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Behavior of a Bounded Non-Parametric H-Surface
Near a Reentrant Corner

K. E. Lancaster and D. Siegel

Abstract. We investigate the manner in which a non-parametric surface z = f(z,y) of pre-
scribed mean curvature approaches its radial limits at a reentrant corner. We find, for example,
that the solution f(z,y) approaches a fixed value (an extreme value of its radial limits at the

. corner) as a Hoélder continuous function with exponent % as (z,y) approaches the reentrant
corner non-tangentially from inside a distinguished half-space. We also mention an application

of our-results to a problem in the production of capacitors involving “dip-coating.”
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1. Introduction

In this paper we consider first a bounded non-parametric surface z = f(z,y) of pre-
scribed mean curvature over a domain whose boundary has a reentrant corner P and
which, when considered as a surface in R?, has a boundary branch point above the reen-
trant corner. In this case, it is known that there is a half-space from whose directions
the radial limits of f at P are identical (i.e. Proposition 1). We will determine the man-
ner in which f(z,y) approaches this value as (z,y) approaches P in the vicinity of this
half-space. We will also prove that if the prescribed mean curvature H is real-analytic,
then “cusp solutions” do not occur and therefore the radial limits vary continuously
with direction. We consider second a non-parametric minimal surface z = f(z,y) over
such a domain. In addition to the behavior of f from the vicinity of the half-space
mentioned previously, we will determine the behavior of f near P from directions not
in the half-space.

Throughout the paper we will let H € Cl's(R:‘) for some § € (0,1), 2 be a bounded

Lipschitz domain in R?, and P be a (fixed) point on 9Q. For convenience, we will
_ _ v _v. . .

assume P = (0,0). Define Tf = mew_P and Nf =V -Tf. We are 1nterest¢d in the

following boundary value problems.
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Problem 1. Given a piecewise continuous function ¢ : 99 — R, find a function

fe€CHQA)NC(QUC) such that

Nf(z,y) = 2H(z,y, f(z,y)) for (z,y) € Q (1.1)
f(z,y) = é(z,y) for (z,y) € C (1.2)
where

C= {(x,y) € 98 : ¢ is continuous at (z,y)}.

Problem 2. Given a piecewise continuous function v : 9 — (0, 7], find a function

fEC}HYNCH(QUC)N CO(Q) such that

Nf(:z:,y) = 2H(:z:,y,f(:z:,y)) for (Z,y) €N (13)
Tf(z,y) -v(z,y) = cos(v(z,y)) for (z,y)eC (1.4)

where
C= {(x,y) € 9N :.’y is continuous at (z,y) and 99 is of type C' near (x,y)}

and v(z,y) is the exterior unit normal to Q at (z,y) € C.

These problems need not have a solution if appropriate boundary curvature con-
ditions are not satisfied, as has been well illustrated (see, e.g., [3, 17)). However, if
the boundary value problem has only one “bad” point, at P, either because 99 is not
smooth at P or the boundary data is discontinuous at P, there may exist a function
f € C}Q)n C°%(02\ {P}) which satisfies Nf = 2H in Q and satisfies the boundary
condition at each point of 92\ {P}. In some cases (see, i.e., (2, 10, 12, 14]) it has been
shown that the radial limit of f at P = (0,0) in the direction 6,

Rf(8) = lir({l+ f(r cos 8, sin§),

exists whenever (7 cos6,7sin8) € § for all sufficiently small » > 0 and Rf(8) varies
continuously with 6.

Unfortunately, in [2] (and in the concluding remark in [11]) the possibility that Rf(6)
might have jump discontinuities was not considered (see [12: Section 12] and [14]). On
the other hand, no example is known, at least to the authors, which contradicts the
conclusions of {2] and these results are known to be correct when H is constant (in a
neighborhood of the z-axis).

One of the surprising conclusions obtained in, for example, [2, 10, 14] was the
behavior of Rf() as 6 varies. For simplicity, let us assume 9 \ {P} is of type C?,
O has one-sided tangents at P, these tangents make angles § = a and 8 = § with the
z-axis, where o < 8 < a + 27, and

{(rcose,rsinO): 0<r<r(h) a.ndoz<0<ﬂ} cQ

for some r(6) > 0. We define Rf(a) to be the limiting value of f at P as P is approached
along the portion of 9Q which is tangent to § = o and we define Rf(f) similarly; when f
satisfies (1.4), it is not clear that these limiting values need exist. We may summarize the
current state of knowledge concerning the behavior of Rf(8), including the possibility
that Rf might have discontinuities, by the following
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Proposition 1. Let f € C?3(Q)NC°(Q\ {P}), f ¢ C%(R), satisfy (1.1) and one of
(1.2) or (1.4) on 8Q\ {P} (with f € C} (2 \ {P}) if (1.4) is satisfied). Then either

(1) there ezist g, fo with a < ag < Py < B and there may ezist a countable set
I C [0, Bo) such that Rf exists on [a,B|\ I, Rf € C%([a, B} \ I), and

i3 strictly monotonic on [ag, fo] \ 1
i3 constant on B, ]

i3 constant on [a, ag]
Rf

or

(ii) there ezist ag, Bo, 01 with a < ag < 8, < 6; +7 < Py < B and there may ezist a
countable set I C [ag,61]U[61+ 7, Bo] such that Rf ezists on [a, B]\I, Rf € C°([a, B]\T)

and )
ts constant on [a, ag]

is strictly increasing (decreasing) on [ag, 6]\ [

Rf { is constant on [6,,0; + =)
is strictly decreasing (resp. increasing) on [6y + 7, Bo} \ [
ts constant on [Bo, B

If f satisfies (1.4) on 8Q\ {P}, then Rf(a) and Rf(B) both ezist. In addition, if H
is constant (on a neighborhood of the z-azis), ¢ € C°(0R), and f satisfies (1.1) on
O\ {P} or if f satisfies (1.4) on O\ {P} and either H(0,0,-) is strictly increasing or
H(z,y,z) depends only on z, is analytic, strictly decreasing, and unbounded from one
side, then I = 0.

Notice that in case (ii), we have a central “fan” [6,,6, + 7] of directions in which
the radial limits are all the same. This requires 8 — @ > =, of course, so that Q has
a reentrant corner at P. Let f be a solution of either of the boundary value problems
which has radial limits for all 8 € [o, 8] and assume these limits behave as in (ii). Then
the function f actually extends to be continuous on H, where H is the portion in 2 of
the (open) half-space {(rcosé,rsinf) : r > 0 and 6; < 8 < 6; + 7}, when we define
£(0,0) to be Rf(6,).

Here we examine the manner in which f(z,y) approaches its radial limits Rf(8)
as (z,y) — (0,0). We find, for example, that f(z,y) approaches the value Rf(6,) as
a Hélder continuous function with Holder exponent % independently of H and €2, and
boundary condition whenever case (ii) of Proposition 1 holds and (z,y) approaches P
non-tangentially from inside @ N H (Theorem 1(v)) provided H(0,0, Rf(6:)) # 0 or H
is real-analytic (near the z-axis). We also find that Rf is continuous in neighborhoods
of 6, and 6, + 7 in (&, B) (i.e. 61,60 + 7 ¢ I in Proposition 1) and Rf € C°%la, B))
(i.e. I =0)if H is real-analytic. We restrict our attention to case (1i) of Proposition 1
because it represents the more complicated situation; the behavior of f near P would
be given by Theorem 1(iii) when Rf is monotonic on [a, 8]\ I.

If H = 0, then a solution f of (1.1) is a non-parametric minimal surface and may be
represented parametrically in terms of the Fourier coefficients of its boundary values.
We examine this case in Theorem 2 and find, for example, that the location of the
central “fan” of constant radial limits given in case (ii) of Proposition 1 is determined
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by the first few Fourier coefficients (i.e. (2.9)). While the determination of these Fourier
coefficients depends on finding the “boundary correspondence” between the boundary
of a parameter domain and the graph of ¢, numerical algorithms based on this idea
have been developed and implemented, such as [16] (developed under the supervision
of Professor H. J. Wagner). The conclusions of Theorems 1 and 2 may have numerical
applications in two ways. First, the formulas in Theorem 2, such as (2.9), may make
programs such as [16) more general by removing the need for a symmetry assumption
used to determine ). Second, programs for finding non-parametric H-surfaces may be
improved by making use of the a priori knowledge of the behavior of solutions of (1.1)
near P. In particular, special finite elements near P or special modifications of other
procedures might prove to be useful numerical tools.

2. Statement of main theorems

Before stating our first theorem, we require the following

Definition. For (z,y) € 2, we define (z,y) to be the argument of z + iy which
satisfies & < 8(z,y) < B; that is, £ = rcosf and y = rsinf with 72 = z2 + y? and

0(z,y) € (a,B).

Theorem 1. Assume H € C'*(R®) for some 6 € (0,1), Q is a bounded Lipschitz
domain in R?, P = (0,0) € 8Q, and f € CH Q)N COQ\ {P)), f ¢ COQ), satisfies
(1.1). Suppose either

a) there ezists a piecewise continuous function ¢ defined on OQ and continuous on
p .

O\ {P} such that f = ¢ on 8Q\ {P}

or

(b) O\ {P} is of type C' and there ezist € > 0 and v € C°(3Q \ {P}) such that
Y(z,y) € [e,m — €] for all (z,y) € N\ {P} and .

Tf(z,y) - v(z,y) = cos(v(z,y))  for (z,y) € O\ {P}.

Suppose the graph of f over Q has ﬁn;te area, and, for some M >0, |f(z,y)| < M for all
(z,y) € Q. Suppose also that Rf is not monotonic on [, f] (i.e. case (ii) of Proposition
1 holds), 6, € (o, B—) is as indicated in case (ii) of Proposition 1, and either H(z,y,2)
is real-analytic in z,y,2 or H(0,0,Rf(6,)) # 0. Introduce new coordinates (Z,7) given
by .

Z = —cos(6) )z —sin(b, )y and § = sin(6 )z — cos(6, )y (2.1)

(as in Figure 1). Denote f in these new coordinates by f, so that f(%,5) = f(z,y). Let
H= {(TGOSe,T‘SiHG) €Q:7>0 and 6, <6<6, +%r_}

and s = sgn(Rf(6,) - Rf(6, — n)) for any sufficiently small positive 7.
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Figure 1: Original (i.e. z,y) and rotated (i.e. Z,§) coordinates
for the domain  with H shaded

Then:
(1) The constant

PP 3
o= (g LoD 1)
T
13 well defined and posstive.

(ii) For any closed C' domain D which satisfies HU{P} C D C QU {P},
f(‘t: y) = Rf(ol) + sfc(,:f, g) + R(:E,y)

and

F(ay) = (yw(z,y)) 't e(Ce, y>)2) _ §(Clz.v))?

where the graph of f¢ is contained in the parametric surface {(2uv, e(3u’v—v*),u?—v?):
v > 0} (see Figure 2), A,B,C are given by

Alz,y) = y* + Vdetz® +y?

B(z, y)—2§ y + V4detzt + y4) —2631‘
V—te3yA(z,y) - (B(z,v))}
4e3(A(z,))3(B(z,y))*

b

Clz,y) = 2 3e3(B(z,y))% -
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the remainder R(z,y) = o(f*(x,y)) as (z,y) tn D approaches (0,0), and the remainder
R(z,y) = O((z* + yz)z';_é) as (z,y) tn D approaches (0,0) if (in the (Z,7) coordinates)
9D = {(3(),5()) : ¢ € R}, (2(0),5(0)) = (0,0), and §(t) = O(z*(t)) as ¢ — 0.

(ili) There ezist a dense open subset A of (ao,6;) U (6 + 7,80) and a function
g € C°(A) such that

f(z,y) = Rf(6(z,)) + 9(8(z,9))z + O(z* +y°)

as (z,y) in S approaches (0,0), where S is a sector of the form
= {(rcosG,rsinG) €Q:r>0 and £ <0< {2}

with [{1,52] C A.

- (iv) If H is real-analytic in a neighborhood of the z-azis, then Rf(6) ezists for all
6 € [a,B] and Rf € C%([e, B)).

For certain types of approach to (0,0) in (ii), we obtain simpler formulas. In par-
ticular: '

(v) If S = {(rcosb,rsin): 6, + € <0 <6, + 7 — €} for some € > 0, then

f(z,y) = Rf(61) + se_§|g|§ + 0(‘ (22 + y2)
as (z,y) in S approaches (0,0).
(vi) Asz — 0,

f(z,0) = Rf(a,)+-se sx+o(|x|‘+ ).

We may also determine the behavior of Rf(8) as 8 approaches 6, from below or 6+
from above. In fact:

(vii) As 616, 0006, +m,

Rf(6) = Rf(6,) + — tan 2(6 — 6,) + O(| tan(8 — 6,)|7+9). (2.2)

Remark 1. As an 1llustrat10n of these results, suppose 8, = —~7 (so £ = = and
g =1y),let Abeasin (iii), and consider approaches in 2 to (0, 0) a.long rays. Asr — 0+,

Rf(a)+ o(1) fa<b<a

Rf(6) £ g(8)r®cos’ 8+ o(r?) ifag<6<6 (8€A)
Rf(@l):tge_grcose+o(r) if6=6

f(rcosb,rsind) = Rf(8))+ e 3(rsinb)s +o(r3) if6 <0< +n
Rf(Gl):tge_'§rc050+o(r) ifd=6,+nr

Rf(8) £ g(6)r®cos’ 6+ o(r?)  if 61 +m <8< By (8€A)
Rf(8) + o(1) i fo <6< p.
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Remark 2. From conclusion (vi), we see that Rf is continuous at 8; and 8, + =
and so, in the notation of Proposition 1, 6,,8, + 7 ¢ I.

Remark 3. Notice that conclusion (vii) generalizes [11: pp. 654 ~ 655].

Figure 2: A portion of the parametric surface
{(2uv, 3uv — v*,u? — v?) : v > 0} near the origin

Suppose H = 0 and 2 is a bounded Lipschitz domain in R? which is locally convex
at each point of Q2 \ {P} and can be written as

Q={(rcos@,rsin0): 0<r<r(d) and a<0<ﬁ} (2.3)

for some constants a and 8 with 0 < 8 — a < 27 and some function r with r(8) > 0 for
a < § < . Suppose also that ¢ is piecewise continuous on d2. (We observe that if ¢
is continuous and f ¢ C°(Q), then case (ii) of Proposition 1 automatically holds.) Let
f € CHUNCOD\ {P}) satisfy '

Nf=0 in Q } 2.4)
f=¢ ondQ\{P} '

Assume f ¢ C°(Q) and Rf is not monotonic on [&, 8]. Let B = {(u,v) : u? + 4% <
1 and v > 0}. Using the procedure in [10, 11] (also [2]) as indicated in the comments

below preceeding the proof of Theorem 1 and an appropriate conformal map of the unit
disk onto B, we find that there exists X € C°(B: R*)NC*(B : IR""),

X(u,v) = (z(u,v),y(u,v),z(u,v)) ((u,v) € E),
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such that -
AX =0 inB \

X, -X,=0 mmnB
| Xu| = |Xs| inB
z(u,0) = y(u,0) =0 for u € [-1,1]
z(u,v) = f(z(u,v),y(u,v)) for (u,v) € B
Xu(w, ) £0 i (u,0) £ (0,0), )

and K is an orientation reversing homeomophism of B onto Q, where K : B — Q is
given by K(u,v) = (z(u,;v),y(u,v)). Notice that X(B) is the graph of f over .

Let us denote by a, = a,(2,¢) and b, = ba(R, ¢) the Fourier sine coefficients of
z(cost,sint) and y(cost,sint), respectively, so that

(2.5)

an = ;2r— /:x(cos 0,sin ) sin(n6) dd

° (n>1). (2.6)

% / y(cos 6, sin 8) sin(n) df
0

bn

Let cn = ca(£2, ¢) denote the Fourier cosine coefficients of z(cos 6, sin §), so that
2 [ .
Cn = — / 2(cos 8, sin 8) cos(nb) df (n >0). (2.7)
. 0 . . .
Definition. Define 6 to be a strictly iﬁcrea.sing map from (-1,1) to (a,ﬂ) such
that . :
zy(u,0) = |24(u,0)| cos(6(u)) and Yo(u,0) = |z4(u,0)|sin(6(u))
with 6(0) = limy—o4 6(u). Set ap = limy_._;16(u) and By = limy_;—8(u). (We
observe that §(0) = 6, + = if 6, is given as in (2.9), tanag = limy;_; :‘;—E:’%% and

v(u,0)
:V(ZIO)‘ )

tan By = limu11

Definition. Let u be the map from [a, 8] to [—1,1] satisfying the conditions u €
C%[e, B]) and u(6(t)) = t for t € (=1,1); notice that u = —1 on @, ap] and v = 1 on
13}

Lemma 1.
(a) For each u € (—1,1) with | Xyu(u,0)| = |zu(u,0)| #£0, 6'(x) = £ > 0.

(b) Set L = {8(u) : u € (-1,1) and 2,(u,0) # 0}. Then u € C*(L) and u'(8) =
& >0if6c L. :

Notice that L = (ao,8) or L = (ao,8;) U (6; + 7,B80). We observe that the
conclusions of Theorem 1 continue to hold (with e = e; = —(cos(6) )az + sin(6, )b2) and
A = (@0,61) U (6: + 7, B).) In addition we can obtain the radial limits of f at P and
the asymptotic behavior of f near P from the Fourier coefficients an, by, ¢, as indicated
in the following : )
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Theorem 2. Let Q be given by (2.3), f be the solution of (2.4), and X € C°(B :
R3) N C?(B : R®) satisfy (2.5). Suppose z,(0,0) = 0; hence a; = by = ¢; =0, & =
a2 +b% > 0, Q has a reentrant corner at P (i.e. f—a > 7), and the parametric minimal
surface X has a boundary branch point at X(0,0) = (0,0,c0). Let Rf(a) and Rf(B)
denote the limits of ¢ at (0,0) along 3 from the appropriate directions. Then Rf(6)
ezists for all § € (o, B), Rf € C°((a, B]), and '

RF(6) = #(u(6),0) = co + Z calu(®)"  (6€[a,B]). (28)
n=2
Define 6, € (o, — w) by
sin(6; )az — cos(61 )bz = 0. (2.9)
Thenu =0 on [91,01 +7),u # 0 on [a, 6))U(6; +7, B], and when 8 € (ag, 8, )U(8; +, Fo),
u(8) satisfies

oo’

>~ n(sin(8)an — cos(8)bn)(u(6))" ! =0, (2.10)

n=2

and if u € (—1,0)U(0,1) satisfies (2.10), then u = u(#). Further, ifu € (—1,0)U(0,1),

(Z nb,,u"_l> cos(6(u)) — (Z na,,u"_l) sin(f(u)) = 0. (2.11)

n=2 n=2
Set s = sgn(Rf(61) — Rf(a)) and define g : [a,8] = R by.

Yazz cn [nP(8)u(8) — ()] (u(6))"?

f) = 2
9(6) (T2, n(cos(b1)an + sin(f )b )u(8)m1)

where

TR (3)(cos(6)bn — sin(8)an) (u(8)""2
PO = Yo n(n —1)(cos(8)b, — sin(8)an ) (u(8))"~2"
Then as (z,y) — (0,0) with either

lim mf 9(:5 y) > ag and limsup 6(z,y) < 6,
(z,y)—(0,0 (z,9)—(0,0)
or
lxmmf 0(:1: yy>o+n and limsup 8(z,y) < Bo,
(z,y)—(0,0 (z,y)—(0,0)
we have

f(z,y) = Rf(8(z,v)) + 9(6(z,¥)) " + O((z +*)")
where T = — cos(6) )z — sin(8,)y and § = sin(6; )z — cos(6, )y.



828 K. E. Lancaster and D. Siegel
3. An application

As part of the process of manufacturing some capacitors, a well-known international
firm applies a metallic coating to the bottom and a portion of the side of the capacitor
using “dip-coating.” One example of this part of the process consists of lowering the
capacitor approximately 0.5 mm into a liquid metallic paste, letting it sit in the liquid
for up to 20 seconds, removing it from the paste, turning it upside-down, and heating
it until the coating dries. The manufacturer would like the coating of the side to
have a uniform height, as in Figure 3, since otherwise precisely predicting the electrical
properties of the device in advance might be difficult. However, the actual coating of a
typical capacitor in the shape of a rectangular parallelpiped is “crescent shaped” as in
Figure 4. If capillarity is primarily responsible for the shape of the coating, as seems
to be the case, then our results can be applied to this problem, as illustrated in the
following section.

Figure 3: The desired coating of the side of the capacitor

Consider a constant contact angle v € (0, 7) and a rectangle R with vertices V =
{(0,0),(—2a,0), (0, —2b), (—2a, —2b)} for some a > 0 and b > 0. Let C be a circle of
radius ro > Va2 + b? centered at (—a,—b), B be the disk of radius ry centered at
(—a,—b), and T = B x {0}. Since the container which holds the metallic paste may not
be too important, we will consider SU T to be the container and assume the metallic
fluid makes a contact angle of 7 with the side of the container. The side of our capacitor
is represented by R x [0,00). Let € be the portion of the plane which is inside C' and
outside R and let f € C?(9) N C*(f \ V) be the solution of

Nf:&f'*'/\ il’l Qo
Tf v=cosvy on R\V
Tf-v=0 on C

where x > 0 and A are appropriate constants. Then f(z,y) represents the height of the
liquid above the point (z,y) and the wetted portion of (half of) the side of the capacitor
is the set '

{(:L‘,O,Z): —2a<zx <0,0<z< f(.’t,())} U {(01y1z): -2b< y<0,0<z< f(oay)}

Ifa=band vy € [{,35) [14: Corollary 2] implies f € C°(Qy); we suspect f is con-
tinuous at each point of V even if a # b. On the other hand, there is (numerical and
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experimental) reason to suspect that f will be discontinuous on V if v € (0, ). If f is
discontinuous at (0,0) € V, then the results of Theorem 1 hold. For example, if a = b,
then the radial limits of f at (0, 0) are constant on [-%,-F +7], - T, ?T"], and (7 —-y, 7]
and near (0,0, Rf(§)) the graph of f is similar to Figure 2.

Figure 4: An approximation of the actual coating of the side of the capacitor

4. Proof of Theorem 1

Before beginning this proof, we wish to discuss briefly some results, specifically from [2,
6, 10, 11, 14] which we will use. In [2, 10, 11, 14] the graph z = f(z,y) is represented
parametrically in conformal coordinates. This representation is obtained as follows:

(a) For each € > 0, the portion of 2 = f(z,y) outside the cylinder C, = {(z,y,2) :
z? + y? < €2} is represented as the image of a map Y, from the unit disk into R® which
1s given in conformal coordinates and satisfies an appropriate three point condition.

(b) As e approaches 0, the maps Y, are proven to converge to a map Y whose image
is the closure of the graph of f and which satisfies other appropriate conditions (e.g. Y
is conformal, of type C? inside the unit circle, of type C° on the closed unit circle, etc).

We note that the uniformization theorem is needed when H # 0.

In [6], Robert Gulliver proved that minimizing surfaces of prescribed mean curvature
do not have interior branch points. As one aspect of his investigation, he studied
the behavior of prescribed mean curvature surfaces near branch points using, in part,
modifications of the method of Hartman and Wintner [8); we shall use the techniques
in the proofs of Lemmas 2.1 and 7.3 and Corollary 7.1 of [6].

The proof of Theorem 1 will be given in six steps. Let
Qe = {(rcosO,rsinO) €EN:0<r< e}
= {(z.vf(z.v) : (z.y) €2\ {P}}
So = {(-‘c,y,f(z,y)) P (z,y) € Q}~
We will use the unit half-disk

B={(u,v):u2+v2<1 and v>0}
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as our parameter domain and we will divide its boundary into two parts:
"B ={(u,0): —1<u<1} and 8B ={(u,v): u?+v*=1 and v>0}.

Step 1. There is a parametric description of the surface Sy

X(u,v) = (z(u,v),y(u?v),z(u,v))T € C*B:R?
which has the following seven properties:
(1) X is a homeomorphism of B onto S,.

(ii) X maps & B strictly monotbnically onto T.
(iii) X s conformal on B: X, - X, = 0,X2= X2 on B.
(iv) AX = Xyy + Xoo = 2H(u,v) X, x X,

where H(u,v) = H(z(u,v),y(u,v),z(u,v)).
(V) XeCB)andz=y=00n0"B
(vi) Xu(u,v) =(0,0,0) if and only if (u,v) = (0,0).

(vii) Writing K(u,v) = (z(u,v),y(u,v)), K(cost,sint) moves clockwise
about 0N as t increases, 0 <t < 7 and K is orientation reversing on B.

Proof. The existence of the map X follows as in [2] when f = ¢ on I\ {P} and

as in [14] when f satisfies (1.4) on 902\ {P} (see the comments preceeding the proof of
the theorem) B

Step 2. There. is a C%-extension ofX still denoted X, into a neighborhood W of
(0,0) such that, for some a,b, A € R with a® + b? = A? > 0,

X(u,v) (2auv, 2buv, co + A(u? — v2)) + p(w)

where cp = Rf(Gl) and D*p(w) = o(|w|>7*) for k =0,1,2 as w = u + v — 0 ((u,v) €
W). We may (and will) assume A > 0. -

Proof. From [9], we know that X € C#(B U 8"B) for all p € (0,1). From Step
1(iv) we see that

Az = 2H (z(u,v),y(u,v), 2(v,v)) (Yuzv — Yvzu).

Let us denote the right-hand side by k(u,v) and consider z(u,v) as the solution of a
linear equation (actually Poisson’s equation). Let K be a compact subset of BU 9" B.
Since k(u,v) is in C®¢(K) and z(u,0) = 0, [5: Theorem 4.11 or Lemma 6.10] together
with [4] implies z € C%*%(K) (and so z € C*(B U &'B)). Similarly, y € C**(K)
(and so y € C%*(B U 8"B)). From the fact that X is conformal we see that z(-,0) €
C?%(K N (—1,1)); a similar argument to that above then shows that z € C%%(K).
Thus X € C%%(K : R®) for each K which is a compact subset of B U 8" B; hence
X € C}(BU@'B : R®). From [5: Theorem 6.19 and the remark following it] we see
that X € C3%(K : R®) for each K as before.
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Claim. X can be extended to be of type C? on the closed disk E,, with E, = {(u,v) :
u? + v < n?} for all sufficiently small n € (0, 1) such that in this disk X satisfies the
system

AX = AX, + BX, (4.1)

where A and B are matrices which are continuous on E, and of C'-type on the closed

half-disks '

'—E_; = {(u,v): mu? +v? <n? and v 20}
and

E_; = {(u,v) cul 402 <p? and v < 0}.

Assuming the claim is correct, the reasoning used to prove [6: Corollary 7.1] yields
some m > 1 and some 7 € C? \ {0} such that

X(u,v) =(0,0,c0) + Re{rw™} + p(w)

where D* p(w) = o|w|™~*) for k = 0,1,2 as w = u + v — 0. Since X is a “two-to-one”
map of 8" B into T, m must be even. Since X is one-to-one on B, m must equal two.
Now X, (u,0) = (0,0, 2y(%,0))T and X,(u,0) = (z4(u,0),y,(x,0),0)" for -1 < u < 1
and X is conformal on BU 8"B, so 7 = (ia,tb,A\)T where a,b < 0, we may introduce
new coordinates (z,y,%) with Z = —z and so obtain A > 0; we will assume this in the
following. (Notice that this assumption implies sgn z,(u,0) = sgnu. Regarding Step 2,
also see [7).)

Proof of the Claim. Let us denote H(m(u,v),y(u,v),z(u,v)) by H(u,v). We
first wish to extend X as a C%?-map on E; and then show that it satisfies a system of
the form (4.1). Since we already know X € C?(BUd"B) and z(u,0) = y(u,0) = 0 for
u € (—1,1) and it follows from the conformality of X that z,(u,0) = 0 for v € (—1,1),
we wish to extend z(u,v) as an even function of v across v = 0 and extend z(u,v) and
y(u,v) across v = 0 in 2 manner which makes the corresponding second derivatives of
z and y from v > 0 and v < 0 agree at v = 0; notice that if H(u,0) # 0, then the odd
extensions of z and y across v = 0 will not be of C?-type at (u,0). We extend X by
defining, for v < 0,

z(u,v) = —z(u, —v)
— 2H (u, —v)(yu(y, —v)zu(u, —v) + yu(u, —v)ze(u, —v))v?
y(u,v) = —y(u, -v) (4.2)

— 2H(u, ~v)(zo(u, —v)zu(u,—v) + Q:u(u, —v)zy(u, —v))v?
z(u,v) = 2(u, —v).
Usiﬁg the fact that z(u,0) = y(u,0) = 0, we see that X is of C%-type on E':.= E,.
Differentiating (4.2),-2 gives
zu(u, —v) + {2[H(u, —v)2zy(u, —v)]uv2 }yu(u, —v)
+ {2[H(u, —v)zy(u, —v)]uvz}yv(u, -v) °
= —2z,(u,v) — {2H (v, —v)yuo(u, —v)v?} z4(u, v)
+ {2H(u,‘—v)y,.,,(u,—v)vQ}zo(u,v)
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and
zo(u, —v) — {2[H(u, —v)zy(u, —v)v?] u}yu(u, —v)

— {2[H(u, —v)z4(u, —v)v?] o Jyu(u, —v)
= —2y(u, ) + {2H (u, —0)yyo(u, ~v)v? } 2,(u,v)
— {2H(u, =Yoo (u, —v)v? } 2 (u, v).

Analogous equations hold for y,(u, —v) and y,(u,—v). This leads to a system of the
form

zu(u, —v) —zu(u,v)
x0Ty | = | Sy |+ 9
. yv(u7_v) yv(u:v)

for v < 0, where C is of C!-type on E; and C =0 for v = 0, d; = d}z, + d!'z, where
d;,d] are of C'-type on E; and d; = di = 0 for v = 0. It follows from (4.3) that for

17

(u,v) € E, with 7 sufficiently small

To(u, —v) = —z,(u,v) + f1
yu(u, —v) = —yu(u,v) + f2
zy(u, —v) = z,(u,v) + f3
yo(u, —v) = yo(u,v) + f4

(4.4)

where
fi = filzu(u’v) + fﬂyu(‘l“:v) + f,';;.’l!u(u,'u) + f,-4y,,(u,v) + fi5zu(u1v) + fiszﬂ(uvv)
with fi; € C! on E; and f;; = 0 for v'= 0. Additional functions with these same

properties will be labeled f;, respectively fi;, with i > 4.

Taking the Laplacian of equations (4.2);_, and using the formula

A (y,,(u, —v)zy(u, —v) + yu(u, —v)2zy(u, —v))
= (Ay)vzy + Yo (D2)u + (AY)uzo + yu(D2)y + 2yuvDdz 4 224, Ay

(the right-hand side being evaluated at (u,—v)), the analogous formula which holds
when y is replaced by z, and Step 1/(iv) to write Az, Ay, and Az in terms of first
derivatives yields
Az(u,v)
= -Az(u,—v) — 4H(u,~v) (y.,(u, —v)zy(u, —v) + yu(u, —v)2u(u, —v)) + ...
= _2H(u’ —v)yu(u, —v)zu(u, —‘U) - 6H(ua —v)y,,(u, —v)zu(u, —’U) +...
= { — 2H(u, —v)y,(u, —v)}zu(u,v) + fr.
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To obtain the last equality, we have used (4.4) and the fact that y,(u,0) = 0. Similarly,
we have

Ay(u,v) = {2H(u, —v)zy(u, —v)}zu(u,v) + fs.
In addition, we have
Az(u,v) = Hz(u, —v)
= 2H(u, —v)(a:,,(u, —v)yo(u, —v) — zo(u, —v)yu(u, —v))
= fo
since 74(0,0) = y4(0,0) = 0.

We now define a matrix A = (a;;)? ;_, as follows:

_Jo forv>0
= funn forv<0

forv>0
mz = fra forv<O.
_ | —2H(u,v)yu(u,v) forv>0
s = —2H(u, —v)yu(u,v) + f1s forv <0
_Jo forv>0
= far forv<O
_Jo forv>0
22 = fs2 forv<0
_ [ 2H(u,v)z,(u,v) forv>0
a23 = 2H(u, —v)z,(u,—v) + fgs forv <0
_J0 forv2>0 '
= fo1 forv<O
_Jo forv>0
%2 = fo2 forv <O

_Jo forv>0
a3 = fos for v < 0.

Further? we define a matrix B = (b;; )?.i=l by

bre = 0 forv>0
7 frz forv<0

bio = 0 forv>0
127\ fry forv<0

bia — 2H (u,v)yy(u,v) forv>0
B fre forv<0
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by — 0 forv >0

27 fes forv<0

boy — 0 forv>0

2= fsa forv <0
bon — —2H(u,v)zy(u,v) forv>0
s fas forv<0
b 2H(u,v)yy(u,v) forv>0
" fo3 for v < 0
b 2H(u,v)zy(u,v) forv>0
2 = foa forv< 0

bex — 0 forv>0
8= fes forv< 0

With these choices for the matrices A and B, we see that (4.1) holds and so our claim
is established B

Step 3. Let us rotate the ry-plane through an angle of 6; + n and denote the new
coordinates by T and Y, where T = — cos(6;)z — sin(6, )y and § = sin(6, )z — cos(6,)y.
We may write

QONH= {(E,g): 7<0 and T2+ < 52}
where

H= {(rcosa rsinf): r >0 and 6, <6 <6, +7r}

for € > 0 sufficiently 3mall Let us 'repla.ce w by VAw. Subsequently, let X(u v) =
(Z(u,v), §(u, v), z(u, v)) be given by

X(u, v) =
= ( — cos(8,)z(u,v) — sin(6; )y(u,v),

’ T
sin(6;)z(u,v) — cos(Ql Jy(u,v), z(u, v))

and define K(u,v) = (£(u,v),§(u,v)). Then for some e, ER withe #0
E(u,v) + t2(u,v) = 2uv + (o + u? — v?) +itw® + o(w) (4.5)
§(u,v) = e(3u’v — v*) + 6(w) o

where o(u) ='6(u) = 0 for =1 < u < 1, D¥o(w) = O(|w*+5~*) for k = 0,1,2,3 and
D¥&(w) = O(|lw[*+*=*) for k =0,1,2,3 as w = u + iv — 0 ((u,v) € W).

Proof. We claim first that sin(6;)a — cos(6;)b = 0. Notice that the unit vector
i:(::g; approaches (3, %,0) as u — 04 and approaches (—§, —%,0) as u — 0—. Let
ba € (a, B) satisfy (—a, —b) = (cos(8,),sin(8,)). Since X(B) is a graph over the (z,y)-
plane, the argument of the vector (z,(u,0),yv(u;0)) is greater than 8, + m if u > 0
and less than 6, if u < 0, where we require our argument function to vary continuously
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and have range [, 8]. Using the general comparison principle and the fact that z(u, v)
approaches ¢y as w = u + tv approaches 0, we see that Rf(8) = ¢, for all § between 6,
and 6, + 7. From our assumption about the behavior of Rf, this means 8§, = 6, and so
a = —cos(,) and b = —sin(6,). Our claim now follows.

From the proof of [6: Lemma 7.3] we see that there exists a complex number C such
that (u,v) = Re{Cw?} + 6(w). Since §(u,0) = 0, ReC = 0 and so C = ie for some
real e. Thus we have '

T ] = 2uv + i(co + u? — v? o(w
#(u,v) + 1z(u,v) = 2uv + i(co + ) +o( )} (4.6)

§(u,v) = e(3u?v — v°) + 5(w)

where o(u) = &(u) = 0 for =1 < u < 1, D*o(w) = o(|w|*~*) for k = 0,1,2 and
D*&(w) = o(Jw|*~*) for k = 0,1,2 as w = u+ 1w — 0 ((v,v) € W). Since X €
03’6(Ed+) for some d > 0, we may consider the third degree Taylor expansion T'(u, v)
of X about (0,0); the error term X (u,v) — T(u,v) will be in O(Jw{**%) as ||(u,v)|| — 0.

Let
3

a\ /a\* L
mawrin=3 (5) (&) @+l

=0
Since §w(0,0) = 0, we find as in the proof of [6: Lemma 2.1] that Tj; is analytic in
w =1u + tv. Thus
i(u,v) = 2uv + £(v° — 3u’v) + 01 (w)
§(u,v) = e(3u’v — v*) + o2(w) (4.7)
2(u,v) = co + u? — v? + £(u® — 3uv?) + o3(w)

where D¥*oj(w) = O(|w|**+5=%) for k = 0,1,2,3. Since Z(-,0) = §(-,0) = 0, we see that
oj(w) = O(v|w|**®) forj =1,2.

We claim finally that e # 0. We will assume e = 0 and reach a contradiction. Let
us suppose first A = H(0,0,cp) # 0. From Step 1(iv), we see that

A§ =2H(E, 7, 2)(Eozu — Fuzo) = 8A(L? + v?) + o(jw|?) (4.8)
and so § must be of the form
g(u,v)b= dyu® + daulv + dou?v? + dyuv® + dov* + o(|w|*)
for some constants d;. If we compute Ay, (4.8) implies 12d4 + 2d, = 2d; + 12dg = 84
and d3 + d, = 0. Thus do = d4 and, since y(u,0) = 0 implies d¢ =0, do = 0. Then we

have : 4
(u,v) = da(v®v — uv®) + 4A4u*v® + o(Jw]*). . (4.9)

We claim that d3 = 0. Suppose otherwise. Consider the map

9(t) = g(pcost, psint)
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where p > 0 is fixed and 0 < ¢t < 7. For p > 0 small enough, (4.9) implies g has three
changes of sign on (0,7) and therefore g(t)g(m — t) < 0 when 0 < ¢ < t5 if tg > O
is small enough. Notice that §(u,v) > 0if u # 0 and v > 0 is small enough, since
(£4(u,0),5y(u,0)) points into the upper half-plane if u # 0. This means g(t)g(r —t) > 0
if 0 < t < € for € > 0 small enough, which yields a contradiction. Therefore, we see that
ds; = 0 and
§(u,v) = 44u®v? + o(jw|?).

However, this implies §(u,v) > 0 near (0,0) in B and this is impossible since 7<0in
Q) N H. Therefore, we have e # 0 if A #0.

Suppose now that H is real-analytic, H(0,0,¢o) = 0, and e = 0. Then Z(u,v),§(u,v),
and z(u,v)) are real-analytic on B U 8" B and so extend to real-analytic functions in

a neighborhood of (0,0). 'Since properties (iii) and (iv) of Step 1 hold when v > 0,
analyticity implies they continue to hold in this neighborhood. We may write

9(u,v) = Z Z ax ukol.
k=0 I=1

Let m be the total degree of the first non-zero term in this power series expansion of §
and let §, denote the terms of total degree m, so that §i(u,v) = %1(u,v) + O(jw|™*1).
Equation (4.6)2 implies m > 4 and so

m—-1m-—k

Hi(u,v) = Z Z akylukv'.

k=0 I=1
Since H(0,0,2(0,0)) = 0, we see (as in [6: Lemma 2.1]) that
§(u,0) = rIm{w™) + O(fu|™) (4.10)

for some r > 0. Let ¢ be given by

9(p,t) = §(pcost, psint).

Then the form of (4.10) implies g(p,t) = 7p™ sin(mt) + o(p™) as p — 0. We may choose
€ > 0 small enough that, foreach k = 1,...,mand 0 < p < ¢, sgn(g(p, t)) = (—1)* for all
te ((k_Tl)”+6, Er _§)where § = 5 this occurs since sgn(7p™ sin(mt)) = (—=1)*if p > 0
andt € ((k——mlzz, ':n—") and, for p > 0 small enough, this term dominates g. A little thought
will show that there is a closed Jordan curve ¢ = {R(u(s),v(s)) :0<s5<1}inQ
with the properties that u?(s) + v?(s) < €2, (u(0),v(0)) = (5,0), (u(1),v(1)) = (-%,0),
there exists 0 < s; < 1 such that #(u(s),v(s)) > 0if 0 < s < s; and Z(u(s),v(s)) <0 if
s1 < s < 1, and there exist s; and s3 with 0 < s, < s3 < 1 such that

>0 if0<s<sy -
F(u(s),v(s)) {<0 if 9 <5 <'s3
>0 ifsz<s<l .
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Let p(s) = /u?(s) + v2(s) and t(s) € [0, 7] be the argument of u(s) + iv(s). Then our

earlier remarks yield

sgn(g(p(s), (s))) = sgn(d(u(s), v(s))) = (~1)*
if t(s) € ((k_% + 6,52 —§) (k = 1,...,m); thus §(u(s),v(s)) has at least m — 1
changes of sign as s varies from 0 to 1, since t(0) = 0 and ¢{(1) = n. However, o was

constructed so that j(u(s),v(s)) has only two changes of sign as s varies from 0 to 1.
This contradiction implies e # 0 §

Step 4. If we write f(Z,7) = f(z,y), then

f(Z,9) = co — e 373 + O(V/22 + 4?)

as (%,§) approaches (0,0) non-tangentially from inside H. Since Rf(6;) = co, we see
that conclusions (1) and (v) of Theorem 1 hold.

Proof. Let us use (4.5) to determine the preimage in B of the line § = mz. If
(u,v) € B such that §(u,v) = mi(u,v), then

(e + mé)(3uv — v*) — 2muv = o(v|w|?).
If g(w) = (e + m&)(3u? — v?) — 2mu = o(||w||?), we have
3(e + m&)u® = 2mu — (v¥(e + mé) + g(w)) = 0.

Using the quadratic formula to solve for u when e + m{ # 0 and taking the root un,(v)
which approaches 0 as v approaches 0, we obtain

m — /m? + 3(e + m€)?v? — 3(e + m&)g(w)
3(e + m¢) '

um(v) =

If m = £ is bounded away from 0, we get 2mum(v) = (e + mé)v?® + of|v|?). From (4.7)
and the fact that #(um(v),v) = L§(um(v),v) we obtain for m # 0

T(um(v),v) = ——:—lv3 + 0(v*)
Fum(v),v) = —ev® + O(v*)

2(um(v),v) = co — v% + O(v*).

If (Z,7) approaches (0,0) in such a way that the limiting values of 8(z,7) lie in (—m,0)
(so m = tan(8(Z,7)) is bounded away from 0), we obtain

f(f,g) =cp — e‘:"ay‘% + O(, /z? +y2)

and Step 4 is proved il
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Step 5. Conclusions (i), (vi) end (vii) of Theorem 1 hold.
Proof. Let us define u(z,y) and v(z,y) for (z,y) € Q by the conditions that

(u(z,y),v(u,v)) € B and
z(u(z,y), v(z,y)) }
y("(zay),v(z,y)).

Notice that if D is a closed C'-domain with HU {P} C D C QU {P} and if (z,y) € D
approaches P, then (u(z,y),v(z,y)) — (0,0).

Notice that

x

Y

(‘ir g) = (i(u(:z, y)) v(:z:, y)): :fj(u(l, y)7 U(I3 y)))

where (z,y) € Q and (z,y) and (Z, ) are related as in Step 3. Let us write w(z,§) =
u(z,y). The behavior of f as (z,y) € D approaches (0,0) is given by the behavior of
the parametic surface X(u,v) as (u,v) approaches (0,0); that is, by the behavior near
(0,0) of the parametric surface

X¢(u,v) = (2uv,e(3u’v — v*),co + u? = v?).
Now (4.7); implies

Z(u,v) — 2uv

. 4
2v = 560" = 3u%) + O(|w|***) = O(|w|*)

and so' B
w= 20 4 oup) e a4+t -0 (4.11)

Similarly, (4.7); implies

§(u,v) — e(3u?v — v3)

Seu = O([w[***)
and so
w2 = e o0y e w0, (4.12)
. Jev
Combining (4.11) and (4.12) yields ' _
devt + 4jv — 3ei? = OV |w|**®)  as |w| >0 (4.13)

where u = 4(Z,§) and v = 9(z, §).

Let A be implicitly defined as a function of t by the quartic equation (in A)

ded +450 -t =0 (4.14)

where we consider Z and y to be fixed and choose A to be the solution of (4.14) which
satisfies A > 0 and A = 4(Z,7) for t = ¢, = 4ev(Z,7) + 4§5(Z, 7). Let v(z,y) denote
the value of A when t = t; = 3ez?, so that

e$ B(z,7) - \/~4ge} A(z,9) - (B(z,7))}
25e3(A(,9))%(B(z,9))*

v(Z,§) = (4.15)
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for (z,y) € D. From (4.13) we have t; — to = O(v?|w|?>*®). Since

d\ 1 -0 1
dt  16evd +45 v|w]|?

we obtain
v(&(u,v),§(u,v)) = ¥(z,§) + O(vlwl’). (4.16)
Now from (4.11) and (4.16) we find

u(%(u,v),§(u,v)) = m + O(u|w|®) (4.17)
and so (4.7)4 yields
£2(u,v)
412 (%(u,v),§(u,v))
as |w| — 0. Since f(z,§) = z(@(z,¥),5(z,7)), the only remaining difficulty is writing
the condition O(|w(z,§)|?*®) explicitly in terms of Z and §. Unfortunately, if we use
(4.15) - (4.17) to find |w|?*® explicitly in terms of Z and §, we get a mess. (The reader

is invited to try this using, for example, Maple V....good luck.) On the other hand, we
know that z(u,v) = co + u? — v? + O(|w|®) and so we certainly have

2(u,v) = co + (v* — v?)(1 + o(1)) as |w|— 0.

2(u,v) = co + - v (&(u,v), §(u,v)) + O(|w|***)

This yields
f(z,y) = Rf(61) + sf(z,y)(1 + o(1)).
Hence we see that our remainder R(z,y) is o(f*(x,y)) as (z,y) € D approaches (0,0).
Now suppose 8D = {(Z(t),3(t)) : t € R} with (Z(0),%(0)) = (0,0) and g(t) =
O(z*(t)) as t — 0. Then a straightforward calculation using (4.7) shows that if u(t) =
i (z(t),§(t)) and v(t) = 5(Z(t), §(t)), then v(t) = O(u(t)) and u(t) = O(v(t)) as t — 0.
Using (4.7) we have

O(lw[***) = 0((" +v*)+").
Actually, we have
245 O((z% + y2)azﬂ) when v = O(u)
O(lwl ) = 2 24 2t8
O((z? +y*)™5) when u = o(v).
The proof of conclusion (vi) of Theorem 1 follows from this discussion since §(u,v) = 0

if and only if 3u? = v2 + O(|w|**%) as |w| — 0 and so &(Z,0) = O(#(Z,0)) and #(%,0) =
O(a(z,0)) asz — 0.
Recall
Rf(8) = 2(u(8),0) = co + (u(6))* + O([u(6)I*)
as u() — 0. Notice that u(6) — 0if and only if § € (a, 8,]U[8, +=, B) and tan(§—6,) —
‘0. Since §,(u(6),0) = tan(d — 6,)Z.(u(8),0), we have

3eu?(6) + O([u(6)I***) = tan(6 — 6:)(2u(6) + O(lu(8)[*))
or _ :
u(f) = %tan(@ - 61) + O(Ju(8)'*%) = ?%ta.n(e —61)+O(|tan(6 - 6,)]'**)
as tan(§ — 6,) — 0. Then (2.2) follows. This completes the proof of Step 5 B
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Step 6. Conclusions (ii1) and (iv) of Theorem 1 hold.
Proof. Let us write
c(u) = 2(u,0)
a;(u) = Z,(u,0)
az(u) = §u(u,0)

by(u) = %iw(u,ﬂ) = —-H(0,0, 2(u, 0))az(u)c'(u)
ba(w) = 5Ton(,0) = H(0,0, 2(x,0))as ()e'(w)

ba(u) = %zv;(u,O).

Notice sgn(ai(u)) = sgn(u), az(u) > 0 if and only if u # 0, and sgn(c'(u)) = sgn(u).
Now i .

Z(u,v) = a; (u)v + by (u)v? + O(v®)
§(u,v) = az(u)v + by(u)v? + O(v*)
z(u,v) = o(u) + b3(u)v? + O(v*)

and so

v = (a1(w) ™ (2 - bi(w? + O(v®)) = (a2(w) ™ (7 = ba(u)o? + O(2)).

Hence by (a)
_ 3\U) .2 210,
#(,9) = e(w) + 325 0,0) + 0PI (wv))
a.nd,'v'vhen u 1s bounded away from 0,
- bs(u) -2 ()3
2(u,v) = c(u) + a?(u)z (u,v)0 + (|£(x,v)|%).

Let u, represent an element of (—1,0) U(0,1) and notice that the vector (Z,(u;,0),
v(u1,0)) points in the direction 8, € (=3, -m)U (0, ) where

az(u1) _ Hu(%1,0)
ai(u1)  Zy(w1,0)

= ta.né,.

Let us write h = 22. Then Rf is continuous at 6, if and only if A is strictly increas-
ing near u;. If H is real-analytic near the z-axis, then f((u,v) is real-analytic on a
neighborhood of {(u,0) : —1 < u < 1}. This implies h is analytic on (-1, 1). Suppose
h(u) = tan 6, for u; < u < uy +¢, for some € > 0. Analyticity implies h(u) = tan 6,
for all u € (-1,1) and so & is constant. However, (4.7) yield h(u) = 32—°u + O(v?) and
so h cannot be constant. Therefore h is strictly increasing on (—1,0) U (0,1) and so
Rf € C°([a, B]). This proves assertion (iv) of Theorem 1.
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Let J = {u € (=1,0)U(0,1) : h'(u) > 0}. For u € (—=1,0) U (0,1), define B(u) €
(a0, 01)U (6, + 7, 8) by

(:z,,(u, 0), yo(u, 0)) = |z4(u,0)] ( cos(8(u)), sin(G(u)))

and §(u) = §(u) — 6; — 7; notice tan(f(u)) = h(u). Let A = {6(u) : we J}. Then A is
a dense open subset of (ag,8;) U (6 + 7, 80) and Rf € C°(A). Let [€,,&] C A and

= {(rcosO,rsinO): £ <6<¢ and r>0}.

Let (z,y) € S and let (Z,7) be related to (z, y) by (2.1) and define 6(z,§) = 8(z,y) —
6, — n. Then u(f(z,y)) € J and

tju(ﬁ(x 7),%(%,9))

h(u(e(z,y))) - (i2 F g) 17(."1_: g))

k(i) = k(i) + H(0,0, (&, 0)) ((—j% 74 0(3%)

and so )
fi— 1= H(O) 0) 2(1_" 0))((:’(1_‘))3 o 1—)2
Rwa@e o)

e

This implies
(c’(u))“H(O 0,2(w,0)) _

z(u ‘U) = Z( 0) + hl(u)(al (u))2

7+ 0(3%)

and
f(2,9) = Rf(6(2,9)) + §(6(z,9))% + O(&*)
where
(c'(a(6)))*H(0,0, Rf(6))
h'(@(8))(a:1(i(6)))?

and () = u(6+ 6, + ) for § € {§ — 6, — 7 : § € A}. This completes the proof of
assertion (ii1) of Theorem 1 |l

9(8) =
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5. Proof of Lemma 1

Suppose ug € (—1,1) and |Xy(uo,0)] # 0, let g = (), and define
X (u,v) = (i(u,v),g}(u,v),i(u,v))

where
#(u,v) = cos(fo)z(u + uo, v) + sin(6o)y(u + uo, v)

§(u,v) = —sin(fp)z(u + uo,v) + cos(8)y(u + uo,v)
Z(u,v) = 2(u + uo,v). '
Then #,(0,0) = |24(0,0)| > 0 and §,(0,0) = 0. We may extend X by reflection across

the u-axis as a parametric minimal surface. If we continue to denote this extended
minimal surface by X, then X is a vector of harmonic functions and

X(u,—v) = (- #(u,v), —§(u,v), 5(x, v)).

We may write
X(u,v) = > Re{An(u +iv)"}
n=0

and it is easy to see that A, = (—ia,,—1tbs,¢,) for some real numbers a,, b, and c,.
Notice that Ay = (0,0,¢) and §,(0,0) = 5,(0,0) = 0, so

oo
Z(u,v) = Zan Im((u +i)") = a1v + 2auv + ...

n=1
glu,v) = Z bp Im ((u + iv)") = 2buv + ...
n=2 . .

Considering the sign pattern of #(pcost, psint) and §(pcost, psint) for small p as t
varies from 0 to m, we see that a; > 0 and b; > 0 (e.g. the last part of the proof of Step
3 in the previous section). Since X is conformal, we obtain

(u,v) =co+ a1u -i-ag(uA2 —v¥) ...
If we define §(u) = 6(u) — 8o, we see that

32,,(u,0)'

f 1-—
Zo(2,0) or |u| < |uo|

tan(f(u)) =

and so o o
6 df £4(0,0)7uv(0,0) — §0(0,0)Z4s(0,0)  2b

du (z+(0,0))2 a

since sec?(8(0)) = sec?(0) = 1. This proves assertion (a) of Lemma 1.

To see that assertion (b) of Lemma 1 holds, we note that # and u are inverse
functions, 6 is of C'-type on J = {u € (—1,1) : z,(u,0) # 0} (by the implicit function
theorem), #'(u) >0 on J,and 8 € L if and only if u € J. ‘

Remark 4. In the notation of Step 6 of the previous section, Lemma 1 means
h'(u) >0 forall u € L.
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6. Proof of Theorem 2

The proof of Theorem 2 will be given in six steps.
Step 1. Define

= {(1: v, é(z y)) c(z,y) € 69} and Sp = {(z,y,f(z,y)) : (z,y) € Q}.

Let X € C*(B : R})NCO(B : R?) be the homeomorphism of B and Sy with properties (ii)
- (vii) of Step 1 of the proof of Theorem 1; here, of course, H = 0 and the components
of X are harmonic functions. Then we may extend X by reflection across the u-azis,
so that z(u,—v) = —:i:(u v) y(u, —v) -y(u,v), 2(u,—v) = z(u,v) and X € C¥(E)
where E = {(u,v) : u? + v? < 1} is the unit disk. If we let ap,b, and c, be _defined by
(2.6) when n > 1 and co = [ z(cost,sint)dt, then

X(u,v) = ZRe{A (u +iv)"} (6.1)

for all (u v) € B, where Ag = (0,0,¢0)7 and A4, = (—ian, —ibn,cn)T for n > 1. Also
A, =(0,0,0) andA296(0 0,0).

Proof. The fact that X can be reflected across a line as a real-analytic parametrized
surface is well known and, because of (2.5)3_5 one can check that z and y reflect as odd
functions of v while z reflects as an even function of v. Now

Z an sin(nt) (6.2)

is the Fourier series expansion of z*(t) = z(cost,sint) since it is an odd function of
t. Since z* is continuous on [0,27], standard results for Fourier series (see, e.g., [1:
Subsection 38.10]) imply that (6.2) converges to z* in L?([0,2x]). Since z*(t) is the
boundary value of the harmonic function z(pcost, psint) on p = 1, we see that

o)
z(pcost,psint) = Z anp" sin(nt) (6.3)
for0 < p<1and0<t< 27 A similar argument shows that

[e o]
y(pcost,psint) = Z bnp" sin(nt)

n=0
o o]

z(pcost,psint) = Z cnp" cos(nt).
n=0

It is easy to see that each of these power series (in p) has radius of convergence > 1 for
each t € [0,2]. Indeed, for each fixed pg € [0,1), z(po cost, posint), y(po cost, pg sint)
and z(pg cos t, pg sint) are smooth functions of ¢ and so the Fourier series (6.3) and (6.4)
converge for each t € [0, 2] (see, e.g., [1: Subsection 38.7]). This means that for each
t € (0,27], the power series (6.3) and (6.4) converge when p = pp and so have radius of
convergence > pg.

Equation (6.1) then follows. From our hypothesis that ¢; = 0, we see that 4, =
(0,0,0). As in Step 2 of the proof of Theorem 1, we obtain a3 + b2 = c2 and ¢, # 0.
Thus A, #(0,0,0) 0
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Step 2. Rf(8) ezists for each 0 € [a,f] and Rf is a continuous function of 6.
Define 6, € (a,8 — ) by (2.9). Then u(8) =0 and Rf(8) = co for all 6 € [6,,6, + 7).
Further, (2.8) and (2.10) — (2.11) hold.

Proof. From [10, 11] we see that Rf(6) exists and behaves as indicated and u(6)
is a continuous function of §. We notice that (2.8) holds because of the definition
of u(6) and z(u,v). Also Step 3 of the proof of Theorem 1 implies () = 0 and so
Rf(8) = 2(0,0) = o for 8 € [6;,6, + 7]. We wish to show that (2.10) and (2.11) hold.
Notice that

[eo}

Xo(u,v) = ) nRe{idn(u +iw)""'} (6.5)

n=2

for u € (—1,1). Now u(8) € (~1,0) if and only if 8 € (ag, ), and for such 6,
Xo(u(8),0) = 24(u(8),0)(cos 8,sin 8, 0). (6.6)

Similarly, u(6) € (0,1) if and only if 8 € (6, + 7, o) and (6.6) holds for these §. From
. (6.5) and (6.6) we obtain the equations

2 nan(u(8))* ! = z4(u(8),0) cos é

n=2

> nba(u(8))" ! = z4(u(6),0)sin 6

n=2

a.nd (2 10) follows from solving each equation for z,. Equation (2.11) follows in a
similar manner. Suppose u € (—1,0) U (0,1) satisfies (2.10). Then (2.10) and (2. 11)
imply 8(u) = 6 and so u = u(6) B

Step 3. Let us define coordinates (T,y) by

T = —cos(f;)z — S%n(el Wy }
7 = sin(6))z — cos(6: )y

and set Q; = {(Z,9) : (z,y) € Q}. Set e, =~—(cos(91)a,, + sin(6))b,) and f, =
sin(6, )an — cos(6;)b,) forn > 2; fo =0. Define X : E — R3 by

X (u,v) = ((u,), §(x,v), 2(u,v))

where

' #(u,v) = — cos(6y)z{u,v) — sin(6 )y(u,v)
#(u,v) = sin(8) )z(u,v) — cos(6: )y(u,v).

Let 1,7 : Q?—b R be defined by

Vﬂﬂi@ﬁ@ﬁﬂ=f}

9(4(Z,9),9(Z,9)) =¥
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so that ﬁ(f,ﬂ) = u(z,y) and 9(Z,¥) = v(z,y). For each (T,¥) € Q, let us write
T =u(T,y) and v = 9(T,Y). Then, asw — 0 or v — 0+,

T= M(ﬂ)ﬂ T+ “‘k(v) +0(z 7°) } ©7)

g=N@z v+71(3) + Ou ?°)
and M(%) > 0 and N(%@) > 0 for alluw € (—1,1), where

M(w) = Z neq ()" 2

N@) =Y nfal@)?

n=3

- ) (6.8)
k@) = Y (~1)"erm1 (7))

I(v) = z (=)™ famr1(v)*™ 2,

Proof. Notice that (Z,(u,0),§,(u,0)) points into the first quadrant if u > 0 and
its argument tends to 0 as u — 0+. Since Z(u,v) = Y or, enlm{(u +iv)"}, e2 > 0, and
—g—f](u,O) # 01f u # 0, we see that M(@#) > 0. Now, as in Step 3 of the proof of Theorem
1, f3 # 0 and, since g%(u,O) > 0 if u # 0, we obtain N(2) > 0. Now

m{ (&(z,7) + i%(z,9))"}

8|

]
M8

g

S
I
~

<)
1]
M8

ntm{ (ﬂ(f, 7)+ 15(51 y)) " } :

Then
o ['l l
Ty e g (2k+1)( D@ (69)
= M(@)av + k(@7 + O(a7°)
and
o I7
7253 50 2 (54 ) V@ 610)

= N@)z*s + I(7)7° + O(uT°).
Thus Step 3 is proved
Step 4. Define 6(z,7) = 8(z,y)—61 —7 and i(0) = u(8+6,+7) (i.e ﬂ(é(i,g)) =
u(b(z,y))). If (Z,9) € Q, tends to (0,0) in such a manner that

0< liminf 0(1: 7)< limsup 6(z,§) < Bo — 6, —,
(2,9)—(0,0 (£,§)—(0,0)
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then

(z,9) — 4(8(z,9)) = p(i(6(Z,9))) (3(z,7))* + O((5(z,9))*). (6.11)
Proof. Notice that ‘
Py HED >0 wd mewp i(a5) <1
For (z,y) € ©, denote 9(5:,37),&(5,;7) and %(Z,y) by 8,4 and o, respectively. Now
(2.10) implies
Z n(cos(8)fn — sin(f)en)@(6)" ! = 0.
n=2
Since cos(8)y — sin()z = 0, (6.9) and (6.10) imply
n(cos(8)fn — sin(f)en) ()"~ — (@(6))"~")v
n=2
oo [25] . ) (6.12)
~1)* Nf — ain(f —yn—(2k+1)/-\2k+1
+ ; l; (-1) (2k 4 1) (cos(G)f,, sin()en ) () (9)
=0. '

We notice that - ‘
Z n(cos(8)fn — sin(é)e")(ﬂ)"_1 #0
n=2

if @ # () from Step 2 and, from (2.10), if @ # i(4),

L(a,8) = Z n( cos(6) fn — sin(f)en) z_:(ﬁ)"_z_'(&(é))'
=0

2

3
1l

_lﬁ.(é) Z n(cos(8)fn —sin(f)en ) ((#)*~! — (a(§)* 1))

‘0
Notice thé.t
(& - #(B) (7, B) = cos(8) (4 (,0) — 5u(i(8), 0)) — sin(8)(24(a, 0) — £,(i(5),0))
and so, differentating with respect to @ and evaluating at i(8), we obtain
L(ii(8),6) = cos(B)juo(@(8),0) — sin()Zus(i(8), 0)

= m [iv(ﬁ(é)» O)guv(a(é)a 0) - gv(ﬁ(g): O)iuv(ﬁ(é)a 0) .
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On the other hand,

5oy _ §o(@,0)
tan(f(z)) = #,(1,0)
and so =
20g(a)n 28 = Zo(#0)5uu(8,0) ~ §u(8,0)F4u(4,0)
sec (9(0))E = (£.(1,0))?
Thus

o 2, 2 (3o((8),0))2 dB
L(u(0),0) = sec’(8)————
(5(0), ) = sec (), Ga@),0)] |5,

Hence L(#,6) > 0 for @ € (—1,1). Now (6.12) implies

. dé
= |=u(a(8),0)| 3z > 0.

L(,0)(a - 4(8))s = -Q(w,s,0)

847

where
o [27] v . ' k‘
i,7,0) = — cos(8) fn — sin(B)e, (@)™~ (BE+1)(5)25+1
Qw59 =30 32 (1% (5, ) (cosfa = sin@hen) @00
Therefore, if )
v _ Zne2 (3)(cos(8) fn — sin(f)eq)(@)"*
N )
we obtain .
a — () = p(a)(3)* + O((9)*).

Now

p(a) = p(a(8) + p(a)s” + O((5)")) = p(i(8)) + O(37)
and so @ — 4(8) = p(@(8))s? 4+ O(5*). Thus Step 4 is proved B

Step 5. Let (z,y) €  tend to (0,0) tn such a manner that

liminf 9(1: y) >0+~ and limsup 6(z,y) < fBo.
(z,y)—(0,0 (z,y)—(0,0)

Then .
f(z,y) = Rf(8(z,y)) + 2 h(8(z,y)) + O(z°).

Proof. Notice that we are assuming

lim inf u(:c y)>0 and limsup u(z,y) < 1.
(z,9)—(0,0) . (z,y)—(0,0)
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For (z,y) € Q, denote @(Z,§) = u(z,y), 9(,7) = v(z,y) and é(:z,g) by @,% and '8,
respectively. Then

f(z,y) = f(2,9)
= 2(a,0)
o [3] n
=co+ Y Y (-1 <2k) cn(@)"" 2K ()2
“ﬁff (6.13)
=t ) (-] % (57.) en(@(®) + p(a®)* + 0O(*)" (o)

o 3 end @) [na@a@) - ()] + 06"

From (6.8); and (6.11) we have
M(z) = M(@(8) + p(ii(8))v* + O(v*)
= M(u(6)) + 6253: n(n — 2)en((8))"*p(i(8)) + O(3*)
= M(a(6)) + 52;(?(5))1\/11 (a(6)) + O(5*)
where

M (z) = Z n(n — 2)e,a" >

From (6.7); and (6.11) we have
= M@0 + My(EO(EE)IOR +0()

and so

b= OO + 0(3°%) = 2M(a(8))a(6) + O(z*).

Therefore, since p(a) = P(6), (6.13) implies
22 D ol (O -

(a(6)M(8u(9)))®
= Rf(6(z,)) + 2’ H(6(z,y)) + O(z*).

f(z.) = RF®) G o)

Thus step 5 is proved ]
Step 6. The case in whick (z,y) € Q tends to (0,0) in such a manner that

lim inf 9(3: y) > ag and limsup 6(z,y) < 6o
(z,9)—(0,0 (z,y)—(0,0)
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is essentially the same as Steps 4 and 5.

Remark 5. For numerical purposes, such as in [16], it would be useful to know
that the series representations (6.3) and (6.4) convergeon 0 < p <1 and 0 < t < 2.
As an example, assume that 9Q \ {P} and ¢ are smooth. Then z* is smooth on
(0,m) U (m,27) (see, e.g., [15: Subsection 349]) and hence (6.2) converges to z*(t) for
each ¢t € (0,m) U (w,2n). Since z*(t) = 0 and the series (6.2) converges to 0 when t = 0,
t = mort = 2m, we see that (6.3) converges to z(pcost,psint) on 0 < p < 1 and
0<t<2n. A 31m11ar argument holds for y and 2.
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