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Compactness of an Integro-Differential Operator
of Cauchy-Kovalevskaya Theory

W. Tutschke and H. L. Vasudeva

Abstract. The integral operator connected with the Cauchy-Kovalevskaya. initial value prob-
lem has been shown to be compact between suitable Frechét spaces.

Keywords: Initial value problems, weighted norms, Fredholm alternative
AMS subject classification: 35A 10,46 E 15, 47 A 53

1. Statement of the problem

M. Nagumo in a celebrated paper [5] initiated a functional-analytic approach ) to the
Cauchy-Kovalevskaya problem (method of successive approximations, fixed-point meth-
ods). In a space of functions depending holomorphically on ¢t and a spacelike variable
z, K. Keller and A. Schneider {4] proved a Cauchy-Kovalevskaya theorem using the
Schauder-Tikhonov fixed-point theorem. To prove compactness of the operator in an
integral rewriting of the problem, the use of the fact that a bounded sequence of holo-
morphic functions possesses a locally uniformly convergent subsequence is usually made.
Using a weighted supremum norm in a space of continuous functions depending contin-
uously on time ¢ and holomorphically on spacelike variables z, W. Walter [10] proved
the classical Cauchy-Kovalevskaya theorem by the contraction-mapping principle. W.
Walter as also M. Nagumo require continuity in the variable ¢ rather than holomorhy
in t as K. Keller and A. Schneider assumed in [4]. We discuss in this short note the
compactness of the operator studied in [10].

The initial value problem

Sw = f(t, z,w,0,w) (1)
w(0, z) = wo(2) (2)

Y Concerning historical remarks on the abstract linear and non-linear Cauchy-Kovalevskaya
Theorem we refer to the appendix of the Russian translation of L. Nirenberg's book [6]; one
can find further references to related problems in [6] and [8]. — A generalized formulation and
a simplified proof are given in K. Asano’s paper [1].
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with suitably chosen initial data, where

0; = - (0: —19y) (z==z+1iy)

N —

and w = w(t, 2) is a desired complex-valued function, can be rewritten in the integral
form

w(t, z) = wo(z) + /f(T,z,w(T, z),0,w(r,2))dr. (3)

In the sequel the operator on the right-hand side of (3) will be referred to as related
(integro-differential) operator. '

2. Main result

Let €2 be a bounded domain in the z-plane, d(z) the distance of z € Q from the boundary
0%, and :

d(t,z) = d(z) — % (4)

where 7 will be fixed later (cf. W. Walter’s paper [10]). Slightly modifying W. Walter’s
notations, let M(§2,7) be the conical domain

{(t,2):2€Q, 0<t<ndz))

and H.(§2,7) the Banach space of those complex-valued functions w = w(t, z) which
are

1. defined and continuous in M(£,7),
2. holomorphic in z for fixed ¢ and

3. whose norm ||w]|. is finite,

where

lwlle = sup |w(t,2)|d?(¢,2)
M(Q,n)

and p is a fixed positive number 2). W. Walter [10] proved, under suitable conditions on
the initial data, that the related operator (3)-is a continuous operator mapping H.(Q,7)
into itself for every choice of . He further established the existence of a number 7 > 0
such that if n < 7o, then the related operator is contractive. The number 5, depends
on the data of the initial value problem (1)-(2); its explicit representation will not be
needed in the following.

The related operator mapping 7'(.(9, 1) into itself is not, in general, compact as the
following example shows:

) Note that w(t, z) is not necessarily bounded if the *-norm is finite.

’
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Let Q be the unit disk {z: |z] < 1} and p = 1. Then the function w defined by

1 1
t = -
w(t,2) 1—2-t¢ 1-2 ) (5)

does not belong to H.(2,7) for any n > 1 because of its singularitity at ¢ = 1. On the
other hand, the function under consideration satisfies the differential equation

ow Ow 1

% oz tii-ee
and, therefore, equation (3) has the form

t

w(t, z) = / %%(T,z)dj' + (T_zz—)z - ®)

0

In view of Holmgren’s theorem the corresponding homogeneous equation obtained from
(6) has the trivial solution wg = wo(t, 2) = 0, only. An easy calculation shows that

ot
Dk

<1
._477

for each 1 and, therefore, the inhomogeneous part of equation (6) belongs to H.(§2,7)
irrespective of the choice of 7. Consequently, assuming the compactness of the operator
on the right-hand side of (6), in view of the alternative of Fredholm equation (6) had
to be solvable in each H.(,7). This, however, is a contradiction for n > 1.

Define K, C M(£,7) by

K,,:{(t,z):d(t,z)z;ll-} (n21).
Then K, C Knt1 (n > 1) and each K, is compact. Moreover,
M(Q,n) = UpKp.

We next introduce the topological space Hjoc(§2,n) of complex-valued functions w =
w(t, z) continuous in (¢, z) and holomorphic in z equipped with a family of semi-norms

lfwlle.n = sup fu(t, 2)ld"(t, 2)

where p denotes a fixed positive integer. Then Hioc(2,7) is a Fréchet space.
Observe that for t = 7 held fixed, the distance between an arbitrary point (7,2) €
K, and (7,() belonging to the lateral surface of Kn4+1 can be estimated by

11
n+l n(n+1)

e ¢l 2 d(z) - d(¢) = d(r, ) — dr, Q) 2 7 -

We next state the main theorem of this note and indicate its proof. The details of the
proof follow on rather not too unfamiliar lines and have, therefore, not been provided.
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Theorem. For every choice of 1, the related operator in an integral rewriting of
the Cauchy-Kovalevskaya problem is compact and maps H.(Q,7) into Hioc($2, 7).

Proof. Let the sequence {wm}m>1 € H.(,7) be bounded, with ||wen|. < C (m >
1). For (t,z) € Ka, |wm(t,2)] < CnP (m > 1). Fix t = 7 and regard wm(7,2) as
functions in z in the intersection of the plane t = 7 with the above closed subcone
K,. Since this intersection is a closed subset of the intersection of the plane t = 7
and Kn4+) and has a positive distance from its boundary, it follows, using the Cauchy
integral formula and Nagumo’s lemma (see [10]) that wm and 8,wm (m > 1) are equi-
continuous on K. Therefore, the integrands of the related operator applied to wm(t, 2)
are locally equi-continuous in z, provided f satisfies a Lipschitz condition with respect
to w and d,w.

~ Now regard any two points (¢,21) and (tz,2;) in K, with t, > ¢;. Denote the
image of w, under the related operator by W,,. Then one has

Wm(t2,22)_Wm(tlazl) ) .
= (Wm(tz,ZQ) - Wm(tl,ZQ)) + (Wm(tl,ZQ) - Wm(t1,21 ))

The second difference on the right-hand side is locally equi-continuous in z because
the integrand has this property as proved above. Moreover, the first difference is equi-
continuous in ¢ in view of the uniform boundedness of the integrand (note that the
length of the integration interval equals t;'— t;). Summarizing these arguments, W,,
turn out to be locally equi-continuous in (t, z).

Applying the Arzela-Ascoli theorem to {Wm}m>1 in K}, there exists a subsequence
which converges uniformly in K;. Applying the Arzela-Ascoli theorem to the sub-
sequence so obtained in K, we select a subsequence of the subsequence converging
uniformly in K3, and so on. The familiar diagonalization process yields a subsequence
of {Win}m>1 which converges locally uniformly. This completes the proof i

3. Approximations in H,(2,7n) and H;oc(2,7)

Denote the related operator (3) by A. As usual, successive approximations are defined
by ' :
Want1 = Aw, = A (n >0). )

It is well-known that successive approximations may converge without the operator
being contractive (for instance, in case of ordinary differential equations).

We shall, in the sequel, discuss the convergence of successive approximations both
in M. (2, 7) and Hyjo(22, n) under additional assumptions on the approximants. Observe
that if the initial function we belongs to H.(Q,7), then all w, belong to H.(2,n) as A
maps H.(€,n) into itself. Notice, further, that the starting element of the successive
approximations is not necessarily identical with the initial function (2).

Suppose, first, that the sequence {wn}n>0 of successive approximations is bounded
in H.(€2,7). In view of the compactness of A (see Main Theorem) there exists a subse-
quence which is a Cauchy sequence in H;,(£2,7). Assume, in addition, that the whole
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sequence is a Cauchy sequence in Ho(€2,17). Then, on taking limits as n — oo in (7)
leads to w. = Aw, for the limit function w, showing that w. € H;,.(R2,7) is a solution
of the initial value problem (1)-(2).

Suppose, finally, that {wn}m>1 is a Cauchy sequence in H.(Q2,7). Since A is a
bounded operator mapping H.(£2,7n) into itself, it follows on taking limits as n — oo,

in (7) that w, = Aw,, i.e. the limit function w. € H.(Q,7) is a solution of the mltla.l
value problem (1)-(2).

The behaviour of the approximations wy, (n > 0) can thus be summarized as follows.

ACorollary. Let H.(Q2,n) and Hioc(2,n) be defined as in Section 2. Let A be the
operator related to the initial value problem (1) — (2) and defined by the right-hand side
of (3). The successive approzimations .

wn+l(ty Z) = Awn(t,z) = wo(z) + /f(%’zawﬂ(‘ra Z),azw"(‘(‘, z))dT

behave inH.(2,7) and Hioe(Q, 1) as follows:

1. If {wn}n>1 is @ bounded sequence in 'H.(Q,r}), then some of its subsequences 13
a Cauchy sequence in Hioc($2,7).

2. If {wn}n>1 i3 @ Cauchy sequence in 'Hzac(Q n), then its limit solves the instial
value problem (1) — (2) and.belongs to Hioc(2, 7).

3. If {wa}n>1 is a Cauchy sequence in H.(,7n), then its hm:t is a solution of the
snitial valuée problem (1) — (2) and belongs to H.(2,7).

Remark. The following example shows that the limit function w. € H.(22,7),
whereas successive approximations wy, fail to converge in H.(f2,7). Consider again the
initial value problem

1
8.w-6w+(TT)2, w(0,z)=0

whose solution is given by (5). Here Q = {z : |zl < 1},n = 1,0 <t < 1—|z|. The
successive approximations are

1 ¢ n+1
Bl ()

uf,&t},z)}- 1—2—t¢ 1-2

(n20)
showing that ||walls <3 (n > 0). Moreover,

n+1 1—IZ|—t
1—2z—t

(8)

|w,,(t,z) - W(t)z)id(t)z) = ‘1 i z

implying ||wn — w|l« = 1. The sequence {wn}n>o is, therefore, not convergent in
H.(R,7). Relation (8) shows, however, that it is locally uniformly convergent in accor-
dance with the corollary.
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4. Concluding remark

W. Walter’s approach to the Cauchy-Kovalevskaya problem can be modified in such
a manner that initial value problems with generalized analytic initial functions can be
solved as well. This has been done ) in [7] (cf. also [8]; for generalized analytic functions
see L. Bers (2] and I. N. Vekua [9]). W. Walter’s approach is also applicable to initial
value problems in associated spaces: Suppose the initial function belongs to a space
which is associated with the right-hand side of the differential equation (1). If the
right-hand side of the differential equation (1) maps the associated space into itself and,
further, the elements of the associated space permit a suitable interior estimate, the
initial value problem can then also be reduced to a fixed-point problem for the related
operator (see [3]). The considerations of the present paper can be carried out in these
cases as well.
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% Since the maximum modulus principle is not true for generalized analytic functions, in
general, an analogous *-norm has to be defined via an exhaustion of Q.



