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On the Green Function of the Landau Operator
and its Properties Related to Point Interactions

V. A. Geyler and V. V. Demidov

Abstract. The Green function G of the Schrodinger operator with a magnetic field (i.e. the
Landau operator) H is studied. Two representations of G are used, namely in form of an
integral and of a series. The space-variable asymptotics as well as the energetic ones are
obtained. The analytical and asymptotical properties of G we obtain are related to point
perturbations of H.
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0. Introduction

By a Landau operator, we mean a three-dimensional Schrédinger operator H with a
uniform magnetic field B (see [5: Subsection 1.3)). After the discovery of quantum
Hall effect by K. von Klitzing [19], periodic and stochastic perturbations of the Landau
operator become the subject of intensive studies both in mathematics and in theoretical
physics (see, e.g., [3, 5 - 7, 23, 25] and the references therein). A number of results
explaining some properties of quantum Hall systems has been obtained by means of
point perturbations of the Landau operators (see [2, 8, 11, 12, 14, 16]) etc. The simplest
way to strict mathematical justification of such results is based on the use of the Krein
resolvent formula (see [1; 21, 23]). The possibility of this use takes place only if the Green
function G of the unperturbed operator possesses some analytical and asymptotical
properties. Our first goal in the present paper is to show that the Green function of
the Landau operator has properties required for existence of the Green function of the
operator H perturbed by a zero-range potential supported on an infinite discrete set
[13] (see Theorem 3 and equation (5.5)).

The advantage of zero-range potentials is the possibility to find the spectral param-
eters of perturbed operators in an explicit form. For this purpose explicit formulae for
the Green function G are required. Our second goal is to derive such formulae (see
Theorems 1 and 2). In this connection we give direct proofs of the main results using
the formulae for G, although certain of the proofs can be obtained by the use of general
properties of pseudo-differential operators [126]. Some results of the present paper have
been announced without proofs in [10, 13].
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1. Preliminary

The self-adjoint operator H we consider is the closure of the following symmetric oper-
ator defined on the space C$°(R3):

9 (.0 -
Ho—(-l%'Fﬂ’fxg) +(la—xz+ﬂ'§zl) _6_1‘:{ (1)

~ (see, e.g., [5: Subsection 1.3]). Here £ > 0 is the number of magnetic flux quanta
through a unit area of the (z1,22)-plane and the magnetic field B is derected along
the z3-axis. It is well known that H has absolutely continuous spectrum o(H) and
that o(H) = [%, +00) where w = 47, Using the Kato incquality (see [18: Theorem
2]), it is easy to show that the domain of H is a subset of C(R®). Hence the resolvent

R(¢) = (H — ()" of H is a Carleman operator, i.e. R(() has a measurable integral
kernel G(z,y; () obeying

[, 16w 0k < oo

for almost all :c € R? and for all { € p(H) = C\ o(H) (see [20: Chapter III, Theorem
4.2)).

At the beginning we recall some relevant properties of the two-dimensional Landau

operator H?) which is-by definition the closure of the symimetric operator Hé2) defined
on the space C{°(R?) by the relation :

' 2 2
@_{(_ .0 . 0
H” = ( z—azl +7r§:cg) + (1_83:2 +7r£zl)

(sec, e.g., [9: Subsection 1.1]). The spectrum of H(?) is a pure point one and consists of
infinitely degenerate cigenvalues (the Landau levels) g; = w(l + 3)-(1 > 0). The Green
function G(®(z,y;() of the operator H®) has the explicit form

G (z,y;() = %ﬂ[‘ (% - 5) exp [—iwfz/\ y— Wé(z —2'y)2]
‘ (2)
Xq’(%—g’l;ﬂf(x_y)2> .

where T" is the Euler I'-function, ¥ is the confluent hypergeometric function (see [4: Vol.
1, Subsection 6.5]) and the symbol A denotes the standard symplectic multiplication
in R?, i.e. 2 Ay = z,y; — 22y, for z,y € R? with z = (z1,22) and y = (y1,¥2). In
connection with (2) we shall need the formula (see [24:-Vol.1/Formula 6.5(2)])

I(a)¥(a,1;7) = 7e-“ (1;“) ? (z>0,Rea>0). (3
: 0
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The orthogonal projection P; onto the eigenspace of H(? corresponding to the eigenvalue
€1 is an integral operator with kernel

_ . (z-y)? 2
Pi(z,y) =€exp |[—tn€z Ay — 7r§—2— L, (w{(z -y) ) (4)
where L; is the I-th Laguerre polynomial (see [4: Vol. 2, Subsection 10.12]).

Throughout the paper we consider the continuous branch of the square root /¢ =
¢!/? on the complex plane C with cut along the negative real semi-axis ¢ < 0 defined
by the condition Re /( > 0. We shall use the notation z for the orthogonal projection
of vector z on the (z,z2)-plane. The symbol ® denotes the function

é(I-L _y.L)2 (5)

®(z,y) =exp |~inf(zL AyL) — 7 3

and the symbol R the domain

={(z,y)€R3xR3: z;éy}

2. The series representation of G(x,y;()

The following theorem is the main result of this section.

Theorem 1. The following assertions are valid:
(i) For every ¢ € p(H),

G(z,y;¢) =/ 16%‘1’(1',11)

o exp |— (w 2 : T3 — Y3 | (6)
§ p[ (w(l+3) -7 yl] PR
=0 (1+4- 5)

where the series converges locally uniformly in the domain RS x p(H). Hence the
function G is continuous in this domain, and for every fized (z,y) € R% the function
G(z,y;-) is holomorphic in p(H).

() Ifer # G € O'(H) (I > 0), then for every (z, y) € R, there ezist the limits

lim Gy () =G (z,y;¢0) end  lim G(z,3:¢) = G7(z,3: )

Re(>0 Re (<0

which are continuous functions in (z,y) € RY.
(iii) For every (o € p(H) the function M 1 continuable to a continuous
function on the whole space R® x R®.

The proof of the theorem is based on the lemma below.



854 V. A. Geyler and V. V. Demidov

Lemma 1. Consider the series

R S

n=0

and the formal termwise derivative of S(z;() with respect to

s’(z;<)=%¥[exP(zn'f;)gl“Dwu'“'e"p(;_""c"““') La(p?).  (7)

The following assertions are valid:

(i) The series S and S' converge locally uniformly in the domain (R®\ {0}) x (C\
R4). :

(ii) If (o € Ry \ N, then there ezist the limits

(liglo S(z;¢) = S*(z;¢o) and (li_r?o S(z;¢) = S7(z; o).

Re¢>0 Re(<0
(iii) For every ( € C\ Ry there ezists the limit lim, .o S'(z; ().
Proof. Assertion (i): Let 0 # 7 € R®. Since '
|ILa(z)] < e*/?  (neN,z>0) (8)
(see [4: Vol.2/Formula 10.18(3)]), the assertion is evident if Z3 # 0. Let 3 = 0, and

hence § > 0. Denote é, = £ and 6 = 2/. Then

Lo(p) = n7¥e% pn~d cos (2vAp - 1) +O(n~h) (©)

uniformly as p runs through {6,,6,] (see [23: Vol.2/ Formula 10.15(1)]). Equation
(9) shows immediately that the series (7) converges uniformly in the region |z3| < 1,
p € [61,62] and ( € K where K is an arbitrary compact of C \ R,. Since the domain
C \ R; is connected, it remains to show that for some fixed 0 < —(; € R the series
S(z; (o) converges uniformly with respect to z in the region |z3] < 1 and p € [6;, 62].
For this purpose we write the series S(z; (o) in the form

S@) = an(z3)ba(p) o (10)

where

en(VaTGlnl L ) L)

) vn — (o ns

We shall prove uniform convergence of the series (10) in the region |z3| < 1 and p €
[61,82] via the Abel-Dirichlet criterion. First we show that the sequence {an(z3)}n>0

an(z;;) =
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decreases for sufficiently large indices n and tends to zero uniformly with respect to z3.

Denote \
fO) = A5 exp(—vA = (o |z3) (A > o).
VA-G
It is easy to show that f'(A) < 0 if A is sufficiently large. Therefore there is an integer
ng such that the sequence {an(z3)}n>n, decreases. As limp—ooan(z3) = 0 for all

z3 € [—1,1], the sequence {an(z3)}n>0 converges uniformly with respect to z3 by the
Dini theorem. :

Let us prove now uniform boundedness of the partial sums of the series }_ bn(p).
By virtue of equation (9) it suffices to prove uniform boundedness of the partial sums
of the series
Z cos (2y/np - ¥)
n>0 n%
in [61,62). By the Euler-Maclaurin formula [22: Subsection 8.2] we have

m

i cos (2y/np—I) =/‘cos (2vzp- g)d:z:
nene n% :z:%
no

+% cos(2\/n_:)p—-§) +cos(2\/77”;p—.-})] + Ri(m)
i e

s
LT

where the remainder R;(m) admits the estimate

m n
1 cos(2y/zp— %
Rim)l < 5 [ <—(——)) dz
. Ts
no
+ ) +oo
<5§/d1+752 d:z+_62/d:x
- 32 z% = 64 r® 512 ¥
ng ng no
To estimate the integral
=/:z Bcos(2\/5p——)d:r,
no

changing \/z by the variable ¢ we obtain
vm

I=2 / t% cos (2tp— %) dt.

Vo
Since t—% decreases monotonically to zero, the expressions

s

/ t=¥ cos (2tp - %) dt

no
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are bounded uniformly with respect to s and p in the region s > \/ng and p € {61, 62] (by
the Abel-Dirichlet criterion for uniform convergence). Thus assertion (i) of the lemma
is proved.

Assertion (ii): It is sufficient to note that repeating the previous arguments we can
prove the following statement:

Let (o € Ry \ N and zo € R*\ {0}. Then there ezist a neighbourhood U of zg, @
neighbourhood Vi of (o in the closed upper half-plane and a neighbourhood V_ of (o 2n
the closed lower half-plane such that the series S converges uniformly in the set U x V.
or in the set U x V_ if an appropriate choice of a continuous branch of the square root
in the corresponding neighbourhood of (o 1is performed.

Assertion (iii): It suffices to verify that

lim Z |z3| exp(—=v/n — (|z3]) —0

0% z3—0 £t [n—¢|

2
locally uniformly with respect to ( € C\ Ry (remember that |L,(p?)| < e7). Let us
consider the expression

exp(-vA=Clml) _ n_
=< ep(—vAlal) n

icme—vn—C+¢ahM~

It is clear that this expression tends to one locally uniformly with respect to ( € C\ R4
and uniformly with respect to z3, |z3] < 1. Let now (, € R be given. Then there
exists a neighbourhood V of (g such that for all ( € V we have

exp(=v/n — (lzs|)
n—¢

P VL)
n

for some C > 0. As MLZ—SL) decreases monotonically by n, it is sufficient to prove
that

+o0
lim _|as| / Mde:o. (11)
1

0#23—0

. The change of variable IT;P' = 7 yields

Texp(-vi | T exp(-vT
|z3|/Mdtg_zmunmuwf‘ﬂg—r—)dr (12)
1 1

for |z3] < 1. Obviously, (12) implies (11), and the lemma is proved
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Proof of Theorem 1. It is evident that the operator H is the sum of two operators
H= H(2)®[Is +121,22 ®(_A13) (13)

where A, = di:, and I is the identity operator in the corresponding subspace. By
3
virtue of (13), we obtain the resolvent R({) as sum of the series

RO =D P®(-Dsy+e—()! (14)

=0

which converges in the strong operator topology. It is well-known that the second factor
in the sum (14) has the integral kernel

(~Bey = €)M (z,y) = ﬁ__gexp(—\/—_c o —yl). (15)

From (14), (4), (5) and (15) we obtain equation (6) (in the sense of strong operator
topology). Therefore the statements of the theorem follow from the corresponding
statements of Lemnma 1 il

Remarks. (1) Strictly speeking, the Green function G(z,y;() as a function of
(z,y) is defined in R? x R® almost everywhere only. To avoid ambiguity we consider
from here on the function G(z,y;() as pointwise sum of the series (6) if z # y.

(2) The formal representation of the function G in the form (6) has been obtained
in [25] without proof of convergence of the series (6) in any sense.

3. Auxiliary results

At first we introduce the notation RY = {z € R*: z, # 0}. Consider the integrals

Heo 2 2 '
_ 1 _
1@0= [r(5-) v (5- B tntad ) emlipzrdp  (16)

i t O\ gt
. w p
n= [ [ewtom-reto ()~ P (7
-0 0

where z € R? \ {0} and ¢ € p(H).

Lemma 2. For any é > 0 the integrals (16) and (17) converge absolutely and locally
uniformly in the region |z1| > 6 and Re{ < ¥ — 6. Therefore, the functwns J and J,
are jointly continuous in (z,() and J(z;¢) = J1(z;().

Proof. Because of equation (3) it suffices to prove that the integral (17) converges
absolutely and uniformly in the mentmned region. It is ev1dent that the assertion follows

from the estimate
400400

/ / exp(— Bt)(li t)w dtdq < 400 (18)
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where a > 0 and § > 0. \Using the well-known formula

+o00

./e‘Aze—"’zdz=\/§e_£_ (AeC k>0) (19)
we get
+o0 ¢ \7 14+¢\"%
dg =
[ () v (=)
Because

1

(lnl-:t)—izo(l) (t—0+) and (ml“)_%:ou%) (t— +o0)  (20)

we obtain the estimate (18) #
Lemma 3. Letz € R} and Re( < ¥. Then

+ o0
L exp {—7€ [(z1 —y1)(e' —1)7" + (z3 — y3)*t 7]} dt
J(z;¢) = 2#\/5/ o (G- D90 =1 7 @

Moreover, the tntegral in the right-hand side converges locally uniformly in the domain
(R*\ {0}) x {¢ € C: Re( < ¥}
Proof. Lemma 2 makes possible to interchange in (17) the order of integration.

Using equation (19), we obtain

1

J(z; ()—QW\/_/ (1+t>3 iexp [—71'{ (zlt—%-lng )] t[ln(‘f;‘)]%.

The change of variable IL_H = exp(—u) yields the right-hand side of (21). Obviously,
the integral (21) converges on the upper limit of integration absolutely and uniformly
in any set of the form R® x {¢ € C: Re( < ¥ — §} where § > 0. If u > 0 is sufficiently
small, then e* —1 < 2u, therefore for all u belonging to a sufficiently small interval (0, €)

exp ( —wf(zi(e* = 1) + xgu_’)) < exp ( - %u_]zz).

Moreover, for all (z,() with |z| > 6 and Re( < ¥ the integral (21) is ma_]orlzed on the
lower hmlt of integration by the concergent 1ntegra.l

f d
L = /exp (—%66211.-1) m

1]

Hence the lemma is proved B
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Lemma 4. If Re( < %, then for every C >0

/ |J(z; ()| dz < +oo. (22)
|z|<C
Proof. We have with some a >0 and 8> 0
+ 00 +o00 a+q? dz, dtdq
/ |J(z;¢)|dz < 2C / //exp( ﬂzl_t)(1+t) —
lz|<C |z.]<C —o0 0 23)

+00 + o0 2 at+q? dtdq
=20 [ [oestocal(7)

Because of (20) the estimate (23) implies (22)

Lemma 5 below provides a possibility to continue analytically the function J(z;()
on the domain p(H).

Lemma 5. Letn€N,a€Candz>0. fa—n¢Z_, then foranyn € N A
I'(a — n)¥(a —n,1;z)

= Z sk(a)z*(a)¥(a,1;2) + Z te(a)z*T(a 4+ 1)¥(a + 1,1;2)
k=0 k=0 '

where si and tx are rational functions, i.e functions having the form g for polynomsals

P and Q obeying deg P < deg@ and Q having only the numbers 1,...,n as possible
roots. If n = 0, then we can take s = 1 and to = 0.

Proof. To prove the lemma we need the formula
Y(a-1,1;2) = (2a = 1+ z)¥(a,1;z) — a®¥(a + 1,1;2)
(see [4: Vol.1/Formula 6.6(4)]) It implies
: l1+z

T(a-1)¥(a-1,1;z) = a—r( a)¥(a,1;z) — —r(a +1)¥(a+1,1;2).
By induction we obtain
- 1
I(a -~ n)¥(a—n,l;z) = 2a2T1’#F(a—n+1)\I/(a—n+1,1;:1:)
a—n
a—n (24)

- —nHI‘(a—n+2)\Il(a—n+2,1;:c)

: a —
if a—n ¢gZ_. The lemma is immediate from this equation il

Using Lemma 5, we deduce from Lemmas 2 and 4 by standard arguments the
following two lemmas.

Lemma 6. The integral (16) converges locally unifirmly in the. domain R3 x p(H).
Moreover, for every € > 0 and compact subset K of p(H) there ezist C >0 and m€ N
such that |J(z; ()| < (1+2%)™ iflzy| > eand (€ K. In partzcular for every ¢ € p(H)
the function J(-;() is continuous in the domain RS N

Lemma 7. Let C > 0. Then estimate (22) holds for each ¢ € p(H) Il



860 V. A. Geyler and V. V. Demidov -

4. Integral representations and asymptotics of G (z,y;¢)
At the beginning of the section we get another representation of the function G.
Theorem 2. Let ¢ € p(H). Then the following assertions are valid:
(i) For every (z,y) € RY obeying z, # y, we have
1 .
G(z,4:0) = g5%(2,9)I (v — (). (25)
(ii) For every (:l:,y) € RS we have
G(:E, Y; C) _Q(z y)
(26)

g +/’ exp { - 7r§[(:r.l —y1)?(e' = 1) 4 (23 — y3)%t ™! 1} at-
) - exp ((— - 5-) )(1 —e-t) ' \/Z

Proof. Applying the Fourier transform with respect to z3 to the operator (1) we
obtain

H=HOQI,+1I,,.,®p

Needless to say that p? denotes the corresponding multiplication operator in the space
L*(R,) of the variable p. Therefore for all f € L?(R®) and ¢ € p(H) we have

+o0

H =07 @) = 5= [ rap |
+oo (27)
. x/G(Q)(zL,yL;(—pz)dyL/ti__i”y’f(yL,ys)dys-
R7 — 00

The integrals with respect to p and y; converge here in L?-norm. Denote temporarily
= ®(z,y)J(y —z;¢) by G(a: ¥;¢). Let ¢ € p(H) be fixed. If a function f € L?(R3) has
compact support, then by Lemma 7 the integral (27) converges absolutely and hence

/ G(z,v: ) f(y) dy = / &z, 4 0)f(v) dy.

Therefore G(z,y;{) = G(J: y; () for almost all (z,y) € R® xR®. By continuity G(z, y; ()
= G(:r, y;¢) for all (z,y) € RS obeying z, # yi. Thus part (i) of the theorem is proved
Part (ii) follows from Lemma 31

Theorem 3. Let (o € p(H). Then for every € > 0 there ezist constants § > 0 and
C1,C2 > 0 such that )

- IG(z,y; )l < Crexp(—C2|z — yl)

ifle —y| > € and [(o - (| < 6.

Proof. Let ¢ > 0 be given. If |z —y| > ¢, then either [z, —y, | > & sorlzi—yij<$§
and |z3 — y3| > £. Therefore the theorem follows from Lemmas 8 a.nd 9 below 1
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Lemma 8. Let (o € p(H). Then for every € > 0 there ezist constants § > 0 and
C,,C2 > 0 such that

IG(z,y; Q)| < Crexp(—CalzL —y1l) (28)
fl{—Gol <8 and |z —yi| 2 €.
Proof. Using (25) and (5), we obtain the assertion from Lemma 6 B

Lemma 9. Let (o € p(H). Then for every € > 0 there ezist constants 6 and
C,,C2 > 0 such that

|IG(z,y; Q) < Cl exp(—Cz|z3 — ysl)
if[¢—Col <6, |z ~yi| <€ and |z3 —y3| > €.

Proof. Pick § > 0 such that the disk |[( — (o| < & do not intersect o(H). By
Theorem 1 and equation (8) we have

exp(=Clzs — y3))
1G(z,y;¢)| < Co ; =]

5=»inf{Re\/l+%—-£: |(—(o|§5andl€N}.
w

It is clear that for § sufficiently small we have that C>0.1C>C,> 0, then

where

=, exp (— (C = Cy)lzs — ys)
G(z,y; <C -C. — E
16z 35Ol < Coexp(=Cal=s ~ 3s) pors V¢ —eil

< Cy exp(—Calz3 — y3|)

and the assertion is proved 8

We want to give in conclusion an application of the obtained results to the finding
of zero-range perturbations of the three-dimensional Landau operator. Namely, we give
a simple derivation of the diagonal elements Q4 a(2) of the Krein Q-matrix for the
operator H. Because of analyticity in z, Qq,qa(2) can be defined up to addive constant
by the relation

0Qa,a(2z) _ 0G(a,q;z)
0z - 0z
where Rez < ¥ (see [17]). From equation (26) we get

exp { - )t}
161r2\/E/ l—e -t Vit

d
EG(z,y,z)‘z

Using the equality

+

o]

e (1 - e")_1 dt = I'(s)((s,v)

o,
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where ( = ((s,v) is the so-called generalized Riemann (-function (see [4: Vol. -1/Sub-
section 1.10]) and the relation

5}
5:C(0) = =s¢(s,v),

we obtain at once

Qa,a;2) = g( (%, % - 5) + const. : (29)

We remark that this equation has been obtained at a physical level of rigour in [7:
Section VII.2/Formula (VII.2.9)].
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