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On Absolute Summability Factors 
H Bor 

Abstract. By using for 6	0 so-called [7V,p,,;t5]k-boundedness of series	a, and se-



n= 
quences	we prove N,p;6 k -summability of the series E	a,,\,,. This result gener-



alizes a known one related to 17V,pi k -summability of series. 

Keywords: Absolute summability of series, summability factors, infinite series 
AMS subject classification: 40 F 05, 40 D 15, 40 G 05 

1. Introduction 
Let an be a given series and (sn) its sequence of partial sums. We denote by (u) 

with a > —1 the sequence of n-th Cesàro means of order a of (s n ). Let k > 1 and 
6>0. The series E an is said to be IC,al k -summable if (see [61) 

fl k I u — a	a nun_ I l <00, 
n=' 

and it is said to be IC, a; S Ik- summable if (see [7]) 

flók+k ii a	a k <00.U—U_1  
n= 1 

In the special case when 6 = 0 or a = 1, the IC, a; 61 k -suramability is the same as the 
IC, alk- or IC, 1; 61k-summability, respectively. 

Let (p,,) be any sequence of positive numbers such that 

Pn =

	PV ) 00	as n -, 00. 

The transformation defined by

tn=:"	_PPst ,,= 0 
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gives the sequence (ta ) of (N, p. )-means of a sequence (s n ), generated by the sequence 
of coefficients (pr,) (see [8]). 

Let as before k > 1 and 8 > 0. The series >an is said to be I 7 ,pnIk-3ummable if 
(see [1])

CO	k 1
E 

(P)	
it - t_I < 

n = I 

and it is said to be I, pn; Slksummable if (see [4, 5]) 

1: __11k <00. 
( P^Yk+k—1

fl 

In the special cases when 8	0 o k = 1 and 8	0, the l,pfl;Slk-summability is the same as the IN,pnlk- or IN,pnl-summability, respectively. The IJV,pnIk- and 
[,p; SIk-summability methods are totally different from each other. As a matter of 
fact one can see that IN, p;5I k -summability methods are different for different values 
of 5. Also if we take p, = 1 for all values of n, then IN,pn ; S lk-summabi lity reduces to 
IC, 1; 61k-summability. 

At last, let again k > 1 and 6 > 0. The series E a n is said to be [N, p] k - bounded 
if (see [21)

for fl-00, 

and it is said to be [N, p,,; S]k- bounded if (see [4, 5]) 
n (p.) Ik 13[kQ(p)	for n —*oo. 

V= 1 

The [,pn]k- and [N,p; 5]k-boundedness are totally different from each other. In the 
special cases when  0 or k = 1 and 6 0, the [N, p; S]k-boundedness is the same as 
the [, p,,] k- and [N, p]-boundedness, respectively. 

In [3] the following theorem for IN,pI k -summability factors of infinite series is 
proved. 

Teorem A. Let the series E an be [7T,p] k-bounded and let the sequences (A,) and 
(p,) satisfy for n - 00 the conditions 

(i) Pn+I = O(p) 

(ii) p II = 0(1) 

(iii) P I 1.A I = 

Then the series E anPn A n is IN,pnlk-summable fork >1.
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2. The main result 

Our aim is to generalize Theorem A to the case of IN,p n ; S Ik-summability. Thus we 
shall prove the following theorem. 

Theorem B. Let the seriesan be [i,p;6] k -bounded and let the sequences (An) 
and (ps) satisfy the conditions (i) - (iii) of Theorem A. If 

	

(6k1	

=	

5k 1 
Pv)	-•:)'	

(1)
n=p+1 

then the series >J an Pn A n is I 7V, pn; 6 Iic- summable fork? land 6>0. 

- Note that for 6 < 0 Theorem B implies Theorem A. Because, in this case the 
[N,pn; 8]k-boundedness reduces to the [N,p] k -boundedness and condition (1) reduces 
to

Co 

n+1 	( P-

which always holds. 

We need the following lemma for the proof of Theorem B. 

Lemma (see [3]). If the sequences (.\,) and (p,) satisfy conditions (ii) and (iii) 
of Theorem A, then PT A,] = 0(1) for n - 00. 

3. Proof of Theorem B 

Without any loss of generality we can assume that a 0 = so = 0. Let (Ta) denote the 
sequence of (N,pn)-means of the series T_ anPnAn- Then, by definition, we have 

Tn = —>2pu>PjajAj—>(Pn —P_i)Pa,A,. 
&,=0	i=Q	 ' 

Then, for n 1,
n 

pn 
- Pn Pn _ 1 

>2 P...1 
v=I 

Using the Abel transformation, we get 

	

n-I	 n-i 
_	 Pn 

TnTn_i -- Pu >2PvpvsvAv+ PP -	
v=1	 n n—i 
n-i 

Pn >2Pp+is.\+i +pnsnAn - 

=: T ,1 + Tn,2 + T ,3 + T,4.
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To complete the proof of the theorem, by the Minkowski inequality for k > 1, it is 
sufficient to show that

00' 6k-4-k-1 

>2 L-
	 ik< 

n=I
11n,rI 

for 1	r	4. Now applying the Holder inequality with indices k and k' where
+-L = 1, we get 

Tn+ 

	

E (Pn bk+k—I\1 	
ITn,iI!C 

n=2

	

rn+i p 6k-I	In-I	 Kpv^ k-1 

	

>2 (-	_(ppp)s} 2 PnJ	n-i 

	

=	 v=i 

	

M	 in+i 

>2(
pn)'k- I 1 

	

n=v+i	 Pn-I 

	

m	 6k 
(P-  \0(1) >2(p 1\.1)k_i A	

p J v1 

	

0(1)>2	

( p. ) Ikp.,I,.,I k
-  IAI	
pI, V= 1 

	

--I- 
	 rn 6k

0(1) >2 )M>2 

( pi)lk 
idsdk ± 0(1)IArnI>2 (-)\ pvisvik 

	

p =I	i=i	 v=i 
rn-I

PV 

= 0(1) E I AA., 1P., + 0(1)IArnIPrn 

rn-I 
= 0(1) >2 pvl .Xvl + 0(1)I) m 1Pm 

vi 
0(1) for rn —*oo 

by virtue of the hypotheses of the theorem and the Lemma. Since P	0(p,, Au I)!
by condition (iii) of Theorem A, as for T ,1 , we get 

	

m+i	ök+k-1	 m 

	

>2 (	ITn,2Ik =0(1)>2IAI 

(p_) Ik	
= 0(1) 

	

n=2	 t'i 
for m —i oo. Again, since Pn+i = O(Pn), by condition (i) of Theorem A, as for Tn, i , we 
have

	

M+1 
(

+k-1	 rn	 6k 

	

flök	
lTn,31k = o(1) >2 IA +i I 

(P-	 pIsIk=o(1) 
n=2 Pn)	 p=1	 pv)

for m - oo. Finally, as for Tn, i we get 

	

m	6k+k-1	 m	
n) + 

	

>	Tn,4 = °())>2 iAnI	6kpnI5nIk = 0(1)(L 
1\Pn)	 n=i
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—I EM fc'\ 6k-4-k	
k for m -* 00. Summarizing we get	h1)	ITn,rI = 0(1) as m -* oo, for 

N
Pn 

1 <r <4'. Tis completes the proof of Theorem BI 
Acknowledgement. The author is grateful to the referees for their valuable sug-

gestions for the improvement of this paper. 

References 

[1] Bor, H.: On two surnrnability methods. Proc. Cambr. Phil. Soc. 97 (1985), 147 - 149. 
[2] Bor, H.: On N , p,. Ik-suminabhty factors of infinite series. Tamkang J. Math. 16 (1985), 

13 - 20. 

[3] Bor, H.: On IN, pnl k -sthmmabthty factors. Proc. Amer. Math. Soc. 94(1985), 419-422. 
[4] Bor, B.: Absolute summability factors of infinite series. PanAmer. Math. J. 2 (1992), 

33-38. 
[5] Bor, H.: On the local property of IN, p; S Ik-summability of factored Fourier series. J. 

Math. Anal Appl. 179 (1993), 644 - 649. 
[6] Flett, T. M.: On an extension of absolute siimmability and some theorems of Littlewood 

and Paley. Proc. London Math. Soc. 7 (1957), 113 - 141. 
[7] Flett, T. M.: Some more theorems concerning the absolute summability of Fourier series 

and power series. Proc. London Math. Soc. 8 (1958), 357 - 387. 
[8] Hardy, G. H.: Divergent Series. Oxford: Univ. Press 1949. 

Received 04.09.1995; in revised form 14.03.1996


