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Convergence Structures in Numerical Analysis

S. Gahler and D. Matel-Kaminska

Abstract. The paper deals - under the viewpoint of topology - with discrete Cauchy spaces,
which are spaces where a discrete Cauchy structure (¢,C) (with ¢ being a discrete convergence
and C being a discrete pre-Cauchy structure) is defined. More precisely, let E,, E;,... and E be
arbitrary sets and let S denote the set of all discrete sequences (zn)aen+ With z, € En (n € N')
and with N’ being an infinite subset of N = {1,2,...}. Then t and C are certain subsets
of (8, F) respectively of S, which in a certain sense are assumed to be compatible. The
paper gives properties of ¢ and C and among others is devoted to the problem of completion
of discrete Cauchy spaces (((Ei, Ez,...), E);(t,C)). The construction of a completion of a
discrete Cauchy space differs (in some sense essentially) from the construction of a completion
of a usual sequential Cauchy space and is even more simple.

An essential part of the paper is devoted to certain metric discrete Cauchy spaces, where
- among others assuming that E is equipped with a metric d and that there exist mappings
gn: En = E (n € N) - the discrete Cauchy structure (¢,C) is defined by .

((l'n)[w,.’t) €t — (d(q"(rﬂ)’r))/\l' —0
(za)n' €C <= (gn(zn)) 5, is a Cauchy sequence in (E,d).

It turns out that such a metric discrete Cauchy space is complete if and 6nly if (E,d) is complete
and that also the completion is metric.

A further subject of the paper are metric discrete Cauchy spaces of mappings between
metric discrete Cauchy spaces, where simple characterizations of the corresponding discrete
convergence and discrete pre-Cauchy structure of such a discrete Cauchy space as well as a
necessary and sufficient condition for its completeness are given.
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1. Introduction

In numerical analysis the notion of discrete convergence plays an important role. It
appears in papers of several authors in different degrees of generality. For instance, the
approximation schemes used by Browder (1], Petryshyn (8, 9] and others yield discrete
convergence spaces. Special types of discrete convergence spaces among others also
are used in publications of Grigorieff [7], Stummel (10, 11] and Vainikko [12]. Under
restrictions to the family of index sets the notion of a discrete limit space introduced
and studied by Stummel in [11] is identical with the notion of a separated discrete
convergence space which fulfills the Urysohn property.

The notion of discrete convergence is a type of sequential convergence, where -
differently to the usual sequential convergence - the elements z,, of the converging se-
quences as well as the limits are contained in arbitrary fixed sets E, and E, respectively,
which all may be different. Discrete convergence is used in discretization methods to
solve approximately equations f(z) = y.

The theory of discrete convergence spaces is very interesting from the viewpoint of
topology. In this theory often related topological notions are used and helpful. For
instance such a related topological notion is that of a discrete Cauchy space, which has
been introduced in [5] and studied in more detail in [6]. The present paper mainly deals
with a special type of such spaces, where always the discrete convergence as well as
the discrete Cauchy structure are defined by means of a metric d on E and mappings
gn : En — E and which in the sense of [4] (and [6]) is a special metric discrete Cauchy
space.

2. The general notion of a discrete Cauchy space

2.1. Let N be the set of all infinite subsets of N = {1,2,...} and let < denote the
partial ordering in A given by set inclusion. Let E,, FE,,... be arbitrary sets and
E = (E),E,,...). Every x = (zn)N' (= (Zn)nen') with z, € E, and N’ € N is called
a discrete sequence in E and every y = (z,)n» with N” € A and N” < N’ is called
a subsequence of x. If a discrete sequence y is a subsequence of a discrete sequence x,
then we write y < x.

For arbitrary discrete sequences x = (zn)n' (N' € N) and y = (ya)n» (N € N)

let
there exist sets N; < N’ and N, < N"
m(x,y) = { (zn)N'un» | With Ny Ny =0 and NUN, = N'UN"
- such that z, = z, on N; and z, = yn On Ny
and

. there exist sets Ny C N’ and N, C N”
m(x,y) = < (zn)nrune | with Ny N Ny =0 and Ny UN, = N'UN"

such that z, =z, on N, and 2, = y, on N;
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Remark that the difference between m(x,y) and i(x,y) consists in the fact that N,
and N; in the first case are infinite and in the second case more generally may be finite
or infinite. Hence m(x,y) C m(x,y). Obviously, 7(x, y) may also be defined to be the
set of all discrete sequences (z,)n'yun+, where

ZTn on N'\ N"
Zn =< Yn on N"\ N’
zpory, on N'NN",

2.2. Let E be an arbitrary set and let ¢ denote a set of pairs (x,z) with x being a
discrete sequence in E and z € E, such that the following two properties are fulfilled:

(x,z)etandy <x = (y,z)€t. (1)
For all z € E there exists a discrete sequence x in E such that (x,z) €t.  (2)

Instead of (x,z) € t we mostly write x — z and say that x converges discretely
to z. Moreover t is called a discrete convergence on (E, E) and ((E, E),t) is said to
be a discrete convergence space. A discrete convergence space ((E,E),t) and also the
discrete convergence t are said to be separated if x ~¢ z and x —», y together imply
z=y.

2.3. Let C be a set of discrete sequences in E with implication properties
x€Candy<x = yeC 3)
(In)N’) (:E,,)Nu €Cand NNNN"eN = (I")NluNu eC. (4)

Every x € C is called a discrete pre-Cauchy sequence in E, C a discrete pre-Cauchy
structure on E and (E,C) a discrete pre-Cauchy space.

Theorem 1 (see [5: Theorem 1]). m(x,y) C C implies mi(x,y) C C, hence als
x,y €C. ‘

Theorem 2. In C there is given an equivalence relation ~ by
x~y << m(x,y)CC
or even more simple by

x~y <<= mx,y)NC#0. (5)
Proof. From [5: Theorem 2] we know that

x~y <<= m(x,y)CC

defines an equivalence relation ~ on C. This implies that the arrow = in definition
(5) is true.
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To prove the validity of the arrow <=, let

x:(zn)N, GC z=(zn)N'UN” Em(x,y)ﬂc
and

Yy =(ya)nn €C z' = (z,)Nunn € m(x,y)

be given. There exist sets
leNl and NzSN" with N10N2=0 and NIUN2=N,UN"

such that
z, ifneN
Zn =
yn ifn € Ns.

Moreover there exist sets
N1 < N' and Ny < N" with NN N;=0 and NJUN; =N UN"

such that
{a:,, if n € N|

yn ifn € Nj.

Let us consider at first the case where N; N N} is infinite. Define (2} )n:un» by

+ z, ifné€e N UN] )
=4 .
Yn ianNgnNé (=N2\N{=N5\N1)

Since (xn)NluN{ €C, (Zn)N,u(N,nN ) € C and (N1 UN})N (Nl U (N2 N Né)) Ny,
(MiUNDU (N U(N2N Né)) N” by means of (4) we get (z})nun € C,
hence (z+)NfU(N7an) eC. Consequently, using (yn)ny € C and the fact that No N N,
is infinite, it follows that z’' = (z},)n+un» € C.

Now assume that N2 N N} is finite, hence N; N N] infinite. Fixing disjoint infinite
subsets M; and M; of N, N Ny, we define (z})n'un+ and (23*)n'un» by

*
zn

z, ifne (N1UN{)\M1 d ITn lleGN{ \M]
an z =
Yn lfnG(Nané)UMl ’ Yn lanNéUMl

Since (zn)(viuni\M, € C, (2n)N,u(N2nNUM, € C and N1 C (Ny UN!)\ M; we get
(z3)N'un» € C, hence (Zn)(NmN')uN, € C and together with (yn)N'uM, € C and
M, C(Ni1NN)HUN, conseqently (zx")nwune € C, thus (zn )(N’UN")\Ml € C. Because
of (J:,.)N' € Cand M, C (N'UN")\ M, this gives finally 2’ = (2}, )n'un» € C which we
wanted to provell
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Corollary. The following assertions are true:
1. IfxeCandy <X, then x ~ y.
2. Ifforx,y €C there ezists az withz < x and z <y, then x ~ y.

2.4. Let t denote a discrete convergence on (E, E) and C a discrete pre-Cauchy structure
on E with properties

x—z = Xx€C (6)
Ifx —,zandy€C, thenx~y << y—,z. (7)

Then t and C are called compatible and every x € C is called in this case a discrete
Cauchy sequence. Moreover (t,C) is said to be a discrete Cauchy structure on (E, E)
and ((E, E),(t,C)) to be a discrete Cauchy space.

In a discrete Cauchy space obviously the implications
x —randy€Csuchthat x<y = y-— =z

and moreover
X —n I

y— 2z

} = z —, z for all z € |(x,y) (8)
are fulfilled.

2.5. A discrete Cauchy space X = ((E, E), (¢,C)) is said to be separated if the under-

lying discrete convergence space ((E, E),t) 1s separated, and X is said to be complete
if every of its discrete Cauchy sequences converges discretely.

Theorem 3 (6]: Let X = ((E,E),t) be a sepdfat'ed discrete convergence space
fulfilling property (8). Then '

C= U {(zn)ni| (zn)Ne —¢ 2}

T€EE

18 a discrete pre-Cauchy structure on E compatible with t and the discrete ‘Cauchy space

X' = ((E,E),(t,C)) is complete.

Theorem 4 [5]. Let X be a discrete pre-Cauchy space (E,C) or a separated discrete
Cauchy space ((E, E),(t,C)). Moreover let EN = C/~ and t* = {(x,z)|z € EMNandx €
z}. Then X" = ((E, E"),(t",C)) is a complete separated discrete Cauchy space.

Remark. Let especially X be a separated discrete Cauchy space ((E, E), (¢,C)).
For every n € N let 1g, denote the identity mapping on E, and let v : E — E” be
defined by v(z) = {(zn)n’| (zn)N' —¢ 2}. Then x —, z implies x —+» v(z) and
X" together with ((1g,,1E,,...),¥) may be considered to be the completion of X. This
can also be motivated more precisely by category-theoretical considerations (see [4]; also

(6]). | - ‘ - ,
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3. A special type of (metric) discrete Cauchy spaces

3.1. E,,E;,... and E being arbitrary sets and E as in Subsection 2.1, let us assume
that for every n € N there is given a mapping p, : E — E, and an injective mapping
gn : B, — E with property

(A) pn qn =1g,

which implies that every mapping p, is surjective. Let a metric d on E be given. Then
for every n € N

s

dn(xny yn) = d(Qn(In)a (In(yn))

defines a metric dn on E, such that obviously the mapping gn : (En,dn) — (E,d) is
contmuous Let us assume that condition

(B) (d(q,,p,.(:z:), :z))N —+ O foreveryz € E

is fulfilled.
Theorem 5. The following assertions are true:
1. dn(pn(2),Pn(y)) = d(z,y) for all 2,y € gu[Ex].
2. (dn(pn(2),pn(y)))y — d(z,y) for allz,y € E.

Proof. Assertion 1 is obvious. Assertion 2 follows by means of condition (B) from
the fact that, for arbitrary z,y € E,

dn(pi(2), Pn(y)) = d(gnPn(2),4aPn(y)) < d(gaPa(e),z) + d(z,y) + d(y, gnpn(v))
and
d(z,y) < d(z,4nPa(2)) + dn (pPn(2), Pu(y)) + d(gnpPa(y), v)-
Thus the theorem is proved il
Additionally to conditions (A) and (B) let us assume the following condition

(C) There exists a zero sequence (e, )N of non-negative reals €, such that
dn(pn(z),pn(y)) < d(z,y) + €n for every n € N and every z,y €E.

If especially €, = 0, then the mapping pn : (E,d) — (En,d,) is continuous.

In the following subsections the notions, notations and assumptions of the under-
lying subsection are always used without mentioning this explicitely. For simplicity let
us use also the notations p = (p1,p2,...) and ¢ = (q1,¢2,...).

3.2. On (E, E) a discrete convergence t = t(p, q,d) is given by
(@a)nsz) €t <= (d(gn(zn),2)) gy, — 0.

Condition (2) is fulfilled, since for every z € E we have ((pn(2))N,2) € 8.
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Theorem 6. For t = t(p,q,d) the following assertions are true:

1. ((zn)n+,2) € t if and only if (dn(za,pn(z))) y, — O,
2. x>z aendx o yimplyz =y.

3. Given a discrete sequence x in E and an z € E such that for all y < x there
exssts e z <y withz —, z, then x —, z.

"The Proof is obvious il

Statements 2 and 3 of Theorem 6 mean that t = t(p, q,d) is separated respectively
fulfills the so-called Urysohn property (see [5]).

3.3. On E a discrete pre-Cauchy structure C = C(gq,d) is given by
(zn)n' €C <= (ga(zn))y. is a Cauchy sequence in (E,d).
Theorem 7. For C = C(q,d), the equivalence

(zn)N €C = (Squ(zn)eN'dm(zmaPm‘In(xn))),,eN/ —0

18 true.

Proof. The part == of the statement follows easily by means of conditions (A)
and (C). Now let the supposition of the part <= be fulfilled. Then for every € > 0
there exists an n’ € N' such that

SUPmeny, mznd(‘Im(zm)a qmpm%'(xn’)) <e

By means of

d(qm(xm), QH'(In’)) < d(Qm(zm); qmpmq'z’(zn')) + d(Qumén'(In’),qn'(Inl)).

and condition (B) we see that there exists an n* € N’ with n* >'n’ such that

d(qm(Tm), gn (Tnr)) < 2¢

for all m € N' with m > n*, from which it follows that

d(gm(Zm), gn(zn)) < €

for all m,n € N' with m,n > n*. This proves also the part <= of the statement B
Theorem 8. For C = C(q,d) the following assertions are true:
1. (p,,(a:))-N €C for everyz € E.

2. If x = (za)N 18 a discrete sequence in E such that
(i) for everyy < x there ezists a2z <y withz € C
(i) for (zn)N+, (zn)N+ €C with Nt, N* < N' there follows (za)n+un+ €C,
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then x € C.

Proof. Statement 1 follows by means of condition (B). To prove statement 2 let
its assumptions for a fixed x = (z, )~ be fulfilled and assume x ¢ C. Then there exist
an € > 0,an N* < N’ and for every n € Nt an m(n) € N’ with m(n) > n such that
n < n' always implies m(n) < m(n') and moreover

d(qﬂ(z")r Qm(n)(zm(n))) 2€ ) (9)

for all n € N*. Because of assumption (i) we may assume that (z,)n+ € C and that
there exists an N* < N* such that (z,u(n))nen+ € C. Thus because of assumption (ii)
we get (Zn)n+umn+] € C, which contradicts inequality (9) @

Using a notation of (5], statement 2 of Theorem 8 means that C = C(g, d) fulfills the
Urysohn property.

3.4. In this subsection let always be t = f(p,q,d) and C = C(q, d).

Theorem 9. For every x = (zn)n' and y = (yn)Nw the following assertions are
equivalent: :

l.x,y€Candx~y
2. m(x,y) C C. )
3. (q,,(x,,))N, and (q,,(y,,))N,, are equivalent Cauchy sequences in (E,d).

4. There ezist discrete sequences (zn)N'unv € C and (yn)n'une € C such that
(d"(zmyn))N:uNu — 0

Proof. Since m(x,y) C C entails m(x,y) C C, the equivalence of assertions 1 - 3 is
obvious. Concerning their equivalence to assertion 4 we follow the proof of [5: Theorem
7. I a.ssert:on 4 is fulfilled, then (q,.(x,,)) none and (q,,(y,,)) NN 2Te equlva.lent
Cauchy sequences in (E,d), hence we have x € C, y € C and x ~ (zn)niun» ~
(yn)N'uN» ~ y, which shows that assertions 1 - 3 are fulfilled.

Conversely, if assertions 1 - 3 are fulfilled, then
(q,,(:z:,,))N,UN,, with z, =y, forallne N"\ N’
and . : .
(q,,(y,,))N,UN,, with y, =z, forallne N'\ N

are equivalent Cauchy sequences in (E,d), hence (zn)n'un» € C and (yn)nun € C
and

(d"(xmyﬂ))NluNu = (d(qﬂ(xn)» q!l(yﬂ))) NI,QNH - 0'

This proves assertion 4 Il
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Corollary 1. Let x = (z4)n' and y = (yn)n be discrete sequences with x € C.
Then the equivalence '

YEC and x~y <= (da(zn,yn))p, — 0"

18 true.
Corollary 2. Ifx, y € C and x ~ y, then z ~ 2’ for every z, 2’ € W(x,y).
Theorem 10. (t,C) is a discrete Cauchy structure on (E, E).

Proof. The validity of property (6) is obvious. To prove property (7), let x =
(za)N' —¢ z and y = (yn)n» € C be given. If y —s z, then (q,,(:zn))N; and
(gn(yn)) vy are equivalent Cauchy sequences in (E, d), hence from Theorem 9 we know
that x ~ y. If conversely x ~ y, then Theorem 9 yields that (q,,(:z:,,)) ~» and (q,,(y,,)) N

are equivalent Cauchy sequences in (E,d), and by means of x —; z thus we get
y —:zl

Using notations of {5}, Corollary 1 of Theorem 9 means that C is compatible with
6 = (dy,d2,...) and because of Theorem 10 hence ((E,E),(t,C)) (with t = t(p,q,d)
and C = C(g,d)) - denoted in [5] by ((E, E),(4,t,C)) - is a (special) metric discrete
Cauchy space.

3.5. Let X denote the metric discrete Cauchy space ((E, E),(t,C)) with t = t(p,q,d)
and C = C(q, d).

Theorem 11. X is complete if and only if (E,d) is complete.

Proof. Let (E,d) be complete and let x = (z,)n+ denote a discrete Cauchy se-
quence in X. Then (q,,(:z:,,))N, is a Cauchy sequence in (E, d), hence it converges to a
point £ € E, and thus because of (d(q,,(z,.),a:)) o — 0 we get (zn)Nn —¢ 1, which
proves that X is complete.

Now assume that X is complete and let (z,)n be a Cauchy sequence in (E,d). For
every n € N we have (pm(zn))meN —; . Let ny,m, € N be so that d(zk,z1) < %
for every k,I > n, and moreover d(gm, (¥, );Zn,) < 3 for ym, = pm,(zn,). Let
nz,my € N with ny > n, and my > m,; be so that d(zg,z;) < ,‘71,- for every k,l > n,
and moreover d(gm,(Ym,): Tny) < 35 fOr Ym, = Pm,(2n,). If we continue analogously,
we get a sequence (yn )N+ with N' = (m;,mo,...) such that

d(‘lm;(ym.-)a 9m; (ymi )) < d(qm..(ym_.), z“i) + d(zm’z"i) + d(z"i’q’"i (y’."i )) < 537

for every : € N and every j > i. Hence (yn)n' € C and, since X is complete, there
exists a point z € E with (y,)n+ —¢ z. This proves (d(q',,,,.(ym,.),:z:))'t.GN — 0,
which together with d(gm;(ym;),Zn;) < 3 implies (d(:l:,,‘,:l':))'.eN — 0 and therefore
(zn)N — z. Thus (E,d) is complete B
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If X is not complete, then its completion may be identified with a complete Cauchy
space of the same type as X. To see this, let (E,d) be the completion of (E,d). For
every z € E\ E let a sequence (zn(z)) in E be fixed such that always d(z.(z), z) < L.
For every n € N define p, : £ — E, by

R pn(z) fzeFE
bn(z) = 3
pnzn(x) ifze E\E.
Let p = (p1,p2,.-.), and let é, = €, + 2 for every n € N.
Theorem 12. With respect to E,d, p Py €n instead of E,d,p,e, (n € N), respectively,
the conditions (A) - (C) are fulfilled.
Proof. Condition (A) is obvious.
For every z € E \ E and every n,m € N with n > m we have
d(‘]nﬁn(z)aQnPnzm(x)) =d, (Pnzn(z),Pnzm(I))
< d(za(2), 2m(2)) + €n
2
S — +é€n
m
and hence
d(q,,ﬁ,,(:r), .’B) < d(qnﬁn(x)aqvtpnzm(z)) + d(q,,p,,zm(:c), zm(z)) + d(zm(z), z)
3
< d(q,,p,,zm(:t),zm(x)) + — + €n.
Fixing m, consequently for all sufficiently great n we get
s 4
. <2
A d(q,,p,.(:l:),z) S5 +én
by means of which it follows that ((i(qn;‘),,(:z), z))N — 0. Thus condition (B) is fulfilled.
To prove condition (C), we have to show that with respect to E, d, p, €, the inequality
in condition (C) is true for every n € Nand every z € E, y € E \ E respectively every

z,ye E \ E. Since the proofs in both cases are similar, we restrict our considerations
tothecasez € Eandy € E \ E. For any such elements and n,m € N then

dn (Pn(2), n(y)) = dn(Pa(z), Pazn(y))
< d(z,y) + d(y, za(y)) +€n
< d(z,y) + én.
Hence also condition (C) is true i}
Let £,C be defined by $,q,d analogously as t,C are defined by p,q,d. Obviously
tCiandC = C An 1mmed1ate consequence of Theorems 11 and 12 is the followmg
Theorem 13. X = ((E E),(, C)) is a complete metric discrete Cauchy space.

Remark. Let us identify every z € E with the equivalence class [z] of all discrete
sequences X in X converging discretely with respect to { to z. Then E = C /~ and

it = {(x,2)| =€ Eandx € z}.” Hence by this identification, X coincides.with the
completion X" of X defined in Subsection 2.5.
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4. The linear case

Let X be a metric discrete Cauchy space as in Subsection 3.5, where additionally the
following properties are true:
1. Every E,, (n € N) and F are equipped with a linear structure.

2. Every ¢, (n € N) is linear.

3. The metric d is generated by a norm || - || on E.
Then especially for every n € N, the metric d, is generated by the norm || - ||, on
E, given by ||zn|ln = |lgn(za)||, and Pnlgn(E,) is linear. By means of the triangular

inequality there easily follows:

(i) t is linear, i.e. for arbitrary discretely converging discrete sequences (Tn )N’ —¢
z, (yn)N' —¢ y and arbitrary converging sequences (a,,)N: — a, (Ba)N' — B of real
numbers (anZn + Bnyn)n' — ¢ az + By.

(ii) C is linear, i.e. for arbitrary discrete Cauchy sequences (z,)n' and (yq)n’ in E
and arbitrary Cauchy sequences (an)n+ and (B8n )N+ of real numbers, (anzn + Buyn )N’ €
C.

Example. Let E be the set C[0,1] of all continuous functions on [0,1], and for
every n € N let E, be the set of all functions on S, = {n, %, ... 2}. Moreover let

: E — E, be defined by p,(z) = z|s, and ¢, : E, — FE be such that g,z,(t) = z,(t)
for every t € S, and that g,z, is linear on every interval [i, '—'f‘i], i€ {0,...,n—1}.
Let || - || be the maximum norm on E. Then conditions (A) - (C) are fulfilled with
€n = 0 for every n € N, hence X = ((E, E),(t,C)) with t = t(p,¢,d) and C = C(g,d) is
a discrete Cauchy space of the considered special type.

5. Discrete Cauchy spaces of mappings

5.1. Let
X = ((E,E),(t,C)) t =t(p,q,d) C =C(q,d)
Xl — ((E',E'),(t',C')) tl - tl(pl,ql,dl) Cl = Cl(qi,dl)

(using symbols with ' with obvious meaning) be metric discrete Cauchy spaces as in
Subsection 3.5. Assume that (F,d) is compact and that for every n € N the mappings

pn: (E,d) — (En,dn)  aswellas g, : (E',d") — (EL,d)

n? n

are continuous. For every n € N let -F,, denote the set of all continuous mappings

: (En,dn) — (E},,d},) and let F be the set of all continuous mappings f : (E,d) —
(E' d'). Obviously, f € F implies pl, fgn € Fy, and f, € F, implies g, fnpn € F. For
every n € N define mappings

pn: F—> Fy by pi(f) = Pnfgn

gn: Fa > F by gi(fn) = qufaPn.
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If ¢x(fn) = q%(gn), hence ¢, faPn = ¢.9nPn, then because of the injectivity of ¢}, and
the surjectivity of p, it follows that f, = gn, which shows that ¢ is injective. Let

F=(F,F,.), =00 -) ¢=(0¢a..)
Since for arbitrary f,g € F the function d'(f(-),¢(-)) is continuous on (E,d),
d*(f,9) = sup,cpd' (f(2),9(z))
is finite and thus defines a metric d* on F.

Theorem 14. With respect to F, F, p*,;;”, d*, e, instead of E, E, p, q,d, s',, (n € N),
respectively, the conditions (A) - (C) from Subsection 3.1 are fulfilled.

Proof. For every n € N and f,, € F,,, )
Prdn(fn) = Pr(dnfaPn) = PrdnfaPndn = fa
which proves condition (A). ‘
To prove condition (B) let us at first show that
(sup,cd(gnpa(z), z))N — 0. (10)

If this would not be true, then there would exist an € > 0, an N' € NV and a converging
sequence (z,)n+ — z in (E, d) such that

d(gnpn(zn),Tn) > € (11)
for all n € N'. By means of ‘
d(gnPa(2n), gnPn(z)) = dn(Pa(2n),pn(z)) < d(zn,z) + €n
we get (d(qnpn(zn),qnpn(z))) n+ — 0 and because of (d(qnpn(z),z)) ~+ — 0 hence

(d(gnpn(z), z))N, — 0, which together with (d(zs,z)) n+ — 0 contradicts inequality
(11). Hence the convergence (10) is true. Analogously it can be shown that

(sup,epd (guPnf(2), f(2)))y —
and since f is equicontinuous on (E, d), from (10) we get

(Superd,(anp"(I)a f(z)))N — 0.
Because of

d'(gnpyfanpa(2), f(2)) < d'(qhph fanpa(z), dop, f(2)) +d' (4L f(2), f())
< d'(fgnpa(z), f(z)) + d' (gnp0f(2), f(2)) + €,

consequently

(" (@hpi(f), f)) B (SupzeEd'(qnpnfqnpn(I) f(I)))

which proves condition (B).
Since

dy (pn(f ) Pn(9)) = d*(ghph(f), axPi(9))
= sup,cpd' (4uPn f4nPn(2), 0hPhggnPa(2))
< sup,epd (fgnpn(z), 9gnpn(z)) + €5,
< supzepd’(f(2), 9(2)) + e
=d*(f,9) + e
also condition (C) is truell
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Let t*,C* be defined by means of p*, ¢*,d* analogously as t,C are defined by means
of p,q,d. An immediate consequence of Theorem 14 is the following.

Theorem 15. Y = ((F,F),(t',C*)) 13 a discrete Cauchy space.

5.2. Let Y = ((F,F),(t*,C')) be as in Subsection 5.1. By definition

((fanv, et <= (d'(qnlfa), /)y — 0
— (SuszEd’(qafnPn(IL f(z)))N, — 0.

Theorem 16. For every discrete sequence (fn)n' tn F and every f € F the equiv-
alence

((fa)nr, f) €t° &= (zn)n — iz implies (fa(zn))y, — ¢ f(2)
18 true. '

Proof. Let ((fa)n',f) € t* and (za)N —¢ z. Then

(SupzeEd’(q:xfnpn(I).a f(:t))) N? —" Y and (d(Qn(In)v :c))N, —0

from which it follows that

(d’(q:,fnann(In),an(zn)))N,'_’ 0 | and (d’(fq,.(.’l:,.),f(l‘)))N —0

hence

(d’(ann(xn) f(:))) N T 0

which means (fa(2n)) gy, —¢ f(z). Thus the part = of the assertion of the theorem
is true.

Now assume that (a:n)N; —», z always implies (f,.(.r,.)) N f(:z:) Then for
every z € E, because of (pa(z)) N+ ——¢ T we have .
(d’(tI:zfnPn(x)’ f(:r:))) N — 0.
We shall prove that even

(sup.e £ (gn fapn(z), £(2))) . — 0. - (12)

If this would not be true, then there would exist an € > 0, an N+ <N a.nd a convergmg
sequence (zn)n+ — z in (E,d) such that

& (ghfupnlza) flza)) > o (13)

v

for all n € N*. From (z,)n+ — z we get (pa(zn))y4+ —¢ € and thus
(d'(q:zfnpn(xﬂ): f(r)))[v+ —0

which together with (d'(f(zn), f(z))) y+ — O contradicts inequality (13). ‘Herice the
convergence (12) is true and thus we have ((fa)n+, f). € t*. This proves the part <= of
the assertion of the theorem i -
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By definition
(fa)nt €C* <= (gn(fn)) . is a Cauchy sequence in (F,d*)
Aand (supm(Zn)eN’d.(Q;(fm)vq:x(fn)))neNl —0
<= (SUPm(>n)en' SUPre £ (gm fmPm(2), 4h faPn(2))) e e — O-
Theorem 17. For every discrete sequence (fo)n' in F the equivalence
(fa)n €C* = (z,)n €C implies (f,,(z,,))N, el
13 true.

Proof. Let at first (fo)n € C* and (zn)n+ € C. Since (E,d) is compact and thus
complete, from Theorem 11 we know that X is complete. Consequently there exists a
point £ € E with (z,)n+ —¢ z, hence (q,.(x,,))N, — z. Because of (f,)n € C* we
have '

(sUPm(>nyeN’ SUPye Ed (T frmPm(Y), GnfnPn(¥))) penr — 0
and thus for arbitrary € > 0 there exists an n* € N' such that

dl(qinfm(zm)vqzz'fn"pn*q"l(xm)) <e (14)
for all m € N’ with m > n*. From (q,,(z,,))N, — z we get

(q;' fn*Pn*‘lm(zm))meN, — q:x* fn'Pn"(-T)-
Hence there exists an m* € N’ such that

dl(q:x'fn'Pn'Qm(l'm)a q:nfn'Pn'Qn(l'n)) <e (15)
for all m,n € N' with m,n > m*. Inequalities (14) and (15) imply

d,(q:nfm(l'm), ‘I:,fn(-”l?n)) S 3e

for all m,n € N' with m,n > max{m*,n*}. This proves (fa(zn)) ~+ € C' and hence the
part = of the assertion of the theorem. :

To prove the part <= without loss of generality we may assume that X' is complete
since the set of all discrete Cauchy sequences of a discrete Cauchy space is identical with
those of its completion. Let (zn)n+ € C always imply (fn(za)) ne ECIE(fa)ne g CF,
then

(Squ(zn)eN' SuPzeEd'(‘I:nmem(l')’ q;fnpn(z)))nezv' —0

cannot be fulfilled. Thus there exist an € > 0, sequences (lé,,)N, (In)N € N with kn,l, €
N' and lp < kn < lng; for every n € N, and moreover in E a converging sequence
(zn)N — y such that

d'(gk, frnPra (20), 41, fr. 1, (20)) > € (16)
for every n € N. Let N* =, .n{kn,In} and define a sequence (yn)n+ in E by Yk, =
Y1, =z for every n € N. Then obviously (yn)y+ — vy, which implies (Pn(yn))N+ —t
y, hence (p,,(y,,))N+ € C, thus (f,,p,,(y,,))N+ € C', and consequently there exists a z in
E’ such that :

(@'(gho fraPro(20),2) ey — 0 and  (d(q], fiuPra(n), 2)) oy — O

which are in contradiction to inequality (16). This proves the part <= of the assertion
of the theorem I ' )
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Theorem 18. Y is complete if and only if X' is complete.

Proof. Because of Theorem 11 it suffices to show that (F,d*) is complete if and
only if (E',d") is complete. Assume at first that (F,d*) is complete and that (yn)N is
a Cauchy sequence in (E',d'). For every n € N define a mapping f, : E — E' by
falE} = {yn}. For every m,n € N,

d*(fm, fn) = SuPzeEd'(fm(x):fn(z)) = d'(y,,,, Yn)-

This shows that (fs)n is a Cauchy sequence in (F,d*), hence converges to an element
f € F. Because of

d’(fmf) = SupzeEd’(ym f(z))

f is constant on E and for y with {y} = f[E] we have (yo)N — y. Thus (E',d') is
complete.

Now assume that (E’,d') is complete and (fa)n is a Cauchy sequence in (F,d*).
Then
(supm(Zn) Supzeg dl(fm(:l:), fﬂ(I)))neN —0 (17)

by means of which we see that (f,.(:z:))N for every z € E is a Cauchy sequence in (E',d'),
hence converges to an f(z) € E'. From (17) we get

(5uPed'(f(), fa())) ey — O

and consequently f turns out to be continuous. Thus (F,d*) is complete il
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