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ek°-Subdifferentials of Convex Functions

E.-Ch. Henkel

Abstract. The paper as a contribution to convex analysis in ordered linear topological spaces.
For any convex function f from a Banach space X into a partially ordered one Y endowed with
a convex cone K some properties of the ek®-subdifferential 6‘5k°f(a:) of f are examined. The
non-emptyness of Ofkof(z) is proved, whenever Y is a normal order complete vector lattice and
f belongs to the class of functions which are continuous and convex with respect to the cone
K. For the real-valued case Bronsted and Rockafellar have proved that the set of subgradients
of a lower semicontinuous function f on a Banach space X is dense in the set of e-subgradients
[21). We deduce a similar result for a class of ek®-subdifferentials of functions which takes
values in an ordered linear topological space Y.

Keywords: Subdifferentials, ¢-subdifferentials, order complete vector lattices, scalarization,
properly efficient elements
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1. Introduction

The notion of e-subdifferential of a real-valued convex function can be found, for in-
stance, in the papers of Bronsted and Rockafellar [6] and Moreau [18]. During the last
years many mathematicians have studied convex functions taking values in ordered lin-
ear topological spaces and their subdifferentials. Among them, we can quote [3-5,1,
8, 10, 13, 18, 19, 27, 29, 30, 33]. Especially, Borwein (2, 4] has proved many conditions
for subdifferentials to be non-empty. Borwein (2], Kutateladze [14] and Thera [26] have
examined the notion of e-subdifferentials for convex functions taking values in an or-
dered linear topological space and for ¢ in the positive cone of this space. Loridan [15]
has considered this concept for finite-dimensional spaces. Also an operational calculus
was established by these authors.

Now let us go into particulars. Let X and Y be linear topological spaces, Y ordered
by a convex cone K C Y, and C C X a convex set. For a convex function f: C —» Y
and € € K the e-subdifferential 8° f(zo) at zo € C is the set of all continuous linear
functions T : X — Y such that

T(z — z0) € f(z) — f(zo) +e - K

for all z € C. Hiriart-Urruty [9] has proved that the e-subdifferential multifunction
of a lower semicontinuous real-valued convex function f is of locally Lipschitz type
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on its set of continuity points. The e-subdifferential for the vector-valued case has
some impressive properties, but the above locally Lipschitz-type behaviour is absent,
if int K = 0. Therefore, Thibault [28] has introduced the notion of V-subdifferentials
which enjoys the locally Lipschitz behaviour whenever V is a neighbourhood of zero.

Let z,y € Y. The order intervall [z,y] between z and y is defined by

[z,9] = {({z} + K)n ({y} - K)}.

Further, taking V = [—~¢, €], the notion of V-subdifferential includes that of e-subdiffer-
ential, since 8y f(z) is the set of all continuous linear maps T : X — Y such that

T(z —z0) € f(z) = f(z0) +V - K

for all z € C. Thibault [28] has proved the non-emptyness of V-subdifferentials of func-
tions f-which are at any point of their domain the limit of nested families of continuous
affine minorants. : . .

Thierfelder [29] has introduced different subdifferentials of functions which take their
values in ordered linear topological spaces and has examined their applicability for the
formulation of optimality conditions of vector optimization problems. Tammer [25] has
generalized these definitions by introducing e-subdifferentials of functions acting from
a Banach space into an ordered one.

Our paper is concerned with the study of properties of e-subdifferentials. In Section
2 we recall some preliminary definitions and results used later. In Section 3 we prove
non-emptyness of the e-subdifferential for the class of maps which are both continuous
and convex with respect to a cone K and acting from a Banach space X into an order
complete normal vector lattice Y. The main idea of the proof is a separation theorem of
Elster and Nehse (8] for sets in product spaces. Section 3 contains also our main result
(Theorem 2). We prove that for an order complete Banach lattice Y a subdifferential in
the sense of Thierfelder [29] of functions which are continuous and convex with respect
to a cone K is dense in the e-subdifferential. The proof is based upon the variational
principle of Ekeland and some results of Thierfelder [29] concerning some classes of
subdifferentials. Additionally, our proof requieres a computation of the subdifferential
of a special vector-valued function.

2. Preliminaries

Now we give necessary definitions and notational conventions. Let (Y, K) be an ordered
linear topological space, K C Y being a closed convex cone. Additionally, K is supposed
to be pointed, i.e. KN —K = {0}. The order induced by K is denoted by <k, i.e. we
write z gy forz,ye Y ify— 2 € K.

A function f : X — Y is called K-convez on X if, for all z,,2, € X and ¢ € [0,1],

f(tz1 + (1 = t)z2) <k tf(z1) + (1 — ) f(z2)
holds. The (topological) dual cone K* is defined by

K’={y'€Y‘:y‘(y)20fora.lly€K}
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where Y* denotes the topological dual space of Y. The partial ordering induced by the
dual cone K* is called dual partial ordering. The set

(K*)° = {y' €EY':y'(y)>0foralye K\{O}}

is called the quasi-interior of the dual cone K*. A convex subset B of a convex cone
K # {Oy} is called a base for K, if each y € K \ {Oy} has a unique representation
y = Ab for some A >0 and b € B.

Lemma 1 (see, e.c., Borwein [3: Proposition 2.7]). Let K be a cone in a real locally
convez space Y. If K has a base, then (K*)° # 0.

Further, we need some definitions and results concerning vector lattices and refer
to Jamesson [12], Meyer-Nieberg [17], Peressini [20], Schaefer [22] and Schwarz [24].

Let (Y, K) be an ordered vector space, M C Y asubset and y € Y. If m <g y
for all m € M, then M is said to be bounded from above (or majorized). Any element
with this property is called an upper bound (or majorant) of M. Subsets bounded from
below and lower bounds are defined analogously. If y € Y is an upper bound of the
set M C Y, then y is called the supremum of M and denoted by y =sup M if y < u
for any other upper bound u of M. The infimum of a set M C Y denoted by inf M is
defined analogously. In particular, if z,y € (Y, <k ), then we write

z Vy =sup(z,y) and z Ay = inf(z,y).

An ordered vector space Y is called a vector lattice or Riesz space, if for all z,y € Y the
supremum z V y exists. We use the following notations:

[

zt=zv0 (positive part of z)

z- =(-z)Vvo0 (negative part of )
|z] =z V(~2) (absolute value of z).
Remark that by definition z+,z~,|z| € K. Further, z+ and z~ are disjoint, i.e. zt A
z~ = 0. The cone K C Y is called reproducing, if K — K =Y.
The following results are standart ones.

Lemma 2 (see, e.c., Meyer-Nieberg [17: Theorem 1.1.1] and Jamesson [12: Theo-
rem 2.3.10]). Let (Y, K) be a vector lattice and z,y € Y. Then:

@) |z =zt +z~.
(i) z <k y ifand only if z¥ <k y* and y~ <k z~.
(iii) |z| <k y if and only if £z <k y, ie., —y <k T <k .

A norm || - || on a vector lattice (Y, K) is called lattice norm, if |z| < |y| (z,y € Y)
implies ||z|| < ||lyll. Then (Y, || - ||) is called normed vector lattice and, in case of norm
completeness, Banach lattice.
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Lemma 3 (see, e.c., Meyer-Nieberg [17: Proposition 1.1.6])). In a normed vector
lattice (Y, K') the cone K is closed.

A partially ordered linear topological space (Y, K) is normal, if there exists a base
of neighbourhoods V' at zero with

V=(-KnK-V) a

Such neighbourhoods are said to be full or saturated. There are many equivalents for and
consequences of equation (1) for which the reader is referred to the standart literature
(12, 20, 22]. We will interchangeably refer to K and Y as being normal.

Lemma 4 (see, e.c., Borwein [3: Example 2.2]). Any Banach lattice or locally
convez lattice is normal.

A vector lattice Y is called order complete (or Dedekind complete, or conditionally
complete), if every non-empty subset B of Y which has an upper bound has a supremum.
Order completeness plays in the theory of vector lattices a similar fundamental role
as topological completeness in functional analysis. But order completeness and norm
completeness are independent properties.

Let us consider some general relationsships about dual vector spaces. A vector
lattice (Y, K) is called Archimedean, if £ <y 0 holds whenever the set {nz : n € N}
is bounded from above. Let (Y,K) and (Z, P) be Archimedean vector lattices. An
operator T € L(X,Y) is called

(i) positive, if T(K) C P;
(ii) regular, if it is the difference of two positive operators.

We denote by L"(Y,Z) the collection of all regular operators T : X — Y and by
Y~ = L"(Y, R) the order dual of Y.

Lemma 5 (see, e.c., Meyer-Nieberg [17: Proposition 1.3.7]). The dual Y* of a
normed vector lattice Y is a Banach lattice. If Y is a Banach lattice, then Y* =Y~

Lemma 6 (see, e.c., Borwein et al. [5]). All dual Banach lattices are order com-
plete.

Example 1. Let us illustrate by some examples which classical Banach lattices are
order complete ones and which corresponding positive cones are based. We refer the
reader to Jahn [11] and Borwein et al. [5].

a) The classical Lebesgue spaces L,() (1 < p < 00) with cone K, = {f € L,(Q) :
f(z) > 0 a.e. on N} are order complete Banach lattices and K, has a base.

b) The classical space Loo(Q2) with cone K = {f € L (Q) f(z) >0 a.e. on 0}
is an order complete Banach lattice and K, has a base.

c) The classical sequence spaces [, (1 < p < oo) with cone K,={ze€l: & >
0 for all = € N} are order complete Ba.nach lattices and K, has a ba.se

d) The classical sequence space lo, with cone K = {a: €lo: & > 0for all i € N}
is an order complete Banach lattice and K I, has a base.

€) The classical space C|0, 1] of all continuous functions f : [0,1] — R with cone of
nowhere-negative functions is a non-complete lattice. Consequently, this space is not
useful for our considerations.
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Now, let us consider functions f : X — Y between linear spaces X and Y, X real
and Y ordered by a convex cone K. The set

epi(f) = {(=) € X x ¥ : y 2k {(2)}}

is called the epsgraph of f. It is well known that a convex function f: X — Y can be
characterized by epi(f).

Lemma 7 (see, e.c., Jahn [11: Theorem 2.6]). Let X and Y be linear spaces, X
real and Y ordered by a convex cone K. Further, let @ # W CY and f: W Y @
given function. Then f is K-convez if and only if epi(f) is convez.

Now, we have to consider some known aspects about continuity of functions and
refer to [16]. A real-valued function f: S C X — RU {oo} is lower semicontinuous at
Zo, if for each £ > 0 there exists a neighbourhood U(z¢) such that f(z) > f(zo) — ¢ for
all z € U(zo) N S. In the case of vector-valued functions (maps) we get an analogous
notion:

Let X and Y be linear topological spaces, Y ordered by a convex cone K,and S C X.
A function f : S — Y is called K-continuous at zo € S, if for any neighbourhood
V(f(zo)) there exists a neighbourhood U(zo) such that f(z) € V + K for all z €
U(zo)NS. The function f is K-continuous on S, if it is K-continuous at any point of S.
Whenever ¥ = R and K = R4 (the cone of non-negative real numbers), K-continuity
is the same as lower semicontinuity. It is easy to see that any continuous function
f: SC X - Y is K-continuous (compare with [16]). Especially, any linear continuous
functional z* € (K*)? is lower semicontinuous.

Now we study an important property of the composition of cone-continuous func-
tions [16]. Let X and Y be real linear topological spaces, ordered by convex cones H
and K, respectively. Further,let f: W C X — Y be a given function. Then f is said
to be non-decreasing (or monotonic) at zo € X with respect to (H, K), if

zeWN(zo—-H) = f(z)€ f(z0)- K.

For a continuous linear functional z* € Y* this definition is equal to the usual definition
of monotonicity of functionals, i.e.

yeEYN(y—-K) = 2°(y) < 2*(y)

Especially, each functional 2* € (K*)° is non-decreasing.

Lemma 8 (see, e.c., Luc [16: Theorem 5.11]). Let X,Y and Z be linear topological
spaces, Y and Z ordered by cones K and L, respectively. Further, let W C X have at
least one accumulation point zg, let f : W = Y and g: Y — Z be given functions, f
being K -continuous at zg. Then the composition go f: W — Z is L-continuous at zo
if and only if g 1s L-continuous end non-decreasing on Y. '

For the special case that f : X — Y is K-continuous and z* € (K*)° there follows
lower semicontinuity of z* o f for all z € X.



1004 E.-Ch. Henkel

Finally;, we need two special classes of Banach spaces and refer to [21: p. 35; p.
95]. A Banach space X is called a Gdteauz differentiability space provided the set G of
points of Gateaux differentiability of a convex continuous function defined on a convex
subset D C X is necessarily dense in D. It is well known that the class of Gateaux
differentiability spaces contains the class of separable Banach spaces (compare with

Phelps [21: p. 35, p. 95]).

A Banach space X is called weakly compactly generated provided there exists a
weakly compact subset W C X whose linear span is dense in X. It is well known that
any separable or reflexive Banach space is weakly compactly generated. Further, any
weakly compactly generated Banach space is a Gateaux differentiability space.

3. Properties of ¢k’-subdifferentials

3.1 The vector-valued subdifferential. Many authors were concerned with proper-
ties of subdifferentials of vector-valued functions (see, e.g., [3 - 5, 8, 10, 13, 18, 19, 27,
29 - 31, 33]). Asin [3, 5] we adjoin an abstract maximal element infty (o) to ¥ and K
and denote the new objects by Y and K. The clement infty satisfies

a - 00 = 00, Yy + 00 = o0, 0-0=0, y < oo

for any positive real a and any y € Y. The reason for adjoning o is to allow us, as in
the real-valued case, to work with functions which are only defined on a subset of the
space X. For any z* € (K*)® we set 2*(00) = co and so extend z* to Y. So it is useful
to introduce the set

: dom(f) = {:c.G X : 2*(f(z)) < oo for some z" € (K')o}

. which is called the effective domain of the function f: X - Y.

Definition 1. Let X and Y be linear topological spaces, Y ordered by a cone K,
‘f: X =Y agiven function and zy € dom(f) a given point. Then the set

05 f(zo) = {T € L(X,Y): T(h) 2k f(zo + k) = f(zo) for all h € X}'

is called the subdifferential of f at zo, and each T € 8= f(z¢) is called a subgradient of
f at zo. Also, by definition, if zo ¢ dom(f), then 8= f(z¢) = 0.

In Section 1 we mentioned that Thierfelder [29] defined different subdifferentials of
functions which take their values in ordered linear topological spaces. Let us quote some
properties of these subdifferentials that will be used later on.

Definition 2. Let X and Y be linear topological spaces, Y ordered by a cone K,
and f: X — Y a given function. Further, let k® € K\ {0} and € > 0. Then we set:

forall 2* € K* andall he X : }

8(S) f(zo) =
®) O @) {TGL(X’Y) (2% o TY(R) < (=" 0 f)(zo + ) = (=" o f)(zo)
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b) 8% fz,) = {T € L(X,Y)l T(h) ¥k f(zo + h) = f(z0) for all h € x}
where y; #k y2 means y —y2 & K \ {0}. 4
there exists z* € (K*)° such that, for all h € X,
(2" o T)(R) < (2% 0 f)(z0 + k) — (2" 0 f)(z0) }

Thierfelder [29] has given characterizations of solutions of vector optimization prob-
lems by means of vector-valued subdifferentials. For the following definition we refer
the reader to Schonfeld [23].

c) 8% f(z) = {T € L(X,Y)

Definition 3. Let X and Y be linear topological spaces, Y ordered by a cone K,
and f : X — Y a function. Then z¢ € X is called properly efficient element of f, if
there exists a z* € (K*)° such that (2* o f)(zo) < (2* o f)(z) forall z € X.

Lemma 9 (Thierfelder [29]). Let X and Y be linear topological spaces, Y ordered,
and f: X — Y a function. Then zo € X 13 a properly efficient element of f if and
only if O € 0*) f(z,).

Lemma 10 (Thierfelder [29]). Let X and Y be linear topological spaces, Y ordered
by a cone K, and f: X — Y a function. Then. for 2o € X the equality 8% f(zq) =
S f(zq) holds, if K is closed.

Further we need the following rule of sums for subdifferentials introduced by Thier-
felder.

Definition 4. Let Y be a linear topological space ordered by a convex cone K.
Then the order structure is called conditionally complete if any set bounded from below
has an infimum.

Lemma 11 (Thierfelder [29]). Let X and Y be linear topological spaces, Y ordered
by a cone K with weakly compact base, and let f1,f, : X — Y be conver functions,
continuous at zo € X. Additionally, let

(i) the order structure of Y be conditionally complete
or

(i1) X be a Gateauz differentiability space.
Then 3(S) fi(zo) + 8 fo(z0) = 8P (f1 + f2)(z0).

Remarks. Many versions of this lemma with different assumptions on X and Y
are known. An essential part of their proof is the equation

2" 005 f(z0) = 8(=" o f(z0)) @

for all 2* € (K*)°. For example, Zowe [31, 32] has shown (2) for the special case where
X is weakly compactly generated and Y is locally convex with K having a weakly
compact base. Borwein (3] has proved (2) under the assumption that X is a Giteaux
differentiability space, Y has weakly compact intervalls, K is closed and normal and
(K*)° # 0. Jahn [11] has examined (2) under the assumptions that X and Y are
reflexive Banach spaces and K has a weakly compact base. Valadier [39] proved that
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the above result applies to any separable and reflexive Banach lattice Y and to Y equal
the Lebesgue space L;.

3.2 The Non-emptyness of the ek’-subdifferential. The following definition is
a direct transcription of the usual definition of e-subdifferential of real-valued convex
functions which goes back to Tammer [25].

Definition 5. Let X and Y be linear topological spaces, ¥ ordered by a cone K,
and f : X — Y a function. Further, let k° € K \ {0}, zo € dom(f) and € > 0. Then
the set .

35:of(:£o) = {T € L(X,Y)‘ T(h) <k f(zo + h) — f(z0) + €ko for every h € X}

is called the ek®-subdifferential of f at zo and each T € 6<kof(xo) is called ek©-
subgradient of f at zo. Also, by definition, in case zo ¢ dom (f) we set 35 kof(Io) = 0.

Definition 6. The operator Px : X xY — X defined by Px(z,y) = z for (z,y) €
X xY is called projector of X x Y onto X. Further, for any non-void set A C X x Y
the set Px(A) = {z € X|(z,y) € A for some y € Y} is called projection of A onto X.

The following separation theorem of Elster and Nehse [8] for convex sets in product
spaces is a principal auxilliary result for our examinations.

Lemma 12 (Elster and Nehse [8]).. Let X be a linear topological space, (Y,K) a
normal order complete vector lattice, and let A,B C X xY be K -convez with int Px(A)N
Px(B) # 0. Further, suppose the following:

(.'L', yl) € A

= 2K Y2.
(ﬂﬁ,yz)EB} =k

(ii) For any zo € int Px(A) N Px(B) there ezists a § € Y with (zo,7) € A, and for
any neighbourhood V(0) C Y there ezists a neighbourhood U(0) C X such that

T € z0 + U(0)
(z,y) e A

Then there exist T € L(X,Y) and yo € Y such that

} = yeg+ V(0.

T(z1) —y1 <k yo <k T(z2) — 2

for all (z1,y1) € A and all (z2,y,) € B.

To ensure the applicability of Lemma 12 we have to prove that epi(f) has a non-
empty interior. '

Lemma 13. Let X and Y be linear topological spaces, Y ordered by a cone K, and
let f: X = Y be a function continuous at some zo € dom(f) and K -continuvous at
dom(f). Then dom(f) and epi(f) have non-empty interior.
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Proof. Let zo € dom(f). Then, by definition, there exists 2* € (K*)° such that
2*(f(z0)) < co. The composition z* o f is continuous at zy. Consequently, there exists
for any € > 0 a neighbourhood U(zo) such that |z*(f(z)) — 2*(f(z0))| < € for all
z € U(2o). The triangle inequality yields, for all z € U(z),

2" (D] = [ (f@o)) € [*(f(2)) - #*(S(zo))l < e,
B |2* (f(2)] < € + 2" (f(zo))]
So we have
2 (f(2)) < |2 (F(@)] < € + 2" (f(z0))] < 0o

for all z € U(zo) by the assumption zo € dom(f). Therefore U(zy) C dom(f).
Consequently, z, is not a boundary point of dom ().

Further, because of the fact proved in the first part and the K-continuity of f
at dom (f) we have for any neighbourhood V(f(z¢)) C Y a neighbourhood W(z,) C
dom (f) such that f(z) € V(f(zo)) + K for all z € W(zo). So W(zo) x V(f(z0)) is a
neighbourhood of (z¢, f(z0)) € epi (f) which entirely lies in epi (f)

Now we give an important condition about the non-emptyness of afkof(x).

Theorem 1. Suppose that X is a Banach space and (Y, K) an oder complete normal
vector lattice. Further, let f: X — 'Y be a function continuous at zo € dom (f) as well
as K-continuous and K -convez. Then afkof(:z:o) # 0 for any e > 0 and k° € K\ {0}.

Proof. We set A = epi(f) and B = (2o, f(z0) — £k?). Because of the K-convexity
of f the set A is convex, by Lemma 7. By definition the one-point set B is convex.
From the proof of Lemma 13 it follows that z¢ € int Px(A) N Px(B). The definition of
the epigraph of f implies

(2:01y) € A

= y >k f(zo) — ek®.
(zo,f(xo)—ek")eB} (o)

Together with the K-continuity of f all assumptions of Lemma 12 are fulfilled. Then
there exists an operator T € L(X,Y) such that T(z1) — yi <k T(z0) — (f(z0) — €k°)
for all (z;,y1) € A. In particular, if we set z; = z and y; = f(z), we get

T(z) - f(z) <k T(z0) = (f(z0) — k)

for all z € dom (f), i.e. T(z — z¢) <k f(z) — f(zo) +€k® N

Remarks. The order complete Banach lattices L, (1 < p < o) and {, (1 <
p < o0) are normal and can be substituted for the space Y in Theorem 1. A result
similar to Theorem 1 was proved by Thibault:[28] showing that non-emptyness of the
V-subdifferential for the class of functions which are at any point of their domain the
limit of nested families of continuous affine minorants.

Thierfelder [29] introduced a series of vector-valued subdifferentials as mentioned in
Subsection 3.1. Tammer [25] applied these definitions to ek®-subdifferentials. Following
the pattern of Tammer [25] we get some new definitions.
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Definition 7. Let X and Y be linear topological spaces, Y ordered by a cone K,
and f: X — Y a given function. Further, let k% € K \ {0} and € > 0. Then we set:

a) 8'S) f(zo0)

= {T € L(X,Y)

forall 2* € K* and he X :
(270 T)(h) < (2° o f)(zo + h) — (2" o f)(z0) + €2"(K°) }

b) 8]0 f(z0) = {T € L(X,Y)’ T(h) #k f(zo + h) — f(zo) + €k® for all h € X}

where y; ¥k y2 means y;, —y2 € K \ {0}.
c) 8% f(z0)

= {Te L(X,Y)

there exists z* € (K*)" such that, for all h € X,
(2" o T)(h) < (2" o f)(zo + k) ~ (2* o f)(z0) + €2"(k°) |
Analogous to Thierfelder [29] the relation

0o £(0) € 0, f(20) € 0L f(z0) € 0o (x0)
holds because (K*)° # 0 and K is closed. Therefore, we get the following

Corollary 1. Let X be a Banach space and (Y, K) an order complete normal vector
lattice. Further, let there ezist a point zo € dom (f) such that the function f: X - Y
18 continuous and let f be as well as K-continuous and K-convez at dom (f). Then

O @) £0,  IDf() 0, 0hef(zo) £ 0
for any e > 0 and k° € K\ {0}.

3.3 A density result for ek®-subdifferentials. Now we are able to formulate and
to prove our main result. It is a gencralization of a result of Bronsted and Rockafellar

[21].

For real-valued functions the following definitions are special cases of Definitions 1
and 5, respectively. '

Definition 8. Let f be a proper lower semicontinuous function on a Banach space

X and zg € dom(f). Then the set

8f(z0) = {:1:' €X*

z*(h) < f(zo + k) — f(zo) for all h € X}
is called the 3ubdiﬁerential of f at zo, and eéch z* € Of(zo) is called-a subgradient of f
at zo. Also, if zo & dom (), then by defintion f(zo) = 0. .

Definition 9. Let f be a proper lower semicontinuous function on a Banach space

X, 7o € dom(f) and € > 0. Then the set

0. f(x0) = {z"e X*| 2*(h) < f(zo + h) — f(zo) + ¢ for all h € x}
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is called e-subdifferential of f at zo, and each z* € 8, f(zo) is called a e-subgradient of
f at zq. Also, if zo & dom(f), then by definition 8, f(zo) = 0.

Lemma 14 (see, e. c., Phelps [21: Theorem 3.17]). Let f be a convez proper lower
semicontinuous function on a Banach space X. Then, given any point z5 € dom (f),e >
0,A >0 and z§ € 0. f(z), there ezists € dom(f) and z* € X* such that

8 €0f(z), llz-=zll < llz* — zall < A

£
A’
In particular, the domain of 8f is dense in dom (f).

Further, for the proof of our main result we need the following real-valued variational
principle of Ekeland.

Lemma 15 (see, e.c., Aubin and Ekeland [1: p. 261/262]). Let X be ¢ Banach
space, f : X — R U {00} a proper, lower semicontinuous and bounded from below
function. For € > 0 choose z¢g € X such that

f(z0) < inf f(z) +e.

Then for each u > 0 there ezists an element z, € X such that
1. f(z.) <infrex f(z)+¢€
2. |lze - zoll < L
3. foulze) < f(z) + pellz = zel| (z # 2.) where fue(z) = f(z) + pellz - zell.
Now we come to our dehsityv theorem. "

Theorem 2. Let X and Y be Banach spaces, Y lattice ordered by a cone K with
weakly compact base, and let the function f : X — Y be K-convez and continuous.
Further, let k° € K \ {0} with ||k°||y =1 and suppose

(i) the order structure of Y is conditionally complete

or
(ii) X 1s a Gdteauz differentiability space.

Then, for any zo € dom(f),e >0, >0 and Ty € afkof(:z:o), there ezist x € dom(f)
and T € L(X,Y) such that ’ :

, 1.
TedPf(z), llz—=o|l < " IT — Tol| < pe.

In particular, the domain of *) f is dense in dom (f).

Proof. By the assumption Tj € 630 f(:io) it follows

To(h) <k f(zo + k) — f(zo) + €k®  for all h € X. . (3)
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Set .
9(z) = f(z) —To(z) (z € X). (4)

We derive a scalar relation for (3) by means functionals z* € (K*)°. This is really -
possible, because the cone K has a base and therefore (K*)° 76 ? by Lemma 1. The
elements of (K*)° are non-decreasing ones. Then we get

Z*[To(h)] < 2°[f(zo + R)] - 2*[f(z0)] + 2" (k°) (5)

for all z* € (K*)°. The function g is the difference of two continuous ones. Because
of the considerations after Lemma 8, the composition z* o g is lower semicontinuous.
Now, we have to show that 2* o g'is bounded from below on X. By the assumption
Toed kof(:co) we have To(z — z0) <k f(z) — f(z0) + ck® forall z € X, i.e.

f(z) 2k To(z — z0) + f(z0) — k.
Then equation (4) yields |
g(z) = f(z) — To(z) 2k To(z) — To(zo) + f(zo) — ek® — Ty(z)

forallz € X, i.e.
9(z) 2k f(z0) — To(zo) - ek°.

This means ¢ is bounded from below on X. The desired result follows by the mono-
tonicity and the continuity of z* € (K*)°.
In a further step we show that

2*[g(zo)] < inf (2" 0 g) + €2 (k%)

for all z* € (K*)°. From inequality (5)
2*[f(z0)] < 2*[f(z0 + h)] — 2" [To(R)] + 2" (k)
for all z* € (K*)° follows. By adding here the term —2*[Ty(z0)] we get

2*[f(z0)) = z*[To(z0)] < 2°[f(zo + k)] — 2°[To(k)] - 2*[To(zo)] + €2* (k°),

2*[f(z0) — To(z0)] < 2*{f(zo + k)] — 2*[To(zo + k)] + 2" (k).

So - we have
2*[g(z0)] < 2"[g(zo + h)] +€2"(k°)

for all h € X and 2* € (K*)°. From Lemma 15 we get that for any p > 0 there exists
an z. € dom(f) = dom{(g) such that, for all z € X,

() #*[g(ze)] < infoex 2*[9(z)] + 2" (K?)
(8) llzo - z.]| < X
(1) 2" [guere(ze)] < 2*[g(@)] + pe llz — zll=*(K)
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where g,c40(z) = g(z)+pellz—z,]|k°. In general, the element z. depends on z* € (K*)°.
Because of g,.x0(z.) = g(z.) it follows from (7) that ’

2*[g(zc)) <€ 2°[9(2)] + pellz — zell2* (k). (6)

Now we set m(z) = pe||lz — z.|| k° for all z € X. It is obvious that the function m
depends on z* € (K*)°. From (6) it follows

0 < 2*[g(z)] + pellz = zellz" (k%) — 2*[9(ze)],

i. e. 0 < 2*(g + m)(z) — (g + m)(z.). This means z, is a properly efficient element
of the function g + m on X. Then O € 9*)(g + m)(z.) by Lemma 9. By Lemma 11 it
follows that there exists operators S € 3()‘)9(15) and -5 € 89m(z,). From Lemma 3
we get that the cone of Y is closed. Therefore 0 S)m(z.) = 85m(z.) by Lemma 10.

There remains the task of computing the subdifferential 9<m(z.) = {S € L(X,Y):
S|l < pe}. By definition,

9Sm(z,) = {s € L(X,Y): S() <k m(ze +1) = m(ze) forall L€ X}, (7)
Using —! instead of | we get ) .
8Sm(z,) = {s € L(X,Y): S(~1) <k m(zc — 1) ~m(z.) forall L€ X} (8)

Relation (7) implies S(I) <y pellze +1 - z.||k°, ie.

l :
5(“1—“> <k pek® o (9)
for all | € X. On the other hand, (8) yields S(—!) <k pel|ze —1— z.]|k® = pe||l||k°, i.e.
I :
—S(”T”) <k pek® (10)

for all | € X. Because of Lemma 2 relations (9) and (10) imply \S(ﬁ)l <k pek? for
all I € X. The element k° € K fulfills k° = |k°| and the norm in Y is monotone. So
”S(ﬁ)” < pe||k%|| for all I € X. The vector k° has norm 1 which yields “S(“+")” < pe
foralll e X, 1 e

l
|S) = s?p IlS(“—”—I)H < pe. : (11)
Let T = S + To. By setting fi = f — g and f, = g Lemmata 10 and 11 yield
3% fi(ze) + 0 fo(z) = 8P(fy + fa)(ze). (12)

By the definition of f; and f, we have I (f1+ f2)(ze) = I ((f(ze)—g(ze))+9(ze ),
le.
: I (f1 + fo)(ze) = 0P f(ze). (13)
From (4) we get f —g = To, ie. fi = To. Then by 85(To(z)jz=z.) = To it follows
9%(fi(z)|z=z,) = To. Together with S € 0¥ fy(z,) we have by (12) and (13) the
relation T € 8*) f(z.). Further,
IT - Toll < ue

by. (11) and ||z, — zoll < & by (5) 8
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Remark. From the considerations after Lemma 11 it follows that the assumptions

of Theorem 2 are fullfilled if ¥ is substituted by (Lp,K1,)(1 <p < o0)or (b, Ki,) (1 <
p < o). .
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