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Second Order Sufficient Optimality Conditiohs
for a
Nonlinear Elliptic Boundary Control Problem

E. Casas, F. Tréltzsch and A. Unger

Abstract. In this paper sufficient second order optimality conditions are established for opti-
mal control problems governed by a linear elliptic equation with nonlinear boundary condition,
where pointwise constraints on the control are given. The second order condition requires
coercivity of the Lagrange function on a suitable subspace together with first order sufficient
conditions on a certain set of strongly active points.
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1. Introduction

Optimal control problems governed by nonlinear elliptic partial differential equations
have already been considered by many authors. We refer only to the papers of Casas
(2, 3], to the book of Tiba [16], and to the references therein. Meanwhile, the existence
of optimal controls and first order necessary optimality conditions of the maximum-
principle type are well investigated. It is known that in the case of nonlinear equations
the first order conditions are in general not sufficient for optimality. In this paper we
are going to derive a second order sufficient optimality condition for a class of semi-
linear elliptic boundary control problems. For parabolic boundary control problems
second order sufficient optimality conditions were established in papers by Goldberg
and Troltzsch {7, 8]. It is more or less obvious that these optimality conditions can be
transferred by the same technique to elliptic problems. However, a comparison of the
results in [7, 8] with second order optimality conditions for optimization problems in
spaces of finite dimension reveals that the gap between the sufficient optimality condi-
tions in [7, 8] and corresponding second order necessary optimality conditions is quite
large. Taking into account the active set of optimal controls, this gap can be partially
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closed. The known difficulty in the theory of sufficient optimality conditions for ex-
tremal problems in function spaces is the so-called two-norm discrepancy. This problem
was resolved, for instance, by loffe [10] and Maurer [14].

In recent years further considerations have shown that some weaker sufficient op-
timality conditions can be established for abstract optimization problems in Banach
spaces and for optimal'control problems governed by ordinary differential equations.
We refer, for instance, to Dontchev et al. [5] and Malanowski [13). The main idea is
to introduce a third norm taking into account the measure of positivity of some terms
occurring in the variational inequality. We will use this idea to derive a second order
sufficient optimality condition in the case of elliptic partial differential equations.

2. Formulation of the optimal control problem

We consider the optimal control problem to minimize

F(w,u) = /Qtp(w(a:)) dz + /F ¥(u(z), w(z)) dS; o ()
subject to
—Dw(z) +w(z) =0 in
dw, . (2)
—67(3:) =b(w(z),u(z)) onT
and to the constraints on the control u € U*¢, where
U = {v € Loo(T')| uq < v(z) L up a.e. on F} - (3)

where uq,,up € R with us < us. U2 is a non-empty, bounded, convex, and closed
subset of Loo(I'). In this setting (.Ta; denotes the normal derivative (in the direction of
the outward normal vector n on I'), and dS; is the Lebesgue surface measure defined
on I

The solution of the boundary value problem (2) is considered in the following weak
sense. :

Definition 1. A function w € W} (Q2) is said to be a weak solution of the boundary
value problem (2), if for all v € W} (Q2) the equation

"\ Jw Ov
| /,-,(Z___; (-9-;:51:—‘+wv> d:z:—/l:b(w,u)vdst (4)

To make the optimﬂ control problem (1) - (3) well defined we impose the following
assumptions (A1) and (A2):

is valid.

(A1) The function ¢ : IR — IR and all derivatives up to the second order are globally
Lipschitz continuous. The functions ¥ : Rx R - Rand b: R xR — IR are
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twice continuously differentiable with respect to both arguments. Furthermore,
the function b is monotone decreasing with respect to the first argument and
all partial derivatives of ¢ and b up to the second order are globa.lly Lipschitz
continuous.

This property of the function b guarantees the existence of a unique weak solution of the
boundary value problem (2) for each fixed u € U (cf. Kinderlehrer and Stampacchia
[11]).

(A2) Theset 2 C R is assumed to be a bounded domain with a sufficiently smooth
boundary T such that the weak solution w of the boundary value problem (2)
is an element of W}(Q) with some fixed p > n and W}(Q) is continuously
embedded into C(f2). Moreover, we suppose that for all admissible controls
uy, up € U and the corresponding solutions w; and w, of the boundary value
problem (2) the estimate

llwr —wallwpa) < cpllur — uallL,(r) (5)

1s valid.
Note that assumption (A2) implies

lwy = wallo@y < cllwr = wallwpay < €llur —uzll,(ry < coollur = uellpg,(r)-

We have stated assumption (A2) in order to underline that our method can be trans-
ferred to more general elliptic equations, for instance including some elliptic operators
with bounded and measurable coefficients.

Next, we shall show that assumption (A2) can be fulfilled for sufficiently regular
domains Q. For instance, suppose that  is a bounded domain with a C'-boundary T.
Then we can use the following regularity result of Gréger.

Lemma 1 (see Groger [9)). " The weak solution w of the linear boundary value
problem
~-Aw+w=0 inQ

. (6
g—l:::g onT (6)

is an element of W,,(Q) (1 < p' < o0) provided the function g is an element of Ly (T).
Let w; and w2 denote the solutions of the equation (6) correspondmg to g1,92 € Ly(T),
respectively. Then the estimate

lwy — w2llwy, (@) < cLllgr = g2lle,.(r)
P

18 valid, where the constant ¢y, does not depend on the choice of g and g,.

This lemma ensures the assumed regularity of the weak solution of problem (2). To
verify -estimate (5), we proceed in the following way.
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A unique solution w € W} (Q) of the state equation (2) exists due to the assumptions
(A1) and (A2) on b and . -Furthermore, we have for the solutions w, and w, of the
state equation (2) corresponding to admissible controls u; and u, from %®, respectively,
the following:

llws = welliy; q =/n (Zn: (_3_("’;3‘;_‘“’2)) - wZ)Z) “

i=1

=/F(b(w1,u1) — b(wz,u2)) (w1 — w2)dS,
:/Ij(b(w,,ul)— b(wa,u1)) (wi — w3)dS,
+ /l"(b(wg,m) = b(wz, u2)) (w1 — w2)dS;.

The first integrand is non-positive. Using the trace theorem and the Lipschitz property
of b, we conclude finally

lwr — wallw; oy < cllur = uallz,(0)-

The trace theorem shows that the trace 7w on I is in W, /2(1‘). This space is embedded
into L, (T") with some p! = 2221 > 2 because of known embedding theorems. In the
case n = 2 we can choose for instance p' = 3. Owing to the Lipschitz property of b and
to the inclusion u € Loo(T), we can identify the function d(w(-),u(-)) with a function
g € L,:(T'). Lemma 1 implies that the solution w belongs to W’}, (2). Moreover, Lemma

1 and the estimate of ||w; — w.|| in W}(£2) imply with a generic constant ¢

llwi ~ wallw:, @) Selib(ws,w1) = b(wz, u2)liz, (r)
o Ze(llrwr = rwell )+l = wallz )
e (cflwr = wellwy () + llur = u2llz, (ry)

<cllur — uzllp, (r)-

So we have proved property (A2), if n = 2. In the case n > 2 we repeat the consider-
ations starting with p! instead of 2. In this way the solution w of the state equation
(2) is seen to be an element of W,(Q) with some p? > p', and the stated estimate
can be proved in W;,(Q). Repeating this bootstrapping argument sufficiently often, we
construct a sequence {p‘}, where p*! > p*. It can be shown (see Eppler and Unger [6])
. that it is possible to choose py = 2 and p't! = p' + ;"1—2 fort =1,2,.... So we are sure
to arrive at p > n after a finite number of steps. The assumed estimate follows from the
last estimation replacing the spaces W1 (), Ly (T) and W3(Q) by Wit (), Lpi+a (T)
and W;,-(Q) for i = 1,2,..., respectively. As a further corollary we have that the norm
of all feasible states u is uniformly bounded in W}}(Q), since U*? is bounded.

If we assume in addition that the cost functional F(w,u) is convex with respect to
u and the function b in (2) is linear with respect to u, the existence of a solution of the
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optimal control problem (1) - (3) follows by standard methods (cf., for instance, Eppler
and Unger [6]). However, we shall not rely on this assumption. We just suppose that a
fixed reference control uy is given, satisfying certain optimality conditions.

Let us introduce the Lagrange function £L = L(w,u,y) for our optimal control prob-
lem (1) - (3) in the following way:

Lw,u,y) = [pw)de+ / $(w,u)dS.

Q

Ow 0Oy
/ (Z 9z, Oz, + wy) dr + /b(w,u)y dS,.

r

This function is well defined and twice continuously differentiable w1th respect to the

space (C(2) N W}(Q)) x Loo(T) x (C() N W} (Q)).

Standard considerations apply to derive first order necessary optimality conditions
at ug. They can be written in the form

Lw(wo,uo,y0) =0 (adjoint equation)
and
Lou(wo,uo,yo)(u —ug) >0 for all u € usd - (variational inequality).

Subscripts denote as usual associated partial derivatives. In detail, the adjoint equation
for y = yo reads

~Oy+y = pu(wo) | in Q

oy . . |
a—z(: bw(wo‘yu())y + “/)w(wO)u‘O). . on F‘

The variational inequality admits the form .

/ (¢u(wo,uo) + bu(wo, uo)yo)(u — uo)dSz > 0 forall u €U
T

To simplify the notation we denote in‘the sequel the pair (w,u) by v.

Definition 2. The pair v = (w,u) is called admissible, if u belongs to U°¢ and w
is the weak solution of the boundary value problem (2) corresponding to u.

Two norms of v = (w,u) corresponding to the spaces
Vo = W}(Q) x Ly(T) and Voo = W;(Q) X Leo(T)

are given by

1
2
Nvllz = ||w||€vl 0 +||“||§,,(r) . and |lv]leo = max ||w||w1(n)’||"||Lm(l‘) ’
2 () »
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respectively.

The simplest second order sufficient optimality condition which can be transferred
to our elliptic optimality problem (1) - (3) from the parabolic case can be formulated
as follows:

Assume that for an admissible pair vy = (wo, uo) the first order necessary optimality
conditions are satisfied. Let yo be the associated adjoint state. Suppose the existence of
an a > 0 such that the second order derivative of the Lagrange function £ = £((w, u, y)
with respect to w and u fulfils the estimate

va(vo,yo)[(h,5),(h,5)] 2 a”(h16)”§ (7)

for all (h,8), where § = u — uo with u € U®? and h is the weak solution of the corre-
sponding linearized equation

—-Ah+h=0" " in
Oh
= bw(vo)h + bu(vo)d ~onTl.

In this condition, the second order derivative of the Lagrange function £ has to fulfil
the estimate with respect to all admissible controls u. From the theory of optimization
in spaces of finite dimensions weaker second order sufficient optimality conditions are
known. More precisely, an estimate of type (7) has to be fulfilled only with respect to
all u from some subset of the admissible set #/%¢. Using ideas of Dontchev et al. [5]
and Malanowski [13) we will derive such a sufficient optimality condition in the next
sections.

3. Motivation of a second order sufficient optimality condition
Let us.consider the following mathematical programming problem:
(P) Minimize f(z) subject to z € R¥ and h(z) = 0 as well as g(z) > 0

where f, h and g are smooth functions. For this problem the following second order
sufficient optimality condition is known (cf., for instance, Collatz and Wetterlmg [4] or
Spellucci [15]).

Theorem 1. Let z* be an admissible point of problem (P) satisfying the first order
necessary optimality condition with associated Lagrange multipliers p* and A\*. Then
the point z* is a strong local minimizer, if an o > 0 ezists such that '

| V() = Y A VPau(a) Zu,Vzh (z)])z 2 az™z  (8)
i=1 i=1
for all z .satx.sfymg the conditions
2TVhi(z*) =0 (9)
TVg(z) 20 if gi(z*)=0 (10)
ZTVgi(z*) =0 if Al >0. (11)
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Comparing this sufficient optimality condition with the sufficient optimality condi-
tion (7) for the elliptic control problem (1) - (3) we observe:

Estimate (8) corresponds to estimate (7). Equation (9) can be viewed as a represen-
tation of the linearized partial differential equation in the sufficient optimality condition
for the control problem (1) - (3). Inequality (10) means that # = z* + az is admis-
sible with respect to the linearized inequality constraints for sufficiently small a. In
the context of the control problem (1) - (3) this corresponds to restrictions on 6 in the
sufficient optimality condition for the elliptic control problem (1) - (3). However, there
is no corresponding term for condition (11). It is this additional condition, which we
shall add to the sufficient optimality condition.

Usually, necessary optimality conditions for optimal control problems have to be
satisfied for all u from some control set ¢°¢. To simplify the presentation, let this set
be described by

ust = {u € Loo(l")‘ u(z) 20 ae. on I‘}.

Introducing formally a Lagrange multiplier function A with respect to the inequality
constraints, the variational inequality reads

/ (1/),,(w0,uo) + bu(wo,‘uo)yo - /\)(u - uo)dS, >0
r

for all u from the whole space Loo(I'). Thus, the left factor under the integral sign has
to vanish identically on I'. In this way, we can identify A with 1, (wg, uo) + by (w0, uo)yo
in some sense. The formal multiplier function A plays in this case the same role as the
vector A* in Theorem 1. A suitable interpretation of condition (11) on z is now given
in the case of the optimal control problem (1) - (3) by

u(z) = uo(z) =0 if Wi (wo(z),uo(z)) + bu(wo(2),uo(z))yo(z) > € > 0.

In the next section we will modify this intuitive additional condition and prove the
sufficiency of a corresponding second order optimality condition.
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4. Second order sufficient optimality condition

In what follows let vp = (wo, uo) be an admissible reference pair for the optimal control
problem (1) - (3). We do not assume that v achieves the global minimum of this
optimal control problem. However, we suppose that the first order necessary optimality
conditions are fulfilled at vy with the associated adjoint state yo. This is the optimality
system

)

/(zf;n(vo) + bu(vo)yo ) (v — ug)dS; > 0 for all u € U*?  (var. incqu.)
r . .

—Ayo + Yo = @w(vo) in Q
. (adjoint equ.) .
o = by (vo)yo + Yw(vo) onI (12)
on :
~Awy +wy =0 in
‘ (state equ.).
% = b(wg,uo) onTl
6n 7

In other words, vg = (wq,ug) is a stationary pair, which need not be optimal in any
sense. It is well known that the variational inequality holds if and only if

(Yu(vo(2)) + bu(vo(z))yo(z)) (v — uo(z)) > 0
almost everywhere on I for all u € [u,, up).
Next, we define a set of positivity.

Definition 3. For ¢ > 0 the set of positivity I', denotes the measurable subset of
[ such that :

u(v0(2)) + bu vo(2))vo(2)] 2 ¢

holds for almost all z € T,.

_ Remark. Owing to the assumptions on 2, the adjoint state yo is continuous on
Q. Thus, the function ¥, (vy) + by (ve)yo is measurable on T, and the definition makes
sense. It is possible that the set of positivity is of measure zero.

Corollary 1. The estimate

/ (IIJu (‘uo(x)) + by (vo(:c))yo(z)) (u(:c) - uo(a:))dS, >ellu — uol|,(r.)

re

holds true for all u € Y2,

Before we start to discuss second order sufficient optimality conditions we derive
some useful technical results. In all what follows, ¢ denotes a generic constant. At first
we remind of the continuity of the adjoint state yo. Therefore, the assumptions on the
functions standing in the objective (1) and in the equations (2) allow us to prove the
following statements.
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Lemma 2. The second order derivative of the Lagrange function £L = L(v,y) at
(ve,yo) with respect to v fulfils the estsmates

va(voyyo)[(h'l’61):(}1%62)]' < cc|i(hi, 61)121l(A2, 82)|2 (13)

and

Lyo(vo, yo)[(k,6), (R, 6)] — Cw(v,yo)[(h,5),(h,5)]l < Cellv = vollooliCh, )13
for all (h,6), (hi,8:); v € W3 () x Lo(T).
Proof. The second order derivative £,, of the Lagrange function £ is given by
Loy(v0,Y0)((h1,61), (h2,62)]

= / (bww(vo)hlh2 + bwu(vo)h162 + buw(vo)brh2 + buu(vo)5152)yo dsS;
r

4 [ (Duntlhahe + buns0)ads + bulso)ish + bua(ro)6162) dS:
r

+ /<pww(wo)h1h2 dz.
Q
The control ug is bounded in the sense of Loo(T'), and the state w is bounded in the sense
of C(Q). Therefore, all second order derivatives under the integral sign are uniformly
bounded in the sense of Loo(I'). The adjoint state yo is continuous on Q. For that
reason we are able to estimate

Lou(vo,90)l(1,61), (ha, 82))|

<ec /h,hgd:: +'/ (h,hg 4 hyby+ 61k + 5,62)d5,
r

+ / (hlhz + hiby + 61hy + 6162)d5’,
r
< c||(h, 8i)li2ll(R2, 62)ll2-

To prove the second estimate we easily find

Lyy(vo, yO)[(ha 6)1 (h, 5)] - Cuv(v’ yO)[(hv 6)7 (h, 6)]
= [ (puntw) ~ puntw)tds + [ { @unloo) = pun(w))?

Q r

+ 2($uu(v0) = Yuu(0)) R + (Buu(vo) = Buu(v)) 87 }dS.
+/{(bww(vo)—bww(v))h2

r
+ 2(buu(v0) = buwu(v))hd + (buu(vo) - buu(v))52}y0 dS,.
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The second order derivatives of ¢, ¢ and b are assumed to be Lipschitz continuous.
Therefore,

Louw0,30)](h, 6), (k. )L = Lon(0,30)((1,6), (b, )]

<c (/ |wo — w|h¥dz + / (|v0 — v|h? + 2Jvo — v| ] |6} + |vo — u|52)ds,

Q r

+/ (m, — v|h? + 2[vy — o] k] 6] + Jvo — v|52)yo dSz) .
r
Now the second estimate follows immediately B

The next results are concerned with properties of remainder terms. We will use the
following notations:

r?(vo,v) = b(v) — b(vo) — by(ve)(v — vo)

(first order remainder term of b at v,)

1
75 (v0,Y0,v) = L(v,y0) — L(vo,y0) — Lo(v — vp) — ELvU(UO:yO)[U — vg, v ~ v
(second order remainder term of £ at (vo, o))

with.by(vo)(v — vo) = by (vo)(w — wo) — bu(vo)(u — uo). In the sequel the sign |{| denotes
either the absolute value, if [ is a real number, or the Euclidean length of I, if [ is a
vector. : :
Unfortunately, the Nemytskii operator & is not Fréchet differentiable from L,(T) x
Ly(T) to Ly(T"), since
lI3 (vo, )| a(r
llv. = voll Ly (r)
as ||[v — vollr,(ry — 0. However, we have

-+ 0

Lemma 3. For the first order remainder term rt(vg,v) of b at vy the estimate
l|T?(U0xU)||L2(r)
llv = voll2
13 valid for all v € W, () x Leo(T).

Proof. We have by definition of 70 and the known mean value theorem in integral
form:

<erllv —volloo (14)

Irb o0, ey = [ (0) = 6a0) = bu(wn)w = 0)) ",

r
1 2
-/ ( J (3ot + st = 00) = butw0)) 0 - vo)dS) ds.
r \o _

1 ’ 2
S/ (/cls(v—vo)llv—vo|ds) A
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(the last estimate follows from the Lipschitz property of b, = (bu, b.)). Therefore,

I (0, )2,y < € / lvo — vo|*dS.
r

<cllv = wllg @y wm / o — vo[*dS;
r
<cllv—vol% / |v — vo]2dS;.
r

Note that W, (R) is continuously embedded in C(Q). So we end up with

I3 (vo, v)1IZ,ry < ellv = vollSollv = woll3
and the lemma is proved il

Lemma 4. For the second order remainder term rf(vo,yo,v) of L at (vo,yo) the
estimate

|r5 (vo, Yo, )|
llv = voll3
is valid for all v € W}(22) x Loo(T).
Without limitation of generality we can use the same constant ¢, in Lemma 3 and
Lemma 4. :

< crlfjv — vollo (15)

Proof of Lemma 4. We have

Tf(vo,yo,v)

, 1.
= L(v,y0) — L(vo,%0) — Lu(vo,y0)(v — v0) — Eﬁvv(UanO)[v — vp,v — Vg

= /[:,,(vo + s(v — vo),y0)(v — vo)ds

1
= Lu(v0, yo)(v = v0) = 5Lus(v0,Yo)[v — v0,v = vo|

1

= / ( Loy (vo +7(v— vo),yo)[v —vg,v — vg)dT + L(vo,y0)(v —vo) | ds

s \J . : . . .
' 1

- [‘U(vosyo)(v - vo) - ELvu(vO,yo)[U - Vo,V — 'Uo]

1ls
= // [:.,,,(vo +7(v — vo),yo)[v — vo,v — vp) drds
00 .

1
had Ecuu(vmy())[v — Vo,V — 'Uo]
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ls

= / (Luu(vo + 7(v — vo),y0)[v — vo,v — vo) — ﬁuu(vo,yo)[v - vy, v — vo])drds.

00 :

Invoking Lemma 2 we conclude

l1s
Ir5 (vo,y0, )| < C//T llv = volloollv — woll3dTds < ¢|lv = vo ool — wo2
00

and the assertion is proved il

Now we are able to establish a strengthened second order sufficient optimality con-
dition.

Theorem 2. Suppose that the assumptions (A1) and (A2) are fulfilled. Let vy =
(wo,uo) be admissible for the optimal control problem (1) — (3) and fulfil the optimality

system (12) with the associated adjoint state yo. Choose € > 0 and the corresponding
set of positivity I',. Suppose the ezistence of an a > 0 such that

va(vo,yo)[(h,z),(h,z)] 2 a”(hz)llg o (16)

holds for all z = w — ug, where u € U“d and u(z) = uo(x) for almost all z € ., and h
i3 the solution of the linearized equation

—Ah+h=0 in Q
oh (17)

= bew(vo )b + by(vo)z on I

Then there exist § > 0 and p > 0 such that
F(v) 2 F(vo) + Bllv — voll3

for all admissible pairs v with ||v — voleo < p-

Remark. The solution h of the linearized equation (17) exists as by(v) is non-
positive.

Proof of Theorem 2. a) Preparatory estimation of the cost functional F = F(v).
Let v = (u,w) be an admissible pair. Suppose that vy fulfills the assumptions of the
theorem. We have F\(v) = £(v,yo) since v is admissible. By means of a Taylor expansion
of the Lagrange function £ = L(v,y) at vy with respect to v we get

F(v) = L(v,y0)

= L(vo,Y0) + Lu(v0,y0) (e — uo) + Luw(vo, yo)(w — wp)

1 .
+ éﬁvv(vo‘:yo)[v - V0,V — 'Uo] + 7'5(’00, y01v)'-
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The admissibility of vy yields L(ve,y0) = F(vo). Moreover, the necessary optimality
conditions are fulfilled at v with adjoint state yo. Thus, the third term is equal to zero.
On the other hand, the second term is non-negative due to the variational inequality in
(12). However, we get even more. The definition of I, yields

La(vo,y0)(u — uo) = / (u(v0) + bu(v0)y0) (1t — wo)dSs

r

> [ (bulw0) + bus0)u0) (1 = wo)dS:

r.
2 €llu — uollz,(ro)-

Therefore, we have
N . l .
F(v) 2 F(vo) +¢€lu — uollr,(r,) + 7 (vo, y0,v) + 5 Lvo(vo, vo)[v — vo,v = vo)-
b) Splitting of the optimal control according to the set of positivity I. Next, we

discuss the second derivative of the Lagrange function £ = L(v,y). Here, we intend to
exploit the estimate (16). To this aim, a new control @ is introduced by

o up(z) on I
u(x)_{ u{(z) on T\T,.

Let @ be the state corresponding to the control 4, i.e.

—AG B =0 in Q
ow . -
—az_b(w,u) on T.

Let 7 denote the pair (i, ). Inserting these notations, we obtain by means of (13)
[—vv(v07y0)[v - Vo,V — ‘Uo]
= ‘CUU(vOuyO)[v -4 — Vo,V — v+ U — 'UO]

‘Cuu(vo:yo)[v - ﬁuv - 6]

+ Ly (vo,Y0)[D — vo, 5 — vo) + 2Luy(v0, Y0)[0 — vo, v — 7]
> Lou(vo,¥0)[0 — vo, 5 — vo] — c||B — v]l3 — &l = v]l2[I5 — vollz-

c) Linearization - linearized state w;. Moreover, we introduce w; as the solution of
the linearized state equation at vp:

—Aw‘+w, =0
Owe

2t = 8(u0) + bu(vo)(we — wo) + bu(v0)(& = uo).



700 E. Casas, F. Troltzsch and A. Unger
Setting vy = (w¢, @) and invoking (13), we continue by

Lo (v0,Y0)[0 — vo; 9 — v

Lov(vo,y0)[0 — v¢ + v¢ — V0,V — Uy + vy — vy

va(voayo)[f) - vlaﬁ - vl]
+ Lvu(vo,y0)[ve — vo,ve — vo] + 2Lyu(v0, Yo )[ve — vo, ¥ ~ vy
2 Lyo(vo,yo0)[ve — vo,ve — vo] = ¢||5 — v, |2

= €{l9 = vellzlve = vol2-

For the first term of the last equation the estimate (16) applies. To handle the second
and the third term we consider first the difference # — v,. By definition we have

- g .. vz
15 = vellz = (10 = willlyy gy + i = @lldry) = 116 = willwg oy

and W — w, fulfils the equations

0= — AW —we) + (¥ — wy)
8(1.6—w,)=

an b('LI), 12) - b(wo,uo) - bw(wo,uo)(wl - ‘u)o) - bu(wo, UQ)('& b ’Uo).
For the right-hand side of the boundary condition we get

b(w, @) — b(wo, uo) — bulwo, uo)(we — wo) — by (wo, uo)(@ — uo)

b(w, ) — b(wo,ue) — 5w(wb,uo)(11) — wy)

- bu(wo,uo)(ﬁ - uo) - bw(wo,uo)(ﬁ: - w,)

2 (vg, ) — buw(wo, uo)(W — wy).
Thus the boundary condition is equivalent to

6(17) - w()
on

+ by (wo, uo) (W — w,) = r(vo, B).
Lemma 1 yields
15 = vella = 16 — wellwy () < €llri(vo, D)l Lory, (18)

the decisive estimate of the difference between state and linearized state.
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d) Exploiting the second order condition (16) and the estimate (18). Using (16) and
(18) we estimate .

Lov(vo,y0)[0 — vo,d — vo]

> Lyo(vo,y0)[ve — vo,ve — vo] — || = ve]|7 = E|IT ~ vell2llve = vollz

> allve — voll3 = clirl(vo, D r) — €Nl (w0, D)l Laqry llve — woll2
> allp — voll3 — 2alve — Bl2l| - voll2 — cllr} (vo, DI, ()

~nb - - ~ ~ -

— &[Ir3 (wo, D)l Ly (ryllve — Bll2 = ElIrs (vo, D) Ly (ryll — voll2

- - “n_b - -

> afld — voll3 — cllr}(vo, BT, (ry — ENr3(vo, D)l Lo(r)l1T — voll2
el o, DI,y Ellrt(vo,d

> ||27—vo||§ (a— 1 ) Ly() || 1( 0, )“Lz(r) ]

15 — voll3 1T = vell2

By (14),
Lov(v0,y0)[F — vo, ¥ — vo] 2 || — voll3 (01 — ¢l —voll2, — &5 - v0||oo)-

If v is sufficiently close to vy with respect to the Voo-norm, then |4 — vq||oo is sufficiently
close to zero, too. Therefore, the term in the brackets is greater or equal to & > 0 for
all admissible v such that ||v — v]jlee < p. In this way we conclude that

Lov(vo, y0)[8 — vo, & — vo) > &l| — voll3

holds for all admissible v with ||v — vg||coc < p and all corresponding pairs 3.

e) Transformation back to the original quantity v = (w,u). Further,

‘Cuu(vmyo)[v — Vo,V =~ vO]

> @15 = voll — clld = vllz = ElI5 = vll2ll? = woll

v

alls —v+v —wollz — cllo = vflz = ElI5 — vll2lld — v + v — vl

&llv — voll3 — 2&|v — voll2l|% — vllz — ¢ |5 = vlI3 = & 1|5 = vllzllv — vollz

v

v

&llv = voll3 — clI5 — vllz — &1 ~ vll2llv — voll2.

f) Final estimation using the first order sufficient optimality condition. Now we are




702 E. Casas, F. Troltzsch and A. Unger

able to complete the estimation of the cost functional F ="F(v). We have

F(v) 2 F(vo) + ¢ lfu — uollz,(r.) + 5 (vo,0,v)

1
+ Eﬁuu(vo,yo)[v — g,V — vy

v

F(Uo) +e ”u - uO”Ll(F,) + rf(UO)yO)v)

1/, . -
+ 5 (@l = volly = <115 = vl = 2115 = vllzlio ~ woll)

v

F(‘Uo) +€ ”‘U. - u0”Ll(I‘.)T2£(v0,y0,v)

1. - i

+ 36w = vollz = |5~ il ~ E]15 = vllal|v = woll.

The next term under consideration is [[& — v||2|lv — volf2. Youngs inequality implies
15 = vllzllv = volla < &7H|5 ~ wll3 + & ||lv = voll} -

for all & > 0. Moreover, we have by construction ||3 — v||2 < ¢||i - uf|L,(r), where the
term on the right-hand side is uniformly bounded. Thus, we continue with

F(v) > F(vo) +¢llu — uollz,(r,) + 75 (vo,y0,v)

1. - —
+ 501"" —voll3 — ¢l — vli3 = |15 ~ vll2]lv - vol2

> F(vo) + € llu — wollL,(r.) + 75 (vo, Yo, v)
1. . f —1y-~
+ 56llv - volfs — ell& —ul|] ) — € (" 1““ —ulll, iy +kllv- v0||§)
2 F(vo) + € llu — uollz,(r,y — e ™H|a —ull?,

c
a 75 (vo, Yo, v
+||v—vo"g(-—cn———|2(0y0 )l)

2 llv = voli3

By (15) we have that

Ir5 (vo, ¥0,v)| < ¢llv — voll3[lv = vol|oo-

Therefore, for [lv — vo|loo < p3 < p2 and « sufficiently small, the term in the brackets is
greater than or equal to a; > 0 for all admissible v with ||v — vg||eo < p3. Hence

F(v) 2 F(vo) + € llu — uoll,(r,y = ex™*|E — ull},ry + aallv — voll3-
Furthermore, % differs from u only on I'¢, where # is equal to uo provided that lv -
vlleo < p3 again. Therefore the norm ||& — u||iz(r) is equal to |lug — u”i,(r.) <

p3llu = woll 1, (r,)- Now we take p3 sufficiently small such that ¢ ~ ¢(k™)p3 > 0. Then
we are allowed to omit the terms with ||u — uo||,(r,) and arrive at

F(v) > F(vo) + axflv — vo|3
for all admissible v with |[v — vp]leo < p3 = p
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Re-formulating this result we arrive at

Theorem 3. Suppose that the assumptions of Theorem 2 hold true. Then ug is a
locally optimal control in the sense of Loo(T).

Proof. We choose u € ¢4°? such that |ju — |l (r) < min{p/C,p} < p. By the
estimate (5) we conclude for the state w corresponding to u

lw — wollw; (@) < Cmin {g,P} <p

Therefore, we have |[uv — vgllooc < p. Now the statement follows directly ‘taking into
account that |lv — vo||2 > ||u — uo||'iz(r) ]

5. Remarks

The results of the preceding sections ensure local optimality of the control ug in a
sufficiently small neighbourhood in Loo(T'). If jumps of ug cannot be excluded, all
functions in this neighbourhood must have jumps at the same position. This is too
strong for many applications. Aiming to weaken this, we consider now the optimal
control problem (1) -(3) under stronger assumptions. We shall show that in this case
the assumptions of Theorem 2 are sufficient for local optimality in the sense of Ly(T),
where p < oo is sufficiently large (cf. Section 2). To do so we suppose the following
additional properties on ¥ and b:

The functions ¢ and b fulfil the assumptions (A1) and (A2) of Section 2 and have
the form
b(w,u) = by(w) + ba(w)u
(19)
Y(w,u) = ¢ (w) + pa(w)u + 7o
where v € Loo(I") with y(z) > 0 almost everywhere on I'. We assume that the func-

tions by, b, and ), and all of their derivatives up to the second order are uniformly
Lipschitz continuous.

The crucial point in the proof of Theorem 2 were the estimates of the first and
second order remainder terms r¢(vg,v) and r£(vg, yo,v) of b and the Lagrange function
L, respectively. In general, these estimates are valid only with respect to the norm in
W,}(Q) X Loo(T). For that reason, Theorem 3 states only local optimality in the sense
of Loo(I"). The additional assumptions (19) allow us to improve the estimates of the
remainder terms. We set for convenience

lIvlly = ICw, wlIp = Nwllfys ay + 1ully, r)- \
.
Lemma 5. The first order remainder term r¥(vo,v) of b fulfills the estimate

i3 (vo, v)llLo(ry < crp llv = voll2]lv = voll,

for all v = (w,u) € WH(S) x Loo(T).
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Proof. We have
b 2 2
1740, o)y = [ (60) = 800) = bufoo)(w o)) "

r
(/ (bu(vo + s(v — v)) - bv'('Uo))('U - vo)ds) ds,.

=/0

r

(20)

Making use of the special structure of b we can rewrite the integrand at almost all z € T
in the following way:

|{Bo (v0(2) + 5((2) = v0(2))) = bu (v0(2)) } (v(2) = (=)
= |{B10 (wol2) + 5(w(z) = wo(2)) ) = brew(wo(2)) } (w(z) = wo(z))
o+ {20 (wo(2) + s(w(z) - wo(2)) ) (uo(=) + s(u(z) - uo(=)))
~ bau (wo()) uo(2) } (w(2) — wo(=))
+ {2 (wol2) + s(w(@) - wo(2)) ) = ba(wo(2)) } (u(=) — uo(=))|-

The functions b; and b; and the corresponding derivatives are assumed to be Lipschitz
continuous. Using ug € Loo(T), we get

|bu{vo(z) + s(v(z) — vo(z)) — by (vo(x))}(v(x) - vo(z))‘
< c(‘s(w(z) — wo(z)) (w(z) — wo(:c))l + sI(u(:z:) — up(z)) (w(z) - wo(z))‘
x Juo()] s (w(z) — wo(2)) (w(z) - wo(2))|)

< c(|s(w(:) — wo(z)) (w(z) — wo(x))l + s‘ (u(z) — uo(x)) (w(z) — wo(z))D .
Inserting this into (20) we find .

1

I8, o) ey < o ( J {0t - wn(e) (wt2) - wote)|

r 0
+ Sl(u(z) - uo(z)) (w(z) - wo(z))‘}ds) ds,
: / {| (@) = wo@))| + | (u(z) — uo(=)) (wiz) — wo(2))|} S

r

< c/ {|w —wo|* + |w — wol*|u — uo| + |w — wo|*|u — u0|2}d5t
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IA

cllw— w°”é(r_z) / {|w — wol? + |w — wollu — uo| + Ju — uolz}dSz
r

c|lw - wolliv;(n)llv - w3

IN

IA

cllv = vollllv ~ voll3-
The statement of the Lemma is now a simple conclusion

To prove estimates on the second order remainder term r5 (vo, Yo, v) of the Lagrange
function £ = L(v,y) we have used in the general case the Lipschitz argument of Lemma
2. This general result cannot be transferred to our special case replacing the co-norm
by the p-norm. However, we are able to show the following

Lemma 6. For the Lagrange function £ = L(v,y) the estimate

Loo (vo +7(v— vo),yo)[v = 90,V — 9] = Lyw(vo, yo)[v — vo,v — o)

S cepllv = vollpllv — voll3
holds for all admissible pairs v € W}(R) x Loo(T) and 7 € (0,1).
Proof. The form (19) of the functions 1 and b implies

L"U(v()yyo)[v — Vo,V — vO] = /‘r’)ww(wo)(w ot wo)zd.’t
Q

+ [{(B100t0) + Y (o)) (w0 — wo?
r
+ 2¢2u(wo)(w — wo)(u — uo) + 2v(u — uo)2}dSz

+ /yo{blww(wo)(w — w0)? + baww(wo )uo(w — wy)?
T

+ 2 (w0 )(w — wo)(u — uo)}dSz.

Analogously we have with w, = wo + 7(w — wo) and u, = uo + 7(u — uyg)

‘va(vr) yO)[v — Vo,V — ‘Uo] = /‘pww(wr)(w - wo)zdz
Q

+ / { (d’lww(w,) + 1/)2ww(w,.)u>,)(w ~ wp)?

r
+ 2020 (wr)(w — wo)(u — uo) + 29(u — uo)? }dS,

+ /yO{blww(wr)(w - w0)2 + bzww(wr)u,-(w - wo)2
r

+ 2o (we)(w — wo)(u — uo)}ds,.
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" Using the Lipschitz continuity of the partial derivatives of , ¥ and b, we can estimate
Lyo(vr,y0)[v — vo,v — vo) — Loo(vo,y0)[v — vo,v — v0]|
2 2
< ¢f {lwr = wol(w — wo)* + Jur — uol(w — wo)
r

+ |lwy — wo |(u — uo)(w — wo)|}dS, + / |w, — wo|(w — wo)?dz

< of {lw - woltw = wo)? + hu = uol(w — wa’

r .

o woll(x — uo)(w — wo)|} S, +/|w—w0|(w — wo)2dz
< C||w—w0||C(ﬁ)<_/{(w—w0)2+|U—u0||w'w0|

r
+ (v — uo)(w —ugo)l}dS, +/ lw ~ wol |w — wo|d1>
Q

< cllv = vollpllv = woll3.

In particular, the embedding result flwl|lcg < cllwllwi(a) was used. Therefore, the
statement of the lemma holds true ll

The next statement is an immediate consequence.

Lemma 7. The second order remainder term r£(vg, yo,v) of the Lagrange function
L = L(v,y) at (vo,yo) satisfies the estimate

|7'§(Uo; ¥0,9)| < Cepllv = vollpllv — wollz
for all admissible v € W) () x Loo(T).

" Proof. The proof is along the lines of the proof of Lemma 4. We only have to use
'Lemma 6 instead of Lemma 2 for the Lipschitz estimate il

Summarising up we arrive at

Theorem 4. Let the general assumptions (Al), (A2), and (19) be fulﬁlled Suppose
further that the assumptions of Theorem 2 are satisfied. Then the reference control ug
13 locally optimal in the sense of L,(T).

Proof. The proof of local optimality of u in the sense of Loo(I") was mainly based
on W} (Q)-regularity of the state wo, on differentiability of the non-linearities in C(Q) x
Loo(T), and on the estimates of the remainder terms r4(vo,v) and £ (vo, yo,v) of b and
L, respectively. The W, (Q2)-regularity is preserved for controls u € Ly(T'). Due to the
strengthened assumptions on the appearance of u, the differentiability is guaranteed in
C(Q) x Ly(I"), too. Therefore, to prove the statement of Theorem 4, we can proceed
along the lines of the proofs of Theorem 2 and Theorem 3. The only difference is the

use of estimates according to Lemma 5 and Lemma 7 instead of Lemma 3 and Lemma
4, respectively B
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