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Abstract. A number of inequalities with finite differences which are connected with weighted,

quasiarithmetic and logarithmic means and some well-known general inequalities are consid-
ered.
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1. Introduction
In (3] one can find the following generalization of the so-called Pélya inequality (see (3]
and [5: Vol. I/p. 57 and Vol. II/p. 114]) and of a result of Balzer (see [1]).

Theorem A. Let z; : [a,b] —» R (1 < i < n) be non-negative increasing functions
with continuous first derivative, p; (1 < i < n) real positive numbers with 3 i, pi = 1
and f: [a,b] = R a non-negative function.

a) If f is non-decreasing, then

Pi

b n
/(Hu (z))%) a2 ]] / (O)f(t) at (1)

15 valid.

b) If f is non-increasing and z;(a) = 0 (1 < i < n), then in (1) the reverse inequality
18 valid.

In this paper we give a discretc analogue of inequality (1) and some other discrete
results.
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2. Main results

2.1 Results in connection with general inequalities. In the following theorems
we state some inequalities for finite differences. It is interesting that every of them have
its reverse version. It could be done because in the proof we combine general inequalities
such as those of Holder or Minkowski with their reverses such as those of Popoviciu and
Bellman. Generally, the proof is given with all details only for one case and the other
ones can be proved analogously using related inequalities.

Theorem 1. Let w = (wi)i<i<n and a; = (aji)1<i<n (1 <7 <m) be non-negative -
n-tuples and the sums Z.’:}l wilaj; (1 <j < m) be non-negative. Further, let pi (1 <
J £ m) be real numbers such that Z;":l pj = 1. .

a) Let p; >0 (1 <j <m). Ifw is non-decreasing, then
n—1 . m n-1 . 18]
Y owidal a2 ] (Z w; Aaﬁ) (2)
i=1 J=1 \i=1

; ; = g —a. PL . aP™) = gP! o.af —aPl.. . 4P
18 valid where Aaji = aj(iy1) —aji and A(a}} - aP7) = Qiit1) " Fm(itr) — Q11 ab

If w is non-increasing and a;; = 0 (1 < j < m), then in (2) the reverse inequality is
valid.

b) Let py > 0 and p; < 0 (2 < j < m). If w is non-increasing and a; =0(1<
J < m), then (2) is valid.

 Proof. First, let us recall Popoviciu’s inequality (see [2: p. 118]): Let w =
(wi)i<i<n and a; = (@ji)ici<n (1 £ 7 < m) be non-negative n-tuples such that

w1Qj) — W2Aj2 — ... = WnGjn > 0 (1<j<m)

and let p; (1 £ j < m) be real numbers such that Z;’;] p; =1
(i) If p; >0 (1 < j <m), then

m
' _ . \P; .
(wla)l — w2l —...— u.)najn) .
i=1 (3)
P P2 | P PP
Swafjaf} .. .afn — waaljadl.aln — .. — wpalladn .. aPm

is valid.
(1) If py >0 and p; <0 (2 <j < m), then in (3) the reverse inequality is valid.

Now, for proving assertion a) define Aw;_; = iu,- — w;_1. If w is non-decreasing, then
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Aw;_; > 0 and we have

n—1
. P
> wiAaf} - aln
i=1
B n
— P1 Pn  _ _Pm _ Pr P2 Pm _ Py P2 . _Pm R
= Wn 1,020 """ Qpp — W10)1032) "7 Ay E :a'l ay e Awioy

[
=2

n Pj
<w,,a,~,1 —wa; — Za,-,- Aw,-_l)
=2
n-1 Pj
(Z wy Aaj;)

i=1

v

m
1l
m
1l
where inequality (3) is used. If w is non-increasing, then the Hélder inequality is used

instead that of Popoviciu. The proof of assertion b) is similar to the previous one B

Theorem 2. Let w = (wi)i<i<n and aj = (@ji)ici<n (1 £ j < m) be non-negative
n-tuples such that for some p € R the sums Z?z_ll w; Aa;’,- (1 € j £ m) are non-negative.

a) Let w be non-decreasing. If p > 1 or p <0, then

P

n—1 ‘m n—1 l/P X '
=1

j=1 \i=1

is valid. If 0 < p < 1, then in (4) the reverse inequality is valid.

b) Let w be non-increasing and a;; =0 (1 <3 <m). IfO<p<], then (4) 1s
valid. If p > 1, then in (4) the reverse inequality is valid.

Proof. For proving assertion a) we will use the same idee as in the previous theorem
and the Bellman inequality (see [2: p. 118]): Let a = (@i)i<i<n and b = (bi)i1<i<n be
two non-negative n-tuples such that ' '

af —adb~...—a% >0 and B-bt—-...=>0
where p > 1 or p < 0. Then
P
((@-ag=—an) P+ -5 —...-82)"")
<(ar+6)P —(az+b2)P —... —(an + bn)°

(5)

is valid. If 0 < p < 1, then in (5) the reverse inequality is valid. An analogous formula
states for m-tuples a; (1 < j < m). Further, analogously assertion b) can be proved
using the Minkowski inequality B

Remark 2. An integral version of the previous theorem is given in [6].
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Theorem 3. Let g = (9;)1<.<n and h = (hi)i<i<n be non-negative and non-

decreasing n-tuples such that g; = h; = 0. If f = (fi)icicn 18 @ non-negative and
non-increasing n-tuple with fy #0, then

lefo(gih)> <ZflAgl> <niflAhl> (5)

i=1 i=1
18 valid.

Proof. Using the Cebysev inequality we obtain
n—1 n
Z fi A(gihi) = fngn}ln - Zgihi Afi
=1 =2

= fagnhn + Zgihi AE
) i=2
1
+ z?:? Afl_—l

X (fngn + ZgiAfx—l> (fnhn + ZhiAfi—l>
1 n—1 = n—1I =
=7 (Z fi Agi) <Z fi Ahi)
=1 i=1

where fi = —f; i

2.2 Results in connection with weighted, quasiarithmetic and logarithmic
means. The previous results are connected with general inequalities as of Holder,
Minkowski and Cebysev and their reverse versions. In the following theorem we deal
with weighted mean. So, let us recall the definition of that mean.

Definition 1. Let a = (a,)1<i<n and p = (pi)1<i<n be positive n-tuples, Siipi =
land r € R. Then M,[,r](a) defined by

n o1/
M’[,'](a)z {(Zi—lpla.‘) forr #0
H:. 1ap' forr =0
is the weighted mean of order r of a with weight p.

Theorem 4. Let a = (ai)i<i<n and b = (b;) 1<i<n be non-negative and non-
decreasing n-tuples such that ay = b, and a, = b,, let py and p2 be positive real
numbers such that py + p, = 1, and let r and s be arbitrary real numbers. Further,
let f =(fi)i<i<n be a non-negative n-tuple.

a) Let f be non-decreasing. If r,s < 1, then

Z AM[T (anb )ft 2> M[s] <Z fi Aa, Zf: Ab) (7)

=1 i=1
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is valid. If r,s > 1, then in (7) the reverse inequality is valid.

b) Let f be non-increasing. Ifr <1 < s, then (7) is valid. If r > 1 > s, then in (7)
the reverse inequality s valid.

Proof. For proving assertion a) let us suppose that r,s < 1. Using the inequality
between means we obtain

n—1 n—1
M,[,’] (Z fiAai, Z fi Abi)
=1

=1

n—1 n-—1
<M <Z fiAa;, Z fi Abi)
i=1 =1
n—1

= Z(px Aa; + p2 Ab;)fi

=1

= faMM(an,ba) — HiMM(ar, b)) = Y MU (a,, 5)A S

=2
< faMP(an, ba) = iMM(ar,b) = D> M (ai, 5)A S
1=2

= faMM(an,ba) — LM (ay, b))

n—1
- (an,[,'](an, ba) — iM(ay, b)) = Y AMI(ay, b.~)f.~>

i=1

n—1
= Z AM}[,'](a;,bg)f,-_
=1 .

which is the first assertion. The other cases can be proved analogously using the in-
equality between means il

Definition 2. Let f: [a,b] — R be a monotone function with inverse f~!, and let
p = (pi)ici<n and a = (ai)1<ign be real n-tuples. Then My(a; p) defined by

M(a;p) = ! (PL,, Zpif(a-')>

with P, = S_7_, pi is the quasiarithmetic f-mean of a with weight p.

If p is non-negative, P, = 1 and f(z) = z" (r # 0) or f(z) = Inz, then the
quasiarithmetic mean Mj(a;p) is the weighted mean r M,[,r](a) of order r.

Theorem 5. Let p = (pi)i<i<n be a positive n-tuple, z; = (zijhgjcm (1 £2<n)
non-negative m-tuples with ;) = zivy and Tim = Tivm for 1 < 2" < n, and w =
(wj)icj<m a non-negative m-tuple. Further, let f and g be real functions and suppose
that all quasiarithmetic means below are well defined.
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a) Let w be non-decreasing. If f and g are convez increasing or concave decreasing,

then
My <<Z wi AZ':'I:) ; p) > Z—: wk AMy((ik)s; p) (8)
k=1 i k=1

is valid. If f ‘and g are concave increasing or convez decreasing, then in (8) the reverse
inequality 13 valid.

b) Let w be non-increasing. If f is convez increasing or concave decreasing and g
concave increasing or convez decreasing, then (8) is valid. If f is concave increasing ot

convez decreasing and g convez increasing or concave decreasing, then in (8) the reverse
tnequality is valid.

Proof. Let us suppose that f and g are convex increasing. We will use the well-

known Jensen inequality, namely, if 0 < p; € R and z; € {a,b] (1 < < n) are such that
P" Yo i, pizi € [a,b], then for every convex function f : [a,b] — R we have

(B ) < St

where P, = 3, pi. So, we obtain

() )
)

n

ZP Z wk ATk

=1

v
§°|~‘

m-—1

S L (za) "

i

k=1 n
(E Pixim> wm_%(i Pi$i1> w)
N n

=1 =1
Z (Z piz xk) A‘LUk
k=

= ZP.‘ x:‘m> Wm — L (Zn:'Pﬂu) wy
P, \“ P \ =

i=1

g~ (PL (ZP&!](L&))) Awy
k=2 ™ \i=1

3

-
3 ;cl....

v
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=Y Aag™! (7:— (Z pi g(z,'k)>> Wk
k=1 " i=1

= wk AMy((zik)i; p)
k=1

which is the first assertion. The other cases can be proved analogously il

Remark 3. If p; > 0 and p; < 0 (2 < ¢ < n), then using the reverse version of the
Jensen inequality we can state similar results as in the previous theorem. For another
weaker condition on p see (2: p. 6].

Definition 3. Let us define the logarithmic mean L.(z,y) by

1 r4l _ or1\ /T
( y ud ) for r # —1,0
y—z r+1
1/(y-z)
L.(z, y) = l (ﬁ) forr =0
e \z*
_y-z forr = —1
Iny ~-Inz

if £ > 0 and y > 0 are such that z # y, and by L.(z,z) = = (see [2: p. 41]).
Theorem 6. Let a = (ai)i<i<n and b = (bi)1<i<n be non-negative and mon-
decreasing n-tuples such that ay = b, and a, = by, and w = (wi)i1<icn @ non-negative

n-tuple. Further, let r and s be real numbers.

a) Let w be non-decreasing. If r,s <1, then

n—1 n—1 n-1
L, ij Aaj, ij Abj | < ij AL,(aj,b;) (9)
j=1 j=1 1=1

is valid. If r,s > 1, then in (9) the reverse inequality is valid.

b) Let w be non-increasing. If r < 1 < s, then (9) is valid. If r > 1 > s, then in
(9) the reverse inequality is valid.

Theorem 6 can be proved using the inequality for logarithmic mean, i.e. L,(z,y) <
L,(z,y) for r < s. '

Remark 4. An integral version of Theorems 4 - 6 is given in [4].
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