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On Absolute Summability Factors

H. Bor

Abstract. By using for § > 0 so-called {N,pn;6]i-boundedness of series 352, a, and se-
quences (An)a%, we prove |N,pn;6k-summability of the series 3 °2 | anAn. This result gener-
alizes a known one related to |V, ps |x-summability of series.
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1. Introduction

Let 07, an be a given series and (sn) its sequence of partial sums. We denote by (ug)
with @ > —1 the sequence of n-th Cesaro means of order a of (s,). Let k£ > 1 and
§ > 0. The series 5 a, is said to be |C, a|i-summable if (see [6])

o0
g - i, < oo,

n=1
and it is said to be |C, a; §|x-summable if (see [7])

o
Z nbktk-lye _ye 1* < oo

n=1
In the special case when § = 0 or & = 1, the |C, a; §|k-summability is the same as the
|C, a|k- or |C, 1; §|x-summability, respectively.
Let (pn) be any sequence of positive numbers such that

n
P,,=Ep.,—ooo as n — oo.
v=0

The transformation defined by

|~

tn =

n
D pus
v=0
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gives the seﬁuence (tn) of (N, pn)-means of a sequence (sn), generated by the sequence
of coefficients (p,) (see (8]).

Let as before k > 1 and § > 0. The series ¥ a, is said to be IN, Pnlx-summable if

(see [1])

oo k—1

P
S (2) o tailt <o
n=1 Pn

and it is said to be |N, pn; §|x-summable if (see [4, 5])

00 bk+k-—1
P
E (—") |tn - tn_llk < 00.
n=1 Pn

In the special cases when 6§ < Qor k = 1 and § < 0, the [N, pn; 8|x-summability
is the same as the |N,p,|s- or [N, ps|-summability, respectively. The |N,pn|s- and
|N, pn;6|k-summability methods are totally different from each other. As a matter of
fact one can see that |N, p,; §|x-summability methods are different for different values
of §. Also if we take p, = 1 for all values of n, then [N, p,; §|x-summability reduces to
|C, 1; §|x-summability.

At last, let again k > 1 and 6 > 0. The series 3" a, is said to be [N, pnli-bounded
if (see [2])

Zp,,]s,,lk = 0O(P,) for n — oo,
v=1

and it is said to be [N, pn; 8]x-bounded if (see (4, 5))

N
Z (_u) p,,|s,,|" = O(P,) for n — oo.

v=1 Py

The [N, pn]x- and [N, p,; 6]s-boundedness are totally different from each other. In the
special cases wheniS Oor k=1andé <0, the [N,py; §]k-boundedness is the same as
the [N, pa]x- and [N, ps)-boundedness, respectively.

In (3] the following theorem for |N,p,|s-summability factors of infinite series is
proved.

Teorem A. Let the series 3 an be [N, pn]i-bounded and let the sequences (An) and
(pr) satisfy for n — oo the conditions

(i) Pa+1 = O(pn)
(ii) val’\vl = 0(1)

(iii) Pa|AAn| = O(pn|Aal).
Then the series 3 anPuln is [N, pn|i-summable for k > 1.
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2. The main result

Our aim is to generalize Theorem A to the case of |N,pn; 6 |k-summability. Thus we
shall prove the following theorem.

Theorem B. Let the series 3 an be [N, pn; §]x-bounded and let the sequences (/\ )
and (pa) satisfy the conditions (i) - (iii) of Theorem A. If

i (&)6k-l 1 _0 (&)GkL . (1)
nepd1 Pn P, - Pv P, ’ )

then the series 3 anPn), is |N,pn;8|x-summable for k>1and§>0.

Note that for § < 0 Theorem B implies Theorem A. Because, in this case the
[N, pn; 6]k-boundedness reduces to the [N, Pn]e-boundedness and condition (1) reduces

to o
Pn 1)
i o(3)
n=zv;+l PnPn-l Pu
which always holds.

We need the following lemma for the proof of Theorem B.

Lemma (see (3]). If the sequences (An) and (pn) satisfy conditions (ii) and (ii1)
of Theorem A, then Pn|A,| = O(1) for n — co.

3. Proof of Theorem B

Without any loss of generality we can assume that ag = so = 0. Let (T») denote the
sequence of (N, p,)-means of the series Y. @aaPaAn. Then, by definition, we have

To= > Zp,, Zpa.,\ =_— Z(P - P,_1)Poa),

" y=0 =0 v=0

Then, for n > 1,

Pn
Tn_Tn—l=PnPn_ ZP—]P au v

v=1

Using the Abel transformation, we get

n—1 n—1
— Pn Pn
Tn Tn—l = PnP ) ”Z:l Pupvsv/\v + PnPn—l ‘;l PIIPUAAUslf

n—1

Z Pvpv+lsu’\u+l + pnsn’\n

v=1

Pnpn 1
=tdny + Tn.? + Tn,3 + Tn,4~
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_To complete the proof of the theorem, by the Minkowski inequality for k >'1, it is

sufficient to show that -

Sk4k-1
> <5) [Tnr|* < 00

n=1 n

for 1 < r < 4. Now applying the Holder inequality with indices k£ and k' where
% + % =1, we get

m+1 Sk+k—1
P,
> (2) mat

n=2 Pn
m+1 6k—1 n—1 n-1 k=1
P, 1 1
< (J) { (Pulxu)kpulsvv} {— Pu}
71;2 Pn Py 112=:l Pny v=1
m \ . mtl p 8kl 1 '
=0y Rl S (B)
v=1 n=v+1 n n-

m P 5k
=0 LD (2) gl
v=1 v
m Py §k
=0(1)Z|’\V| (p_) PVISVV‘
v=1 v

m—1 v p\Sk m_ s p\ o "

=00 AMIY (2) pilsil + 00l Y (52)  pels

v=1 =1 ' v=1 v
m-—1 :

=0(1) Y |AM|P, + O(1)[Am|Pm
v=1

m-1

=0(1) Z pvlAu| + O(1)[Am|Pm

v=1

=0(1) for m — oo

by virtue of the hypotheses of the theorem and the Lemma. Since P,|AN | = O(p.| Ao ]),
by condition (ii) of Theorem A, as for Ty 1, we get

mtl ;o p o\ Skkol \ m P\ \
)y (;—) Tazlt = 0() 3" | (p—) pls[¥ = O(1)
n V=l v

n=2

for m — co. Again, since pn4+1 = O(ps), by condition (i) of Theorem A, as for Ty 1, we

have
m+1 P, Sk+k—1 m . P, 5k .
Z(—) Toalt =0 Y el (52)  pelialt = 01
v=1 v

n—g \Pn

for m — oco. Finally, as for T, ,; we get

m P Sk+ k-1 ' m P 5k
(5" S0 (2) i e
n=1 n

n=1 Pn
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o m [ p \okHE-1
for m — co. Summarizing we get 3", (;:)

"1 <r < 4. Tis completes the proof of Theorem B i

|Tn,-|* = O(1) as m — oo, for
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