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Asymptotic Inequalities
Related to the Maximum Modulus of a Polynomial

C. Frappier and M. A. Qazi

Abstract. Let P, be the class of all polynomials of degree at most n. If || - || denotes the
supremum norm on |z| = 1 and Mp(R) = maz|;=r|P(z)|, then for an arbitrary polynomial
P(z) = 30 _sa.z" in Py, the inequality Mp(R) < R"||Pj| holds, with equality if and only if
a = ... =an—1 = 0. Given n,k € Nwith 0 < k <n-—1,let pni(R) be the largest number
such that Mp(R)+ @a,k(R)lar| < R*||P]] (R > 1) for all P € P,. Values of pn (R) for k = 0
and k = 1 are known since some time. We study the case k > 2.
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1. Introductior_l

Let P, be the class of polynomials P(z) = 5 I_; a,z” of degree at most n. We write

1Pl = mex |P(2) (1)

and

Mp(R) = max [P(2)] (12)
If P € P,, then according to a well-known result of S. Bernstein {1: p. 45],

IP'll < n|P]|. (1.3)
Also the inequality (see [7])

Mp(R) < RY|P]  (R21) . (1.4)
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is well known. In both inequalities (1.3) and (1.4) equality holds if and only if P(z) =
an2”, ie. if and only if the coefficients a, (v =0,...,n—1) are zero. Given n € N and
0<k<n-1,let ckg(n) and wn,k(R) be the best possible constants such that

1Pl + ck(n)laxl < n||P| (1.5)
and
Mp(R) + ¢ni(R)lar| <R"|P|  (R>1) (1.6)

hold, respectively, for all P € P,. In inequality (1.6) the statement ”best possible”
must be understood in the following sense:

For every ¢ > 0 there ezists P, € P,, with P.(z) = Z:=o a,(e)z¥ such that

Mp.(R) + (@nk(R) + €)lax(e)l > R™[[Pf|.
An analoguous statement holds for inequality (1.5).

Exact values of the constants cy(n) and ¢,(n) have been calculated in [5]. The value
of the constant c;(n) appears in [4]. Unfortunately determining the exact value of the
constants ck(n) for k > 3 turns out to be quite cumbersome. However in [3] we were
successful in investigating their asymptotic behaviour. To be precise we proved the
following

Theorem A (see (3]). Let ck(n) (0 < k < n — 1) be the constants in inequality
(1.5). For each k , the sequence {ck(n)}nen tends to a finite limit cx as n — co. This
limit constant cx is, for k > 2, the smallest positive oot of the -equation

D(2,0,0,...,0,z,-22,2,0,0,...,0) =0
e — N
k zeTos k—2 zeros

where D(bo,b1,b2,...,by) is the determinant of the matriz

bo b] e bn—l bn
51 bo te bn—2 bn-—l

M(bo,b],bz,...,b")= . ’
Eyl—] En—Z e 1_70 bl

bn  baoy - by bo

As regards the constants v, x(R) (0 < k < n — 1) in inequality (1.6), values of
¢n,0(R) and @n,1(R) are known since some time. Indeed we have the following

Theorem B (see [5: p. 70]). Let P € P, with n > 2. Then for all R > 1
Mp(R) + (R" = R""?)|ag| < R"||P. ‘ (L7

The coefficient of |ag| is best possible for each R.
Theorem C (see [5: p. 80]). Let R> 1. Then

Mp(R) + ¢n,1(R)|a1| < R™|| P for all PP, (1.8)
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where

v11(R)=0

v21(R) =R <V R22+' - - 1)

31(R) = (R* - R)(VR*+R+1-1)

n n—2 -1 1 :
= bt T > -
©Yn,1(R) (R R ) < 1+ R for n>4

The coefficient of |a)| is best possible for each R.

In this paper we study the constants pn x(R) (0 < k¥ £ n — 1) in inequality (1.6)
for k > 2.

2. A method of proof

The method of proof we wish to describe here has been used successfully to establish
various extremal inequalities (in particular (1.7) and (1.8)). We include its details for
sake of completeness.

Consider two analytic functions

oo oo

f(z) = Za‘,z" and g¢g(z) = Zb,,z" (Jz] £1).

v=0 . v=0
The function

Fro)x) =Y abz (<)

is said to be their Hadamard product. Let us denote by B, the subclass of P, consisting
of those polynomials @ for which

IQ*PI <P forall PePn S (21)

To any polynomial Q € P, we associate the polynomial Q(z) = z"Q(%); thus Cj depends
on the class P, and not just on Q. Observe the equivalence

QeB, <« QeB. (2.2)

In looking for the constants ¢, «(R) in (1.6) we divide both sides of this inequality
by R™ and note that

1 .
E(MP(R) + (Pn,k(R)lakI) = sup “Q * P”
el <o+ (R)

where o .
. . R’z Rf+a,
Q(z) = Qal2) = >  t 2

k#j=1
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Then it would suffice to show that Q, € B, if || < ¢n k(R). In view of the equivalence
(2.2) we may prove, instead, that Qq € By if |a| < ¢, x(R). We shall do the latter since
Qa(0) = 1 and a fairly straightforward procedure described below can be used.

Let us denote by BY the subclass of By consisting of those polynomials P in B,, for
which P(0) = 1. The following lemma contains a useful characterization of BY.

Lemma 1 [5: Lemma 2|. The polynomial 377_ bjz) with by = 1 belongs to BY if
and only if the matriz M(1,by,b2,...,b,) 13 positive semidefinite.

In order to study the definiteness of the matrix M(1,b;,b2,...,b,) associated with
the polynomial Q(z) =1+ E;:o b;z? the following well-known result is used.

Lemma 2 [6: Vol. 1/p. 337]. The Hermitian matriz

a;; @iz - Qin
azy azz -+ Qzq . _

. with ai; = Qj;
Anl Ap2 - Qnpn

18 positive definite if and only if its leading principal minots are all positive.

According to Lemma 1, the inequality ||Qq * P|| < ||P|| is satisfied for all P € P,
and |a] € ¢ x(R) if and only if the matrix

M(R*,R""',...,R¥' R* 4+ o, R*™', ... R% R,1) (2.3)

is positive semidefinite for |a| < ¢n k(R). Now by Lemma 2, the constant ¢, «(R) can
be seen as the largest number &, x(R) such that each leading principal minor of the
matrix (2.3) is positive for all a in |z} < &, x(R). The positivity of the leading principal
minors of order less or equal n — k does not depend on a and-is easily checked. Indeed,
this follows in the light of the above discussion and from the fact that inequality (1.4)
holds. Thus only the leading principal minors of order greater or equal n — k + 1 of the
matrix (2.3) need to be investigated. However, determining the exact value of £, k(R),
i.e. Ynx(R) when 3 < k < n — 1 turns out to be complicated. In this paper we will
study its behaviour as R — c0. To be precise we will prove the following

Theorem. Let the constants on k(R) (0 < k < n—1) be as in inequality (1.6).
Then

@ni(R)=(R" - R"?)(1 = fi(R))  for 2+2k<n

where 0 < fix(R) <1 is independent of n. Furthermore

Rlim Rfi(R) = 2cos > 0).

g
k
k+2 (k2
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3. Auxiliary results
For the proof of the above theorem, some auxiliary results will be needed. They are
presented in this section.

Lemma 3. Let0<j <k <n and set
dokj(Ria) = D(R*,R*™', . R R* 4 o, R¥"' . . RY) (a€C). (31)

Then

; a
doj(Ria) = R,y oy iy (R; E) . (3.2)

The proof of the above Lemma is straightforward. Applying (3.2) recursively we
immediately obtain

Corollary 1. If0<j <k <n, then

i a
dn i j(Ra) = RO, 5y 50 (R; g) :
As another consequence of Lemma 3 we mention

Corollary 2. Ifn > k, then

¢nk(R) < R* - R*? (R2>21). (3.3)
Proof. It follows directly from Lemma 3 that
on k(R) < Rpn_1,k-1(R) for 1<k<n. (3.4)
Now applying (3.4) recursively and using Theorem B we get.(3.3) for n > k + 2. The
cases n = k + 1 and n = k are obvious since ¢;,0(R) = R—1 and o o(R) =01

Our next lemma is a crucial one in the study of the a,symptotlc behaviour of the
constants ¢, k(R) in inequality (1.6).

Lemma 4. Let 0 < j < k< n and dni j(R; a) the function deﬁned in (3.1). Then
for R >1 the roots A of the equation

dop j(R;A) = 0

are real.

Proof. The proof is analogous to that of [3: Lemma 6] and it is thus omitted il



752 C. Frappier and M. A. Qazi
4. Proof of the Theorem

Let us recall from Section 2 that in order to study the constants ¢, ¢(R) (0 < k <n-—1)
in inequality (1.6) we are led to examine the positivity of the leading principal minors
of order greater or equal n — k + 1 of the matrix (2.3). In view of Corollary 1 we may
instead consider the determinant

D(R™ R™, ... ,R** R +~,R*7',... R’ R,1) (4.1)

where m = n—j, s = k—j and v = §;. By means of appropriate elementary operations
and substitutions we will reduce this latter determinant to one which is simpler to handle
and which will eventually lead to the desired result. - The following reasoning may need
to be adapted if s =0,s =1or s =2.

So take the determinant .(4.1) and
(i) subtract & times its (¢ + 1)-st row from the i-th row for i = 1,2,...,m. Then
(ii) for ¢ = 1,2,...,m divide the i-th row by R? — 1.

(iii) In the resulting determinant subtract % times the (I + 1)-st column from the
l-thonefor 1 =1,2,...,m.

(iv) Now note that for m > 2s+ 2 each of the rows number s +2 to m — s — 1 of the
resulting determinant contains only one non-zero element and that it is R™~? (nothing
has to be done if m = 2s + 2). Developping it by these m — 2s — 2 rows one after the
other yields the equality

D(R™R™,...,R**' R* +~,R°7',...,R%,R1)

— R(m—?)(m—Za—Z)(RZ _ (42)

1 )"'1 | [Cu,v]h <p,w<2s+3
where

R™-2 fvr=p
~ R fv=p+s+1

Cpw = ‘;Sz%%tl_)_;'j fv=p+s+2 ~ (for 1<u<s)

—rE—ny Hv=p+s+3

otherwise
R™2 fvr=s+1
coun = | ~E fv=2042
o fvr=2s+3
0 otherwise
—R(_Ri—_l) fv=p—-s5-3

— fvr=p—s-2
RAR (for s+2<pu<25+2)

Cup = .
w.v —’RE-D fv=p—-s-1
m

fv=yu
otherwise
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(here, and in what follows, there is no term if » < 0) and

C2s4+3,0 =

_x

_R

Y

R™ ifv=
0

ifv=
if v =

s+1
25+ 3

otherwise.

(v) In equality (4.2) put vy = B(R™ — R™"2). Next
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(vi) divide the i-th row by R™"4 for i = 1,2, ... ,25 + 3. Then factorize R from
columns s + 1, s + 2 and 2s + 3. We follow by factorizing R from rows s + 1, s + 2
and 2s + 3. The determinant so obtained is easily seen to be an expression of the form
F(|B|?) where F is a polynomial; thus its minimum is independent of arg 5. Indeed,
simply multiply the first s + 1 columns by 8 and then divide the first s + 1 rows by the
same quantity. Furthermore it is independent of n. To be precise, if we divide the last

row by R? — 1, then

D(R™ R™,...,R**' R* 4+ ~,R*™',...  R%, R,1)

? s~
— Rm —m—4s Z(RZ _ l)m+1|[C;‘,”]|lS“’”52;+3

where, with z := |8,

'
c =
s+1,v 1

v
C:+2,u— 1

fv=1
frv=s5+2
fv=s+3
fr=s5+4
otherwise
fv=yp
fv=p+s+1
fv=p+s+2
fv=p+s+3
otherwise
ifl/:.S
ifvr=2s+1
fvr=2s4+2
fvr=2s+3
otherwise
fr=s4+1
ifvr=2s5+2
fr=2s+3
otherwise
ifvr=1
fvr=s+2
otherwise

(for 2<pu<s-1)

(4.3)
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—Rz? "frv=p-s5-3
(R2+1)z? fv=p-5-2
C:;,.I: —Ra? fvr=p—s-1 (for 5+3$p§23+1)
R? fv=yp
0 otherwise
—Rz? Jifrv=s5-1
(R2+1)z? ifv=s
CI2:+2,V =< —332 i fv=s +1
R? fv=2s+2
0 otherwise
—z? fr=s
c - 122 : fv=s+1 -
ARSI P ifv=2s+3
0 ~  otherwise.

At this stage of our proof we may assert that
_ n _ pn-2 a Y
eni(R)=(R" - R )0‘2}& X;(R) (4.4)

where X;i(R) =1 - fj,k(R) is the smallest positive root of the polynomial appearing
in (4.3) and Xjx(R) is independent of n. Let minocj<k X;x(R) =: 1 — fe(R) so that,
in view of Corollary 2, 0 < fx(R) < 1, where fi(R) is independent of n.

We will now study the asymptotic behaviour of fx(R). In order to do this we take
the determinant in (4.3) and we

(vii) subtract its i-th row from its (s + ¢ + 2) — nd row for : = 1, 2,...,s. Then
divide the (s + ¢ + 2)-nd row by R, again for : = 1,2,.

(viii) Subtract the new (s + 1)-st column from the new (2s + 3)-rd one. Then, for

:=1,2,...,s, we divide the i-th row by R2. In the resultmg determinant multiply the
(2s + 3) rd column by R. Thus

D(R™ R™,... R™*' R+, R, .. ,R’,R, 1)

(4.5)
— Rm7_m—a—3(R2 _ 1)m+1|[‘3§,y“15u,u52:+3
where
1 fv=1
—ﬁl; fv=s+2
Clll,y=ﬁ%?—l fr=s+3
L —}—3 fv=s4+4
0 otherwise
(1 fv=p
-5 fv=p+s+1
Clw = R—z,;‘"—’ fr=p+s+2 (for 2< u<s)
—% fv=p+s+3
\ 0 otherwise
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1 fvr=s+4+1
c;’+1’u = —1 ifV = 23 +2
0 otherwise
—z? fv=1
C;’+2,u= 1 fv=s+2
0 otherwise
Y ifv=1
—z?2 frv=2
1 'fu=s+2
o’ — R 1
3. —% fr=s+3
1 fv=s+4
0 otherwise
(here, and in what follows, Y := R(z? — 1) + iRi) and
—z2 ify:;l,—s—3
Y fr=p—s-2
_1;2 ifu:/.t—s—l .
=41 Hr=p-1 (for s+4<p<2s+1)
—# fv=p v '
1 fv=p+1
L 0 otherwise
'—.'172' fr=s5s—-1
Y2 cifrv=s
-% L ifrv=s+1
Craran =14 1 fv=2s+1
_LR fv=2s+2
22 +1 ifv=25+3
Lo otherwise
—z? fv=s
- _ )z fv=s+1
23+3,v R(l—l‘2)+'ﬁ5R__1 ifv=2s+3
0 .

otherwise.
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(ix) In identity (4.5) let us make the substitution z = 1 — %- -In view of Lemma
4 the roots of the polynomial appearing in (4.5) are real. Thus invoking Hurwitz’s

theorem we may infer that'

dim Rf;x(R) =: djk
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where d; & is the positive root, closest to one, of the limiting polynomial

s 4+ 1 zeros . 3 zeros

— - -

1 0 0 0 0 0 0 1 0 o0 0 0 0

0 1 (] 0 0 0 0 01 o0 0 o 0

M 0 0 [ 1 0 ) 0 o o0 o0 1 0 0
. ) 0 0 0 1 0 0 0o o0 o 0 1 0
0 ) 0 0 0 1 0 o o o 0 -1 0

-1 0 ) 0 0 0 1 o o o 0 0 0

—-2¢ -1 (] 0 0 0 0 o 1 o 0 0 0

-1 -2¢ -1 0 0 0 0 1 0 1 0 0 0

- 0 -1 ~2c 0 0 0 o o 1 o 0 0 0
v . H u . . .
~ . . . . x . . .
- 0 0 0 -2 =1 0 0 o o0 o 0 1 0
! 0 ) 0 -1 ~2¢ 0 0 o o o 1 0 2
0 0 0 0 -1 1 0 o o o 0 0 2¢

(4.6)

which we denote by G(c). This limiting polynomial is equal to 2c if s = 0, to 4(c? — 1)
if s =1 and to 8(c® — 2¢) if s = 2. Our next goal is to calculate the value of d; x. For

this we further simplify (4.6) by

(x) subtracting its (s + { + 2)-th column from its I-th one for I = 1,2,...,s. We
note that as regards rows number 1 to s of the resulting determinant each one of them
contains exactly one non-zero element and that it is 1. We develop the determinant by
these rows one after the other. Next, in the determinant of order s + 3 so obtained we

(x1) subtract the (s + 1)-st column from the s-th column. Finally expanding the

determinant by its first row and then by its (s + 2)-nd column we get

G(c) = 2*77%1 . D(¢,1, 0,...,0 ).
N s
k—j—1 zeros

It is well known (see, for example, [2]) that

2 2

_\ k—j+2
2 _ — 2 _
D(c,1, 0,...,0 )= —— (”VC 4) _(u
P

k—j3—1 zeros

It follows the equivalence

D(e,1, 0,...,0 )=0 — c¢=2cos
N —

k—j—1 zeros

vw
k-7+2

dir = _r
whence d; x = 2cos = So,

. ™
Rlx_r’noo RfkgR) = pax, djx =2cos Py

This completes the proof of the theorem.

) k—j3+2

O<v<k—j+2)
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5. Concluding remarks
In this section we present additional results which turn out to be consequences of the
proof of our Theorem. :

5.1 Since the qua.ntit); ming<;<k X;,k(R) appearing in (4.4) is independent of n, we
readily obtain

¢nt1,(R) = Ronk(R)  (n>2k+2).
This result in conjunction with (3.4) gives

oni(B) S pupa(R)  (n 22k +2).

5.2 Another interesting observation is one which links ¢, x(R) with the constant
ck appearing in the statement of Theorem A: let us write inequality (1.6) as

Mp(R) — Mp(1) ¢nk(R) lai| < R -1
R-1 R-1 "M =R

1Pl (R>1).

We will show that limg_.; ‘F—'k‘_(—lm =: 1 exists, at least if n > 2k + 2. Thus, provided
Mp(1) exists we will obtain

Mp(1) + b |kl < nl|P]. (5.1)

It follows from (4.4) that, for n > 2k + 2,

Y = 2’111_r511 ( mm XJ,k(R)) = 201111121,c ( hm Xk (R))
if imp—; X k(R) exists for 0 < j < k. But if we multipiy the last row of equality
(4.3) by R? — 1, let R — 1 in the determinant so obtained and expand the resulting

determinant by its last row we see that limp_; X;x(R) =: 1[)2') is the smallest positive
root of the equation

D(1,0,0,...,0,-z,2z,~z, 0,0,...,0 ) =0.
N e’ N e’
k—j Zeros k—j—2 Zeros

It is known from (3] that ming<;<k z,bij) = 1/)£°) and we infer that 1 = cx. Hence,
applying estimate (5.1) to the polynomial P(pz) (p > 0) we obtain the following result:

Let Pe€ Pp, (n>2k+2)and p>0. If Mp(p) exists, then

PMp(p) + cklaklp® < nMp(p)

where ci i3 the constant defined in Theorem A. -
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