ’
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hold. Further we can find a number n > 0 satisfying

[1 + (":")1/5 n]dk; z, (2.9)

We take € > 0 small enough such that

1 S . .
€< 5 ‘}g’f( p(u,u') and ” ‘r((u))de‘ru - du‘p

| <7
u'eU\V -
for:all. ujv.€ V with p(u,v) < €. By p(-,-) we mean the geodesic distance between
the points'of M and by 7 we denote the isometry between T,M and T, M defined by
parallel transport along the geodesic for points lying sufficiently near to each other.
-Let usfix a finite cover with.balls {B(u;,7;)}; of radius r; <-€ of K. Then every
ball B(u;,r;) satisfying B(ui,r:) N K # 0 is entirely contained in the open set V. The
Taylor formula for differentiable maps provides that for every v € B(u;,r;) .

et o) - o emmit )|

: I ‘P(“-)d

o " (2.10)
‘p(w) w¢‘ru.' - “-‘p” ' ” expuil(w)ll

<. sup
-+ w€B(u;,my)

holds. Thus, for every ball B(u;,r;) of the cover w1th B(ui,r;) N K # 0 for the image
under the map ¢ we have the inclusion

SO(B(U.“,T,’)) Cc expzp(u;) (du_(P(BT“'M(O,T,))+ B.T‘,(.,_,):M(O,ﬂ?fi_)) SRR '(211)

The notions Br, m(0,7:) and Br,,,,m(0,nr:) stand for balls in the tangent spaces
Tu;M and T,(,,)M, respectively. Obviously the set d,,_.go(BTuiM(O,ri)) is an ellipsoid
with half-axes of length riaj(ui), where a;(u;) denote the singular values of the linear
operator du; (1 =1,...,n). Concerning the definition of k' we may conclude :

w‘,(d.,,.(p(BTu_,M(o, r)) <rik. (2.12)

With (2.8) it follows - - o

: - ' o (d‘ (BT., M’(O‘ r;))) <mr;. ' (2 13)
Further by using (2 9) (2 12) and-(2.13) and by Lemma 2 1 there can be found an

elhpso:d £l conta.mmg expul (4p(B(u.,r,))) and satisfying wd(g') < Ird.

We can resume that every finite cover of the compact set K w1th ba.lls {B(u., ri)}i
of radius r; < € such that B(u;,r;) N K is non-empty generates a cover. {expy,(€])}
of ¢(K'), where £ denotes an ellipsoid in Ty, M satisfying w4(€!) < Ird. Therefore, we

have
R 'de(ff):SIZr;‘.
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Since the result is valid for every such cover it must be true for the infimum as-well.- So
we have
> wd€)) < lu(k, d,e).
i

If at the left-hand side we pass to the infimum, then the last inequality becomes (2.7).
Lemma 2.2 and (2.7) finally guarantee the inequalities

w(K,d,€) > i(p(K),d, 1"%) > C7 u(p(K),d, A 1'% €).

But this is exactly what we wanted to proof I

Proof of Theorem 2.1. The essence of the proof of Theorem 2.1 is contributed by
Lemma 2.3. The lemma claims that the Hausdorff premeasure defined on a Riemannian
manifold exhibits the same properties concerning the effect of a map ¢ of class C! as
it has in R®. When applying Lemma 2.3 the statement of Theorem 2.1 follows directly
from arguments that agree with the last steps of the proof of Theorem 1 in [4] B

The next theorem provides another important result the pt'oof of which follows
directly from Lemma 2.3 using the same arguments as in [2].

Theorem 2.2. Let the manifold M be corﬁpact and letp - M ~Mbea map of
class C'. Suppose that sup,¢p wa(dup) < 1 holds for a number d € (0,n]. If for a
compact set K C M the condition u(K,d) < oo is satisfied, then

Jim_u(o™(K),d) =0

3. Time-dependent vector fields

Let (M, g) be a Riemannian manifold without boundary of dimension n and of class C2,
let U C M be an open subset and I} C R an open interval with 0 € I;,. We consider
a time-dependent vector field f : Ij x U.— TU of class C' and the corresponding
differential equation . e . :
u= f(t,u). (3.1)
Suppose that for a point (¢,4) € I; x U the covariant derivative of the vector field f
is Vf(t,u) : TuM — T,M. We assume for (3.1) that there can be found an open set
D C U and an open interval I C I such that the solution ¢(:,u) of equation (3.1)
starting at v € D for t = 0 exists everywhere on I. For every t € I we define the
t-shift operator ¢! : D — U by ¢*(u) = p(t,u). In case the differential equatlon (3.1)
is autonomous the famxly {¢*}eer of all those t- ShlftS is a local flow. '

Since the vector field f is contlnuously dlfferent:able the same holds for the t- shlft
operators ¢! (¢t € I). For an arbitrary point u € D the ta.ngent map dutp solves the
variation equatlon

y = Vf(t,w W)y - (3.2)
with initial condition duV’f::o = id7; M. Here the absolute derivative ¥’ is taken albiig
the integral curve .t +— ¢*(u) in the ‘direction of the vector field f. Let us denote



Hausdorff Dimension Estimates for Vector Fields 465

the eigenvalues of the symmetric part of the covariant derivative V£(t,u), i.e. of the
operator

S(t,u) = 5 [V(t ) + V£t )]

by Ai(t,u) (i =1,...,n) and order them with respect to its size and multiplicity, i.e.
AMt,uy>...> A (t u) The divergence divf(t,u) of the vector field f at (¢,u) € I; xU
is the trace of the linear operator Vf(t,u): TuM — T, M and therefore

divf(t,u) = trV f(t,u) = A (t,u) +.. 4+ An(tu)

holds.

The next theorem is the main result of this section and extends a result of [17] to
Riemannian manifolds. The proof is given at the end of the section.

Theorem 3.1. Let d € (O,n] be a real number written in the form d = do + s
with do € {0,1,...,n — 1} and s € (0,1] and let K C D be a compact set satisfying
¢ (K)D K fora certain 7 € I NR4. If the condition

r

322/ [/\1 (0 (W) + ... + Agp (8, 0' (1)) + sAdg41 (t,go'(u))] dt<0 (3.3)

holds, then d(K) < d.

Remark 3.1. We consider an arbitrary u € U and a chart z around u. In local
coordinates of z and in the canonical basis 81 (u),. .., 8.(u) of the tangent space Ty M the
vector field of (3.1) then becomes f(t,u) = f(t,u)d;(u) and the covariant derivative
Vit,u) : TuM — T,M v — V,f(¢, u) is given by Vuf(t u) = V; f"(t u)v'ak(u)
where v = v*9;(u) is-an a.rbltra.ry vector in TyM and -

Vifk gfk f’

Here ‘by I‘fj. the Christoffel ‘symbols in the chart z corresponding. to the metric tensor
g are denoted. The symmetric part S(t,u) of V f(¢,u) in the canonical basis of T, M is
realized by the matrix

1 [G-‘qﬂc + 3] (3.4)

where G is as in Remark 2.2 and & = (V f*). The expression for the variation equation
(3.2).in the chart z is

v =gt + Ff,f’y‘ = V. f*y'.

Let us define f,; = g,V f! and consider the quadratic form e,; = % (fs,i + fi,s)- Then
e,i is related to (3.4) in the sense that the eigenvalues of this quadratic form, i.e. the
solutions of det[es; — Ag,i] = 0 coincide with the eigenvalues of the matrix (3.4). Let us
now by means of the notion ¢jx = g,-kI‘; of* introduce the derivative of the metric tensor
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g in the direction of the vector field f* by g = 3[c;k + ckj]. Then the quadratic form
can be written as
. 1 afk f

csi=§ gska‘ aag.k +gsl

Before' we devote ourselves to the proof of Theorem 3.1 we add some corollaries.
The first one generalizes a result of (2, 8] formulated there for the case M = R™ and
under slightly stronger conditions. Keeping in mind the second method of Lyapunov
which is often used in stability theory that result is in [2, 8] referred to as "introduction
of a Lyapunov function in Hausdorff dimension estimates”. In our point of view that
approach can be treated as an introduction of a new metric tensor on the manifold.

‘For a differentiable function v : U — R themap v : I, x U — R defined by
o(t,u) =dgv - f(t,u) is the derivative of v in the direction of the \'rector field f.-

Corollary 3.1.1 Let K C D be a compact set such that ¢"(K) D K is true for
some T € INRy. Letv: U — R be a differentiable function and denote by A 1(tu) 2

. > An(t,u) the eigenvalues of S(t u). If for a real number d € (0,n] written in the
form d=dy+s withdy € {0,1,...,n — 1} and s € (0,1] the condition

-

f‘éﬁ/ [Mlpt )+ 4 Aot (w)

0

(3.5)
+ SAagr1 (6,9()) + (8,0 (w)) |t
<0
holds, then du(K) < d.
Proof We introduce on U a new metric tensor g|, = p (u)glu by means of some

function p : U — Ry of class C!. Let us fix a point « € U and consider a chart z
around u. Further, let the metric tensor g and the vector field f be expressed in the
canonical basis of T, M by g;; and f*, respectively. The symmetric part of the covariant
derivative V f(t,u) at v € U with respect to the new metric is then determined accordmg
to Remark-3:1 by the matrix representatlon

1 D ;
51671876 + 4] +.~§Id. (3.6)

If, in particular, we choose p(u) = e (u € U), then p(t,u) = p(u)b(;) implies that
the eigenvalues X of (3.6) are related to the eigenvalues with respect to the original
metric ¢ by the formula \; = A; + %. Finally -

A -+ /\do + 3/\d0+1 = /\1 +-- 4 /\do + 3/\do+l +7

guarantees. (3 5) and therefore (3 3) of Theorem 3.1 1
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To verify the conditions of Theorem 3.1 we need to compute the eigenvalues of the
symmetric part of the covariant derivative. The next two corollaries are variations of
this theorem using conditions on the divergence of the vector field of (3.1). Similar
results for the case M = R™ can be found in [17). Unlike [17] the proof given below
follows directly from Theorem 3.1. In [2, 8, 17] these results form a part of statements
which are fundamental for an effective realization of dimension estimates by using the
solvability of special matrix equations.

Corollary 3.1.2. Let K C D be a compact set such that »"(K) D K holds for
some T € INRy. Assume that for a continuous function 8 : I x U — R and for some
d € (0,n] the conditions

(a) (5(t,u)v,v> > —08(t,u)||v||? for allt € 0,7),u € U and v e T.M

r

(b) E‘é‘g/ [divf(t,tp‘(u)) +(n - d)O(t,tp‘(u))]dt <0

are satisfied. Then dy(K) < d.
Proof. From condition (a) we have for the eigenvalues ); of S(t,u)

Ai(t,u) > —6(t,u) forall (t,u)€{0,7]xU and :=1,...,n. 3.7

Thus, if k € {0,1,...,n},t €1{0,7], u € U and Ao(t,u) = 0 are arbitrary, then
At u) + -+ At u) — (n = k)B(t,u) < trS(t,u) = divf(t, u).

This implies

Mt u) 4+ Ay (2, u) + sAgoa1(E,u) < divf(t,u) + (n — d)8(t, u).
By using condition (b) and Theorem 3.1 the proof is complete

Corollary 3.1.3. Consider (3.1) on an open set U C R™. Suppose that system
(3-1) possesses a compact set K satisfying ¢"(K) D K for some v € INR,. Further,
assume that there ezist a number d € (0,n), an (n x n)-Matriz H = HT > 0 and a
continuous function 6 : I x U — R such that the condition (b) of Corollary $.1.2 and
the snequality . . .

% HDaf(t,u) + Daf(t,w)TH| > —8(t,w)H  for all (t,u) € [0,7] xU  (3.8)
are satisfied. Then dy(K) < d.

Proof. We introduce in U a new metric by means of the matrix (9ij) = H. From
Remark 3.1 it follows that the eigenvalues X;(t,u) of S(t,u) with respect to the new met-
ric agree with the eigenvalues of the quadratic form corresponding to (3.4). Therefore,
they satisfy the relation '

% HD, f(t,u) + Do f(t,u)TH| = Ai(t, u)H.

Using this and (3.8) we obtain (3.7). All further steps can analogously be done as in
the proof of Corollary 3.1.2 8
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In the proof of Theorem 3.1 given below several properties of linear operators in
exterior products of Euclidean spaces [5, 6, 18] are used. Let E be an Euclidean space
of dimension n and let T : E — E be a linear operator. For'any number k € {1,...,n}

the k-th derivation operator Tk /\ E— /\ E is defined by

K
— | \Gde + sT)

|s=0

For a.hy points £;,...,€x € E this operator satisfies the equation.

Te(a N AN&) =T AL A A&

(3.9)
FEATEAN . Aex+...+E AN A ... AT

If A\i(T),...,An(T) denotes the complete system of eigenvalues of the operator T, then
the corresponding complete system of eigenvalues of the operator T consists of the (:)
numbers A;, (T) + ... + X, (T) with indices 1 < 4; < ... < i < n (see, for example,
[11]). In case T is selfadjoint all the eigenvalues of T are real and can be ordered in the
way A (T) > ... 2 Ap(T). The operator Ty is then also selfadjoint and it follows

’\min(Tk) = /\n—k+l(T) +. .. + /\n(T)
/\mu(Tk) = /\1(T) +...+ /\k(T).

Proof of Theorem 3.1. Let us fix an arbitrary u € K, a number k € {1,...,n}
and arbitrary vy,...,vx € TyM. For every t € [0, 7] we introduce

(3.10)

2

w(t) = |[|dup'ri AL A duptuk

AT ey M

Applying the variation equation (3 2) and formula (3 9) we achieve for every ¢ in [0, 7]
the equation -

- u')(t) = 2< [S(t,tp'(u))]k (d.,go'vl ALLA ducp'vk),duq:'v] ALLA ducp‘vk>
‘ Lo ‘ , ART, ,(u)M

With (3.10) for every t € [0, 7] this leads to

2 [/\,,_k+1 (t, o' (w) + ...+ A (t,gp‘(u))] w(t)

S (3.11)
<ut) <2[M(te') +.. + ,\k(t,ap‘(u))] w(?).
Therefore we cbnclude '
dup’v1 A /\d.,tp vk AT M
Soa Ao A ”*||4\~T..M (312)

X exp {/ [/\l(t,(p'(u)) + ..o A (t,cp‘(u))]dt} ..
0 : )
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We apply the Courant-Hilbert-Fischer Theorem to the product of the squares of the
first k singular values of dyy™ and use (3.12) in order to receive that

(7)) = A, (/\" [(d.,so’)‘d,,{o'])

= sup
vEART, M
Dol up, pr=t

r
up U

A‘Tvr(u)M

2

sup
v],---, v €Ty M
llvillz, p =1

< exp {2/ [Al (t,(p‘(u)) +-+ /\k(ti (p:‘(u))]dt} .

dup i AL AdypTuk

/\‘Tvr'('u)M

0
Thls last inequality and the assumptlons of Theorem 3.1 finally guarantee -

sup wd(dgeT)

= 31612 [al(‘r, u) - agy(T, u)] o [al(r,u) - ago1(T, u)] ’
r o (3.13)
- < flelgexp {/ [/\1 (t,cp'(u)) o+ Adg (t,cp‘(u)) + s/\doﬂ(t,tp‘(u))]dt} '

<1

This shows that for the map ¢ the assumptions of Theorem 2.1 are valid i1

Remark 3.2. The inequalities (3.11) can be interpreted as a generalization of Li-
ouville’s truncated trace formula for linear differential equations in Euclidean spaces
(17]. In particular from (3.11) by setting k¥ = n and indicating that

(et (W) + o+ An(t 0 (w) = TV F(t, 0 (1) = div(t,e (u)) - (3.14)
we obta.m Liouville’s trace formula in the form . .
(| det duept|) = divf(t,¢ (u))] det d,,(pi] for all t € [0,7] and u € K. (3.15)

For a point u a.nd a cha.rt z in the nemghbourhood of this point let again g,;, f and £°
represent g, f and ' in coordinates of the chart z. Then formula (3.15) agrees locally
| ( s

with a 3
et (25) ) =vietva|aa (S5)]
where v stands for det(g;;).

For a Lebesgue measurable set @ C D of finite volume we denote the volume of

©*(2) by Vi. Then the formula (3.15) provides the transport lemma [1] for Riemannian
ma.mfolds in the form

Ve = / divfdV.
@' ()
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4. Convergence for autonomous vector fields

We now consider compact Riemannian manifolds (M, g) without boundary of dimension
n and of class C?. Let on M be given a vector field f : M — TM of class C! and the
corresponding differential equation

@ = f(u). (4.1)

We assume that the global flow ¢ : R x M — M of (4.1) exists. As in the previous
section we denote by A\j(u) > ... > Ap(u) the eigenvalues of the symmetric part S(u) =
3 [VF(u)* + Vf(u)] of the covariant derivative V f(u) : TuM — T,M of f at a point
ueEM.

The main result of this section is Theorem 4.1 which can be considered as a general
formulation of the Bendixson-Dulac criterion for Riemannian manifolds of dimension
n. Certain generalizations of the original Bendixson-Dulac criterion for differential
equations in R™ (see [2, 3, 17] or for vector fields on the flat cylinder [9, 10]) can be
derived from that theorem when adapting it to the particular situation.

In the following the dimension of the 1-homology group H,(M) of M is denoted by
by, i.e. the first Betti number of M.

Theorem 4.1. Let the manifold M with Betti number b, be compact and suppose
that for the eigenvalues of the symmetric part S of Vf one of the inequalities-

(@) M(u)+ 22(u) <0
(b) An—y(u) + Ap(u) >0

15 valid on M. Then the system (4.1) possesses on M at most by non-trivial periodic
orbits.

Proof. We only consider the case of condition (a), the other one can be performed
in a similar fashion by considering the negative time evolution of the flow of equation
(4.1). We first take b, = 0 and show that every closed orbit is constant. Suppose that
(4.1) has a nontrivial closed orbit 4. Let S be a surface (membrane) in M of minimal
two-dimensional Hausdorff measure 0 < p(S5,2) < oo with boundary . Notice, that
such a surface as solution of the Plateau problem for Riemannian manifolds [6, 13] in our
situation exists. The properties of the flow ensure that for arbitrary t > 0 the set ©*(S)
is again a membrane in M with boundary v: Due to Theorem 2.2 and condition (a),
for sufficiently large t > 0 we have p(*(S),2) < p(S,2). But this is in contradiction to

the fact that the membrane S was taken to be of minimal two-dimensional Hausdorff
measure.

Now, consider the case b; > 1. Suppose that (4.1) possesses more than b; closed
non-trivial orbits in M. Then there are at least two orbits v, and ¥, among them which
are homologous to each other. Let S be a surface of minimal two-dimensional Hausdorff
measure with boundary 4; U 72. Then again, for arbitrary ¢ > 0 the set ©!(S) is a
surface in M with v; U v, as boundary. For sufficiently large ¢t > 0 the same argument
as above together with Theorem 2.2 leads to a contradiction i
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Let us now add a version of Theorem 4.1 for the case n = 2 that in principle agrees
with the classical negative Bendixson-Dulac criterion. The difference to Theorem 4.1 is
actually that here a modification of the vector field is.allowed in the way that products
af are considered with a C'-smooth function & : M — R. In the proof it is confirmed
that the introduction of the function a can be interpreted, similar to the methods of
the previous sections, as a transition to an equivalent Riemannian metric on M. In'a
second corollary a resuilt of [17] is generalized to Riemannian manifolds. -

Corollary 4.1.1. Let the manifold M with Betti number b, be two-dimensional
and compact. Assume that o function a : M — R of class C' exists such that the
divergence div(af) does not vanish on M. Then the system (4.1) possesses on M at
most by non-trivial periodic orbits.

" Proof. We pass on M to the new Riemannian metric g, := a(u)g|u for v € M.
Consider the two eigenvalues Aj(u) > Az(u) of the symmetric part of the covariant
derivative of f at u € M in the new metric §. Then we have &sz(u) = (u)-{-':\g(u) for
the divergence of f with respect to §. On the other hard, a stra.lghtforwa.rd ca.lculatlon
using formula (3.6) gives

=~ . a 1
divf =divf + == dlv(af).

When combining relation (3.14) with the last result it becomes clear that one of the
conditions (a) or (b) of Theorem 4.1 are satisfied if the inequality divf > 0 or divf < 0
holds on M, respectively il

Corollary 4.1.2. Let the manifold M with Betii number b; be compact and suppose
that there ezists a continuous function § : M — R such that for the symmetric part S
of V f one of the following conditions is satisfied:

(a) (S(u)v v)T M2 G(u)(v v)T M and dlvf(u) + (n = 2)6(u) < 0 (ue€ M vE
T, M).

(b) (S(u)v, v)T u S G(u)(v v)T, M and dlvf(u) (n— 2)9(u) >0 (u €EMve
T.M).

Then the system' (4.1) possesses on M at.most by non-trivial periodic orbits.

Proof. Again we only prove the case of condition (a). For the second case the
same method can be applied. Analogously to Corollary 3.1.2 we obtain Ay (u) + Az(u) <
(n —2)8 + divf < 0 and this coincides with condition (a) of Theorem 4.1 1 '

We want to add a further corollary for the special case that the manifold has the
Betti‘number b, = 0. It demonstrates what kind of convergence behaviour a system
(4.1) satisfying the assumptions of Theorem 4.1 in this situation necessarily exhibits.

‘Corollary '4.1.3. Let the manifold M be compact and by = 0. Let the set of
equilibria of system (4.1) consists of isolated points only. If one of the conditions (a)
or (b) of Theorem 4.1 holds, then every orbit of system (4.1) converges both for t — 00
and fort — —oo to an equiltbrium pomt

In order to prove the last result we need the closing lemma by C. C. Pugh [16] We
denote by X'(M) the topological space of vector fields of class C! on M generated by
the C'-metric. : .
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Lemma 4.1. Let p € M be a non-wandering point of system (4.1) such that f(p) #
0. Then in every nezghbourhood of f in X'(M) there can be found a vector field f such
that the system i = f(u) has a non-trivial periodic orbit through p.

Proof of Corollary 4.1.3. Again we restrict ourself to the case of condition (a).
Consider an arbitrary integral curve (-, q) of system (4.1) for ¢ — 0o. The manifold is
compact and therefore the w-limit set w(g) is not empty. If we assume that there exists
an element PE w(q) such that p is not an equilibrium point for (4.1), then by Lemma
4.1 in every small neighbourhood of f in X'(M) we can find a vector field f such that
the corresponding differential equation possesses a non-trivial periodic orbit through p.

The compactness of M implies that f can be chosen such that for the first two
eigenvalues X1(u) > Az(u) of the symmetric part of the covariant derivative of f the
property A;(u) 4+ A2(u) < 0 is maintained on M. But this contradicts the statement
of Theorem 4.1 . Thus, we can conclude that p has to be an equilibrium point of the
original system (4.1). Remember that the set of all equilibria of (4.1) was assumed to
consist of isolated points only. This finally gives w(q) = {p}, or with other words, the
considered integral curve converges for t — oo to p.

It is clear, that the convergence for ¢ — —oo follows in analogous manner when
investigating the a-limit set instead il
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