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Fourier Multipliers ,
between Weighted Anisotropic Function Spaces
Part II. Besov-Triebel Spaces

P. Dintelmann

Abstract. We determine certain cl_ass;es M (X2 oo(wo), Yptg, (w1)) of Fourier multipliers be-
tween weighted anisotropic Besov and Triebel spaces X;¢ . (wo) and Y} (w1) where po < 1
and wo, w1 are weight functions of polynomial growth. To this end we refine a method based

on discrete characterizations of function spaces which was introduced in Part I of the paper.
Thus widely generalized versions of known results of Bui, Johnson and others are obtained in
a unified way.
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1. Introduction

This is the continuation of the first part (6] of this work in which we considered Fourier
multipliers between Besov spaces. Concerning definitions and notations we refer to this
paper. Now we refine our methods to deal with the more general situation of Besov and
Triebel spaces. This leads in particular to a generalization of the two theorems

1)

(- o
M(hpo,Lp,) = F[Bp 22 ] (0<po<1<p; <o)

and .
0<po<l<p <o
) 2 FBho  {l<q<oo
s1 €R

M(h,,, B;!

s
Pu.qv

due to Johnson [11] and Bui [2]. These results are generalized to weighted anisotropic
Besov-Triebel spaces and the ranges of the parameters involved afe widely extended.
Furthermore we sharpen these characterizations of multipliers by a couple of negative
results.
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2. Triebel spaces

For0 < p,g < 00, s € R and w € W the (anisotropic inhomogeneous) Triebel space
Fy (R™; P,w) which is denoted by F} (w) for short contains all f € S’ (the space of
tempered distributions) with finite quasinorm

B3, = [l 142275116, 7 A1) el I -

For remarks concerning the literature related to these spaces confer the references given
in the first part [6] of the paper.

To extend our discrete methods to the F (w) spaces we have to look for a discrete
counterpart of Fy (w). To this end we use the sequence space f7 o(R™; P,w) which is
denoted by f, q(w) for short (0 < p,g < 00, s € R, w € W) and which contains all

complex sequences a = (a]) keez" with finite quasinorm

¢

keZn

llelfpqll = <2j’ > wiladini(e )>
jeN

p

in which w;’; = w(A,-;k) and li denotes the characteristic function of the set

- (b [32))

These sets have measure 277¥ and constitute a covering of R™ of pairwise disjoint ele-
ments for each fixed j. The connection with the Besov spaces is given by

IIfIB,,,,,,(w)II—IIfI Pl and  lalby (w)]| = llalf; (W)

The unwelghted spaces (1 e. = 1) are denoted by F, and f; as usual. In the
sequel the symbols X7 (w) and o o(w) a.lwa.ys denote Besov or Tnebcl spaces and the
associated sequence spaces are denoted by z; (w) and y, ,(w), respectively.

The discrete characterization of F? q(w) reads as follows.

Theorem 2.1 (Discrete characterization of Triebel spaces). For f € S’ define the
sequence sef by

sef = (<2vr)-?f (¢, F f)(Aa- w))

For finste se@uences a= <ai)i€e,;" of complez numbers define the function fua by

. oo .
fua= Y af (F'o)(e —k)+ 3 D b - (F)(Aai e — ).
kezn j=1kezn
Assume 0 < p,g < 00, s € R and w € W. Then the operators

se : F;lq(w) — f;,q(w) and fu: ;,q(w) — F;,q(w)
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are bounded (the unique eztension of fu to f7.4(w) is denoted by fu, too). Furthermore,
fuose =1id on F; (w) and

lIsef1f7,q(w)ll ~ I fIFp ()l
forall f€S'.

Corollary 2.2 (Boundedness of linear operators). Assume 0 < po,pl,qo,ql < 00,
50,51 € R and wo,wy € W. A linear operator T : X;g,qo(wo) - Y (wy) s boundcd
if an.d only if se Tfu D Zp0 go{wo) = yp! o (w1) is bounded. The respective operator
quasinorms are equivalent.

3. Boundedness of matrix operators

Corresponding to the case of Besov spaces we start with the following lemma which can
be proved by straightforward computations.
Lemma 3.1 (Boundedness of A and A(wo,'wl)). Assume 0 < po,p1,90,1 < 00,

S0,51 € R and wo,w; € W. For a matriz A = (A? sleN . define A(wo,w,) by
km k,meZ

Ao, wn) = <(w1)m gm#>

with (wo)!, = wo(Az-1m) and (wl){ = wy(Az-i k). Then the relation

JAEN

k,meZ"

[l 4] 5% 00 (o) 354 g0 (o] = || Alwo, w1) |35, 5, 51 o,
holds for all A.

Now we prove a boundedness criterion for matrix operators analogous to the one
for the case of Besov spaces. There we used a Sobolev-type embedding theorem for the
sequence spaces by  (w) which was straightforward from the embedding of ¢, spaces. In
the case of Triebel spaces the things are a little more complicated.

Lemma 3.2 (Sobolev-type embedding for fo.q)- Assume 0 < po,p1,90,q1 < 00 and
S0,81 € R. Then

;:,qo ;1‘ (2 (30 - p_o =S5 - PLI)
Proof. By the embedding of £, spaces it suffices to prove that id : — f

Pn oo P1,q1

is bounded. This can be done by standa.rd methods using an idea of Jawerth [9] (cf.
(18: p. 129]) and has already be done in [4] §

Theorem 3.3 (Boundedness criterion for matrix operators). Assume 0 < po,p,

go,q1 < 0o and sg,s) € R. For a matriz A = (Ai’m)i'lf,]:z.. put

B(A;sorpo’y;:,ql) = ew

<2J( 75 ~%0) sup ||(Ak m isgl" |yP1.<h ||>
JEN
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Then:
a) The inequality

B(A 30)p07yp1 (Il) - ”All'

. Po, qa’ypx,qx ”
always holds.
b) If po < min{1l,p1,q1} or max{po,qo} < min{1,p;,q:}, then the equivalence
”Al po,qo7yp,,ql “ ~ B(A) S0, Po, y;: ,71)
holds for all A.
c) If max{po, g0} < min{l,p;1,q1}, then the equivalence
41653 g0 ¥pa .0 | ~ B(4; 50, o, 431 4,)
holds for all A.
Proof. Assertlon a) can be proved as in [6] with the help of the sequences

o 1 for]—-landk—
(ot ={

0 otherwise

", leEN; k,m e ZM).

To prove assertions b) and c) we refine the proof given in [6]. To this end we restrict
ourselves to finite sequences and consider only the case of Yprgo = fplg- Putr =

min{l,p1,q1}. For z € ()5,,0 we obtain the estimate

> D (ad - A | k(@) < [(ad A i o |

meZn [j=0 kezZn

< H ("k k) ig;"
o JEN'
< < PR (CHE Aek)‘ 58 (z)> ¢,
mGZ" .

keZ™

for all @ and all z € R™. Applymg the generalized Minkowski mequal:ty twice we are
lead to the relation

e . .
> 2 el

3

P11
j=0 kE€Z"™ ) . . -
_JEN
<l |(a1;Aei>£,.|1£,,(-)> ef) o
mEZ" kezr U |7 1eN
r\ JEN %
. mezn kezr 1eN I
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. jeN d
< < <(2 > la{lI(Ae{)inll‘m(-)> > ey > 2
mezZn IeN kezn P
, JEN v
< <<|a{|2"' > I(Aei)inll‘m(-)) > g1 > ‘e,
mez® leN B kezn
EN
= (AR AT A |

Now using the Sobolev-type embedding presented in Lemma 3.2 and the definition of

B(A;s0,p0, f5!,4,) we get
© .
Z Z ai Ci ;11101
j=0 keZ»
| Ac]1f;: jEN
< sup sup —— o1 - Nedlz3s i
jeNkezr |lex|zp8 g0l (e kpote >k€£
= B(A4;s0,Po, f5 q,) - lllb7 |l
<C- B(A;so,po, ;11,(11) ”al‘t}’o,qo ”
where 0 = so + u(— — ——) This completes the proof il

4. Fourier multipliers
For M € S' the operator Ty is given by
Tmf=F'IMFf] (f€S)

and the class of Fourier multipliers between the two spaces X;9 . (wo) and Y, (w1)
is defined by

M(X,0 . (wo), Y, q](wl)) = {M € S"TM X5 go(wo) = Y ql(wl) bounded}

Po.qo
equipped with the quasinorm
”MIM X}:g,%(w")’ Pl-qx(wl) H = ”TMlXPo,qo(wO)a p;,ql(wl)“-

Concerning general results we have the following proposition.
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Proposition 4.1 (Change of s). Assume 0 < P0,P,90,q1 < 00, Sg,5; € R and
wo, w1 € W. Then
M(X;g,qo(wo)’y;ll'?l(wl )) : M(X;;,;:o(wo)’ypoh(h(wl))'

Proof. It can be carried over from [6] since the mapping

LiC¥xZ" > CVx2Z"  with Lo = (27a])i,

. . . . s s—o
1s an isometric isomorphism I, : f; (w) — [l (w)
Now we are in a position to formulate and prove our main results.

Theorem 4.2 (Fourier multipliers between Triebel spaces). Assume 0 < pg,p,
90,91 < o0 and so,s1 € R. Furthermore, assume that w, € W, and that d > 0 and
. .- (+]e)¢ .
wo € W satisfy the condition || o ||oo < 0o. If either

a) po < min{l,p,,q1}
orT

b) Po = min{lvphql} and qo S min{plyql};
then

M(F;:,qo(wo)’F;:,qx (wl)) pd f[B;:l,oo(wl)] (‘7 = V(,,Lo - 1) + 5 — So)-

Proof. a) From the equivalences in Lemma 3.1, Theorem 3.3/b) and [6: Corollary
4.2] we obtain the relation

IMIM(Fp2 o (wo), Fpt g (wi)) || ~ [|M (wo, w00)| £ 000 200l
NB(M(w01wl);507p0)f;:,q,)
~||M|JL'[B‘7 (w,)]||.

P1,00

b) Using [6: Corollary 4.2], Theorem 3.3/a) and Lemma 3.1 one gets the inequality

”Ml-r[B;l,oo(wl)]” < CO “B(M(wo,wl);so,l’ov fsll,ql)

P
< Cu- (| M(wo, w1)| £38 40, £31 00l
<G ”MIM(F;:,%(wo), F;:,qn (wy ))“

from which the embedding
M (F;:,Qo(wo)’ F;ll:(h (wl )) d f[B;l ,oo(wl )]

follows. Because of py = min{1,p;,q,} and ¢ < min{p,,q} we have max{pg,qo} <
min{p;, ¢ }. Thus we can apply the assertion [6: Theorem 5.3) from Part I of this paper
to get

‘7:[351 ,°°(w1 )] - M(Bso (wo), B;: ymin{py,q }(wl )) :

Po.max{pg,qo0}
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Using the diagram
T

S0 B.n

po.max{po.q0} (wo )

.min{p; qx)( 1)
id id

Ty
F;l‘:‘“ (w‘)

Fo (wo)

P0o.90

we now conclude the desired embedding

F(By, eo(w1)] = M (Fp5 g (wo), 3}, o (1))
which completes the proof B

Remarks. The first result of this type goes back to Johnson [10: Theorem 5] who
proved

M(H1, Hy) 2 FIBLo(R%1,1)] (2<p<oo).

Here the Hardy spaces H, may be identified via Hp 3 F,‘,’,Q(R"; I,1) with homogeneous
Triebel spaces. Johnson extended this result in [11: Theorem 8] to

-1), . O0<py <1
M(HPmLm) — f[Bm = (R ;1,1)) {
1< p <oo.
Here again L, can be identified with a homogeneous Triebel space via L, 3 F° L(R™1,1)

(1 < p < ). Both results were carried over to the inhomogeneous case by Bu1 [2: The-
orem 4] and read (using the Triebel space notation)

M (FY,(R™ 1, 1), F,(R% 1) 2 F(B) o(R™1,1)] (2 <p< )
and
0<p<1

n n n(Lo—l) n
M(FS 2(R™1,1),Fp (R 1,1)) 2 FlBp & (R™1,1)] {1<p] <o

They follow by choosing go = g1 = 2 und so = s; = 0 in Theorem 4.2. The unwelghted
version of the first part of Theorem 4.2 was already proved in [4].

Theorem 4.3 (Multipliers between Triebel and Besov spaces). Assume 0 < po,p1,
go,q1 < oo and So,51 € R. Furthermore, assume that w, € Wy and that d > 0 and

wo € W satisfy the condition ||£—lim-)—“ < oo. If either
a) po < mln{l)pla‘h}

or
b) Do = min{l,Pl,QI} und q0 S q1,

then

(F;: qo(wo),B;ilq] (wl)) F(B;, (w1)] (a = u(,-,l— 1)+ s — so).

1]

Proof. The assertion can be proved in the same way as the previous theorem il
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Remarks. In the case of homogeneous spaces Johnson [11: Theorem 7] proved the
assertions

0{p0<13p1<oo

M(Hpo, Byl (R 1,1)) 2 FIB), (R L,1)] {1<q <00
s1eR
where s = n(pl0 —1)+s; and
1<p) <0
M(H:, B} o (R™1,1)) 2 F[B (R™I,1)] 2<q <o
s1 €ER

in which the Hardy spaces may be identified with homogeneous Triebel spaces (cf.
the previous remark). Bui [2: Theorem 4] carried over both these results to the case

of inhomogeneous spaces. They read (using Triebel spaces in the notation instead of
inhomogeneous Hardy spaces)

0<po <1
M(Fp, (R 1,1), By} | (R™1,1)) 2 F[BS, (R 1,1)] 1<p1,q1 < oo
s1 €ER
where as above s = n(pio — 1)+ s; and
1<p <
M(F,(R™1,1), B3 (R%1,1)) 2 F(B;! (R 1,1)] 2< g <oo
s € R

These results can be obtained by choosing go = 2 and sg = 0 in Theorem 4.3. The first
part of Bui’s theorem was already proved in [4] in the unweighted case.

Theorem 4.4 (Multipliers between Besov and Triebel spaces). Assume 0 < po,p1,

90, g1 < 00 and sg,sy € R. Furthermore, assume that w, € Wy and thatd > 0 and wg €
[ ] d . .
W satisfy the condition ||(1_*:ULL°) ”oo < oco. If po £ min{l,p;} and go < min{p1,q:},
then
M(B;g,qo(wo), F;l‘:‘h(wl)) B}-IB;nw(wl)] (0= ”(pl_o - 1)+ s —s0).
Proof. The embedding
M(B;Z,Qo(wo)’F;;.Ql(wl)) — f[B;l ,oo(wl)]

is shown in the same way as in the proof of Theorem 4.2/b). For the converse embedding
we use [6: Theorem 5.3] from Part [ of this paper which states that

FIBS, olwn)] = M(B32 g, (wo) B 0o ().

1
Using the embedding B;:,min{pl,ql}(wl) — F;1 . (w1) we obtain the desired inclusion

F(By, oo(w1)] — M(B3° (wo),F;l‘,ql(wl))

Po,90
and the proof is complete i

Remarks. Theorem 4.4 was proved in [4] in the unweighted case under the slightly
stronger hypothesis max{po, go} < min{1,p),q,}.
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5. Negative results

In this section we study the question under which conditions on the parameters of the
function spaces the corresponding multiplier classes are empty. To this end we need the
method of complex interpolation for Besov spaces and some duality arguments.

Theorem 5.1 (Complex interpolation of Besov spaces). Assume 1 < pg,p; < oo,
1 < 4¢o,q1 < 00 and sg,s) € R. Furthermore, let wo,w; € W and 0 < 8§ < 1. Then

[B33.00(wo), By g, (w1)le ‘= By g(w)

1 _1-6, 68 1 _1-6_ 6 __(1_ _ 18 .8
where =75+ 5 0= =+ Ss =(1—0)so + sy and w = w7 - wy.

For problems in connection with complex interpolation of weighted Besov-Triebel
spaces confer the remarks given in [12: p. 321 ff.].

Proof of Theorem 5.1. We give a brief outline of the proof because the method
is standard in interpolation theory (cf., e.g., Bergh and Lofstrém [1: Theorem 6.4.3]).
First observe that for 1 < u < 0o and v € W the inequality

lo- F7 ¢ F Allla SC-llv- fllu
holds with a constant C' > 0 independent of f. This follows from the definition of W.

Forl1 <u<00,1 <r<oo,t€Randv e W consider the space £:(L,(v)) of sequences
of tempered distributions normed by

[[{g:)senl(Lu(@))]| = [[(27* llvg;llu) sente- |-
Similar as in the proof of [1: Theorem 6.4.3] one can show that the two mappings
I: B, (v) > 6(Lu(v)), If=(F'[¢;FfDjen
and -
P: 6 (Lu(v)) = By (v),  Plgj)ien= ) F'[1,Fg,]
j=0

(15 = Si=_, j+1) retract B .(v) to €;(Lu(v)). The boundedness of T is straightfor-
ward and the above inequality is needed to show the boundedness of P. The identity
P oI = ud is obvious since 7; is identical 1 on the support of ¢;. Thus by [1: Theorem
6.4.2] it suffices to prove that

(€20 (Lpo(wa)), €1 (Lp, (w1))], 2 €5(Lp(w))-
To this end observe that the mapping f ~— f given by
f(z) = ([27°°wo]' =% - [27% wy)? f(2)5) jen
is .an isometric isomorphism :

F(£33(Lpo(w0)), €31 (Lp, (w1))] = F[€gq(Lypo) €qy (Lp,))-

From this we conclude
(953 5n| E33(L o (wo)), €51 (L, (@i )] || = [|(27°005)senlEao (Lpo), €0n (L Vo
Combining [1: Theorem 5.1.2] and [1: Theorem 5.1.1] yields
[eqo(Lpo)’eqx(Lm)]o P ([LpoaLm]o) = eq(LP)

from which we infer the assertion B
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Concerning duality a slight modification of the proof presented in [18: Subsection
2.11.2] results in the following theorem.

" Theorem 5.2 (Dual spaces). Assume 1 <g< o0, s €ER and we W.

a) If 1 < p< oo, then

(B} y(w)) = By(2)
T 141

where 3t =1and s t7=1

b) If0 < p< 1, then

(Bp(w)) 2 BL,(3)  (o=v(;-1)-5)
where % + % =1.

Now assume wo(z) = (1 4 |z|)? and wi(z) = (1 + |z|)* with do,d; € R. Then
one can use wo(z) = wo(—z) and the corresponding formula for w; to show that the
relation

M(B;g,qo(wo)’B;:'ql(wl )) - M((BP1 <I1(w1))l (B;g,qo(wo)),) . (1)
holds if the dual spaces are Besov spaces again. In the unweighted case this has been
dorne in [4].

Concerning proofs of negative results we remark that we only have to consider the
case of Besov spaces as long as the parameter ¢ is not involved in the hypothesis (this
will always be true in the sequel) because of the embedding

0<p,qg<oo

B;,min{p,q}(w) - Fx:,q(w) - B;,max{P:Q}(w) {s cR, w E W.

Fxrst we generalize a well known result of Hérmander (8. Therefore we need the follow-
ing lemma which can be proved by straightforward computations.

Lemma. Assume so,5; € R, 0 < g < oo and w(z) = (1 + |z|)* with d > 0. Then
the embedding
FiBiix " (w)] — M(B;, By,)
holds.
Theorem 5.4 (Trivial Fourier multipliers in the case of py > p1). Assume 0 <

Po,p1 <00, 0<go,q1 <00, 50,81 € R and w(z) = (1 + |z|)* with d > 0. Then

(X;E,qo(w)’ Pl:q1(w)) = {0} (Po > p1).
In the case of pg > 1 this is even true for all d € R.

Proof. First we notice that the assertion for unweighted Besov spaces follows from
a modification of Hormander’s argument. This situation was already considered in [4].
All other cases are reduced to this one.
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Let X700 (w) = B2 (w) and ¥} (w)= B3  (w). From the diagram

Po.90 P1.q1 P19
L] 71‘\1 s
Bt (W) B3t o (w)
id id
T
By (w) B3 (w)
we infer
M(B’° (w), B3} (w)) — M(B’°+l(w) B"_’(w)) (2)
Po.9o (e 29} Po,2 Y p1,2

(this argument also works in the case of different weight functions).

1. Assume pg > 1 and M € M(B}S ;. (w), B3} , (w)). Additionally we assume that

p1 > 1. The above embedding and the duality results in Theorem 5.2 and (1) show that

M e M(By24 (w), B3} 5 (w)) — M(Bp‘;’,’z“”(é),B‘““(%)).

Po,2 P1,2 P12

Now apply complex interpolation

it = = -31+2)/2 g 1

[B”S;I(w) ’ B”’ls'12+1($)]l/2 = sz?z " (% =% + ;)
TM TM

o2 —w-1(ly) 3 pgla-0-2)/2 — 141

[ p:'zl(w) ’ Bﬂé'g 1(é)]l/z = BE;TQ * (% =55 T 2p4

to obtain )
M € M(B£:?2—51+2)/2, B(’l"o_z)/z).

r,2

It suffices to show that g > r; (notice that we are in an unweighted situation) and this
follows from a simple computation.
In the case of p; <1 we first use a Sobolev-type embedding

B o (w) — B'm;_,,q‘(w) (t =5+ u(po'il - pl—‘))
which proves

M(B;2 . (w), B3 . (w)) — M(B® (w),B(‘N“)/Ml(w)).

Po,qo P11 Po.90

So we are again in the above situation and the theorem is proved in the case of p, > 1.

2. Now assume pp < 1 and M € M(Bl";g'qo(w),B;}’ql (w)). Using a Sobolev-type
embedding we get

By 5 (w) — B} (s=s,+u(pLo—1))
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and
FIByy oo(w)] = FIBI L Hw)] (0 =v(k —1)+ (s —1) — (s0 + 1)).
From [6: Theorem 5.2] and Lemma 5.3 we infer the embedding

M(B;2 ,(w), By 4, (w)

= M(B% (w), Bl G (w) — M(Bph'(w), By j(w))

Po,2

— f[Bpooo(w)] — }'[Bs 30—2(w)] N M(Bso+1 B;_zl )

We use complex interpolation

(Bt ) B, 2 B ) (=24 d)
TM TM
[Brz'w), B33, O Bifalws) (=249

to show

M € M(B::;l(wo) B t 2(w9))

where wg(z) = (1 + |z)* =99 and sg = (1—60)(s1 —1)+6(s —1). Now choose 0 < § < 1
such that to > 1. Because of py > p; we have t; > t; and so we are in the situation
considered in the first part of this proof il

Theorem 5.5 (Trivial Fourier multipliers in the case of dy < d;). Assume 0 <
Po,?1 < 00,0 < go,q1 < 00 and sg, 81 € IR If wo(z) = (1+]|z|)% and wi(z) = (1+|I|)dl
with dg,dy > 0, then

M(XPO <Io(w°)7 m,th (wl)) = {0} (dO < dl)'

Remark. When restrlctmg to the weight functions
wo(x) =(1+z)%  and  wi(z) =(1+ =)

with do,d; > 0, we obtam a complete characterization of the determined classes of
Fourier multlphers in the general case of dp,d; > 0. In these characterizations given in
the previous section the situation dy > d1 is covered whereas the above theorem covers
the remaining case of dy < d,.

Proof of Theorem 5.5. We use the embedding (cf. formula (2))

M(B;g qo(wo)’B;:.Qt(wl)) - M(B;g:;l(wo) BP: 21(w1))

Without loss of generality we may restrict to the case of po < p; since otherwise the
assertion can be deduced from Theorem 5.4.
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1. Assume pg > 1 and M € M(B} . (wo), B o (w1)). From Bt (w)) —

B;g“;l(wo) and the duality results of Theorem 5.2 and (1) we conclude that
M (B3 4 (wo), B 4, (w1)) — 1\'I(B’°+l(u’0)aB$l H(wy))

Po,2 P1,2
— M(B;gtl(wl),B;: Ql(wl))
—n1+1/1 —s0—1¢ 1
— M(B n ( ) B o w_x))
Now apply complex interpolation
so+l -5 s0—3
[B53 wo), Bii™ ()], S B w) (= k4 )
T T (w(z) = (1 + |2])*5*)
[Bp, 2 (w) ) BRyT(3)], S By (= tag

to obtain
MGM(B(so a|+2)/2( )B(sl—so 2)/2)

0,2 r,2
From Theorem 3_.3/ a) and Lemma 3.1 we get
B(M(w,1); (s0 — 51 +2)/2, 70,605 0~ 2/%)
< | MG, el oD

<Co- ”M|M(B£:?2_’l+2)/2(w) B(""o-?)/?) I

r,2

< oo.

Because of dy < d, we have || Ll = 0o and thus M = 0 follows from [6: Corollary
4.2/b)]. This proves the theorem in the case of po > 1.

2. Now assume pg < 1. Additionally we assume that p; > 1. From the duality
results of Theorem 5.2 and (1) we cornclude that
M( (wo), B3t (wl)) s M(B’°+l(wo) B"'l(wl))

P1,2

= M(Bl 2 (ar) B 2(35))

where s = —(sp +1) + V(plo —1). Our next step is the proof of an embedding result.
Holder’s inequality implies that :

I -f“léjfflll,, <fa+1D%, - 1 - 7 e A,

with w(x) 1+ |z|)'i"+ holds for 1 < p < oo and all f € §'. This leads to
2(—) — B} 2( ) which in connection with the duality results of Theorem 5.2 and
(1) yields the embeddmg

M(Bp$ oo (wo), By) g, (w1)) — M(Bl—"("‘) Bg, 2(wo )
— M(B, 3" (3;): By a( %))
— M(B%(@), By, l(wn))

Po g0 P1,qy
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Choose p so large that dy + 5;—1 < d; and we are in the situation considered in the first
part of this proof.

In the case of p; <1 we first use a Sobolev-type embedding

By o(w1) = Byg(w) (o =s1+0(3-3))

to obtain
M(B;g,qo(wo)’B;i,q\(wl)) i M(Bso (wO)’Bg,ql(wl))'

Po.90
Now we are again in the situation p; > 1 and the theorem is proved i

6. Proof of the discrete characterization

It remains to prove the discrete characterization of function spaces which was the basis of
our considerations. Therefore we need a few preparations. We start with the anisotropic
version

1
Mi@) =swp e [ lf)lay (e eR”
@) = R T e < Tl e TN EERD
of the Hardy-Littlewood mazimal function. The following inequality due to Fefferman
and Stein 7] in the isotropic case plays a basic role in the theory of function spaces.

Theorem 6.1 (Fefferman-Stein inequality). Assume 1 < p,q < co. Then there
ezists a constant C > 0 such that

[ IKM S5)senléall ||, < C - [LIKFidsenléall ],

holds for all sequences of functions (f;);en €.LP(€q).

According to Marschall [13: Subsection 1.1.4] this is a consequence of the extrap-
olation theory of Rubio de Francias [15] and the scalar case due to Calderén (3]. A
different proof was proposed by Seeger [17].

Additionally we need a second maximal inequality due to Peetre [14] in the isotropic
unweighted case. We will derive it from the following multiplier assertion.

Theorem 6.2 (Vector-valued Fourier multipliers). Assume 0 < p,¢ < oo and
n; € S with suppn; C {£ € R™: o*(£) < 272} for all j € N. Furthermore, let w € W
and N > ooe—. Then there ezist constants C,M >0 such that

o A F L)~ 2)l
“ <zsélmg w(e=2) (1+2ig(2)]V >j€N

Gl <C-A-lllwhentell,

P

with .
A =supl|(1+ )™ - F ms(A5 I,
JEN

holds for all sequences (f;)jen of tempered distributions.
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Proof. First modify the inequality in [16: Theorem 1.4.2] with the help of the
anisotropic Hardy-Littlewood maximal function to get

lg(z — 2)| )
‘seuR]?‘ w(z — Z)W <Co- (M[Iwg|77](:l:))

where the support of Fg is contained in a given compact set. Then use anisotropic
substitutions and the anisotropic Fefferman-Stein inequality in Theorem 6.1 to modify
the proof of [16: Theorem 1.9.1] i

Now choose ; = S°1__| ¢;4r and f; = 27*F (¢, F f] to get the announced maxi-
mal inequality.

Corollary 6.3 (Peetre maximal inequality). Assume 0 < p,q < o0, s € R and
weW. IfN > mn”m, then there exzists a constant C > 0 such that

holds for all f € S'.

To prove Theorem 2.1 we also need the following lemma.

L[| < C-IIfIFp (w)l

4

z€R" [1 +219(z)]N

<sm)w@_z)?ﬂf‘W%fYK°—zN>mN

Lemma 6.4. With o € CN*2" we associate the sequence ([a);)jen of functions
defined by

[i(z) = Y ladl-[1 + o(Asiz — k)"t (z €R™).
kezZr

Assume 0 < p,g < 00, s €ER and w € W. Then there ezists a constant C > 0 such that
[l - 127 [adi(*Nienl&sll ||, < C - llalfy o(w)ll

holds for all o € f; (w) and a sufficiently large L > 0.

Proof. Let z € Oio. We decompose Z" into the sets
K. ={kez": 7 -1<oko-k) <2 -1}  (reN).

Define v by
v=sup{oa) se [-3 3]} ®

For y € 0‘,’; we have p(k — Aziy) < v and o(Aiy — k) <~v. Let k€ K. and z € O{o.
Then
2" < o(ko — k) +1

< Co - (o(ko — Aziz) + o(Agiz — k) + 1)
<Co-(1+7+0(Arz —k))
SCi- 14 0(Aziz — k)]
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Furthermore we have the relation
w(z) < Cz- u_;(Az_,'k)[l + o(z — Ag—jk)]d <C, .wi . [1 +o(Agiz — k)]d
for a suitable d > 0. Choose 0 <t < 1sothatl < 2 % « o0 to obtain

t) ¢
w(z)al;(z) < Co- Y ledlwl[1 + o(Agiz — k)] T4
kezZn '
oo . .
<Cs- Y N 2D )
r=0 k€K,
N (= Ltd)r | i
<C3 ) 2 > (laklwk)
r=0 kEK,

The sum overA K, will now be estimated from above by a maximal function. We use the
inequality )

oz —y) < Cs- (g(z — Ag-iko) + 0(Az-i ko — Ag-ik) + o(Ag-s k — y))
<Cy- (27T + (2 - 1)277 4 4279)
<Cs- 9r=J
which holds for all y € 0{ (k € K,) to get

t
S Glafluly =2 [ (S el o
kEK, e(z—y)<Cs-27—J keK, .
t
<o TVM [2 |a{|w{1{} (=)
keZr

since |[{y € R™: o(z —y) < C5-2777}| = Cs - 20~9¥.

Now insert this in the above estimation of w(z)[a];(z) and take L > 0 sufficiently
large to obtain

kezn

w(z)lal;(z) < Cr- .(M [Z |ai|wili] (z)) :

Multiply this by 2/, apply the quasinorms and the Fefferman-Stein inequality (Theorem
6.1) to get the estimate

[l - €27 [a] () senléall |,

t T
<cr. <2,, (M[Zlailwili] <.>)> ‘
s keZr jEN »
R ) +
<Cr- <M [2"’ 3 |ailwili] (-)> es
kezn jEN 3

< Ca - [lelf5 4 (w)]
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and the assertion is proved il

Proof of Theorem 2.1. We only consider the case of Triebel spaces because the
assertions for Besov spaces can be deduced from this by real interpolation or by an
interchange of the ¢, and L, quasinorms. We need the following four steps to prove the
assertion:

1. The operator se : F; (w) — f (w) is bounded.

2. The operator fu: f; (w) — F; (w) is bounded.

3. We have fuose =id in F; (w).

4. ||see| f; ,(w)]| is an equivalent quasinorm on Fy (w).

_ Step 1. Let v be defined as in the previous lemma (formula (3)). Since the sets
O} are disjoint for fixed j we obtain from g(z — Az-;k) <7277 (z € OJ) the relation

2° 3 ltseNihoi1i(e) = @ ); > w(Az-i )21 F 7B, f]( Ag-i k)|1i(2)
kezn kezZn

< = sup w(z —2)2°|F ¢, Ffl(z - 2)]
(27)% o(s)gvy2-i ( : 195

A

‘ 24|71 F fl(z — 2)|
<Co- - - .
SO0 R T g
Choose N > mn"m, apply the quasinorms and use the maximal inequality of Theorem
6.3 to get

Isef1f; 4(w)|| = ‘ <2” > Isef)i |w111( )> [
kezZr JEN P
. . 2"’If-‘[¢,~ff1(-—z)|>
<o || vt - 0 RS e L

< G- | A1F g (w)]-

Step 2. Without loss of generality we may restrict ourselves to finite sequences
since they are dense in f; ,(w). First we derive a pointwise estimate of

Iiz) = |F 7 (¢;F(fua)lx) (€ N).
If 7 > 2, then the relation
FHoFUF ") (Agee = B))](2) = F 7 [$1(Afiosnn o1 | (Az — k)

holds for the terms appearing in fua and the right- hand sxde vanishs in the case of
|7 = 1] > 1. From this we are lead to (put { = j +r)

Ij(z) < Z 2 okl [F7 G FUF T ) (Anee = R))(=)]

I=1 k€Z"

< Z gt "] - |F 7 [$1( A ar o)1) (Aginrz — k)|

r=-1
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and similar inequalities can be proved in the remaining cases. Because F~![.. ] is a
function from S we obtain :

Ii(z) < Cy- Z Z |a’+r [1 + o(Agi+rz — k)]_L =C,- i [alj4r(z)
r=—1 k€Z" : r=—1
for every L > 0 where C; does only depend on L. Now Lemma 6.4 shows that
Ifual B3 ()il = [l 127 Li(*))senléqll ||
< G- |lw - 11(27°[a]j(*))senléqll ||,
< Ca-llalfy o(w)l.

Step 3. Since S is dense in Fy (w) we restrict ourselves to f € S. We.apply the
partition of unity

$o(E)bo(€) + D 65(E)r(A5-,6) = 1

=1

(which follows from the definitions of ¥y and 1/)1) and the defintion of 7! to get

f(z) = '[¢owoff1(x)+2f (6591 (A3-59)F f] (=)

j=1

1 eiT€
@ JRCGEIGEIGERE:

- e”‘f
+2(2) [ eom i oF s ae

The basic assumption {5 ER™: ¢*(€) < 2} c [—7r, 7)™ (cf. [5]) implies that
gesuppg; => 0" (§) <V = Aj ;¢€[-ma]"
y €supppy = 0°(y) <2 => y € [-m7]"
and a Fourier series developement yields
1/11(14;-;5)3{”
2 / ) expliz - Apy)eT dy explk A7)

(27r)" keZ"

=2

fez (2r )'

(€ € supp ;) for j > 1 and

Yo(£)e'= ¢ = Y-

dezn (217

Y91 )(Agiz — k) - exp(ik - Aj;€)

n(f Yo)(z — k) -exp(ik-€) (€ € supp o).



Fourier Multipliers between Function Spaces 817

Insert these two series in the above decomposition of f, interchange summation and
integration and the assertion follows.

Step 4. We have

[Isef1f; o)l < C - || FIFS 4(w)]|
= C: - ||fu(sef)|F; (w)|| < C\Cys - l|sefl1£3,,(w)]|

which completes the proof il
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