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On a Class of Multilinear Operator Equations 

J. Janno and L. v. Wolfersdorf 

Abstract. By means of contraction principle in a Banach space E with a scale of norms 
I 110 (a > 0) existence, uniqueness and stability of solutions are proved for a general class of 

operator equations u + Gou + Gju = g including multilinear ones where C O3 G 1 E (E - E) 
are some operators. The theorems are applicable to equations with operators of generalized 
convolution type. 
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0. Introduction 
Recently, by Bukhgeim 21 and the authors [6], global existence and stability theorems 
for some types of abstract one-dimensional nonlinear convolution equations are proved 
using norms with exponential weights. This method has been applied also to multi-
dimensional nonlinear Volterra equations of convolution type in Lebesgue spaces L 
with mixed norm [5]. 

In the present paper this approach is extended to a general class of nonlinear op-
erator equations in a Banach space with a scale of norms. In particular, this class of 
operator equations includes some types of equations with multilinear operators. As a 
special case of such multilinear operators a class of operators of generalized convolution 
type in classical spaces C and Lo. is dealt with. 

1. Main theorem 
We study the operator equation

u+Gou+G i u=g	 (1.1) 

in a Banach space E, which is endowed with a scale of norms . 110 (a > 0) satisfying 
the condition

IIullo :5 IIII	II u llo	(u E E, a	0)	 (1.2) 
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with a continuous positive function 0. For the operators G 0 , G 1 E (E -* E) there hold 
the following assumptions: 

(Al) ll CotL l - Gou21I	Mo(ll u ill, ll u2lla, a )	- u2ll	(u 1 ,u2 E E, a> 0).  
(A2) Il G i u II - 0 as a -* : (u E E). 

(A3) ll G i u i —G3u211,, < M1(f, ll u i —f, ll u 2—fllo, a ) . 11 u i — u2ll for every u 1 , U2, I E 
E and a 2 0 with Iju i - fll :5 P0 (i = 1,2) where Po is some given positive 
number and the coefficients M0 and M1 satisfy the following conditions: 

(A4) M0 E C(R. - R) 
Mo(p i ,p2 ,a) is increasing in PI, P2 and decreasing in a 
lim...Mo(p i ,p2 ,a) = 0 for any positive PI, P2 

(A5)' M1 E C(E x [0, P,)2 x lR -* R) 
Mi (f, PI, p2 ,a) is increasing in PI, P2 and decreasing in a 
m i (f,pj ,p2 ) := lim.Mi (f,p 1 ,p2 ,a) E C(E x [0,p] 2 -* 
Q(f) := m i (f,0,0) < 1. 

Here, as usual, R+ denotes the positive real semi-axis. 

Let us first draw some simple conclusions from the conditions (A2), (A4) and (A5). 
Due to the monotonicity of M0 in a and the last condition of (A4), for every pair p> 0 
and e > 0 we can define 

a0 (p,e) = inf{a* E [0,00): Mo(p,p,a)	e if a	a.}. 

Moreover, it follows from the condition (A4) that, for any e > 0, 

Mo(p i ,p2 ,a)5 e if 0	p,	p (i = 1,2) and a? ao(p,E)	. (1.3) 

aoE C(R - R).	 .	 (1.4)

Let us further denote
2+Q(f)	 (1.5) 

Evidently, by (1.5) and the last condition of (A5) we have the inequalities 

Q(f) 
< 1 +Q(f) < q(f) <1. 

Thus, due to the last condition of (AS) and the monotonicity of M1 in P1, p2 and a, 
respectively, we can define 

r(f)	sup {r e (O,pol: mj(f,p1,p2)	1 +Q(f) if PI, 	r} 

and
al(f)	inf{a E [0,): M (f,ri (f), ri (f), a)	q (f) if a 2 a}.
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Then the first two conditions of (A5) imply 

M(f,p1,p2,ci)	q(f) < 1 if 0	P1,P2	r(f) and a	(71(f)	(1.6) 

q,r 1 ,o 1 EC(E-4R).	 (1.7)

Finally, in view of (A2), for every p > 0 and f E E we can define 

l— 
62(f,p) = inf{a. E (0,): IIGifIIa	2 

q(f) 
p of ^ a. 

Then there holds
IlGifIlg 15' 

1	q(fl 
p	 (1.8) 

if a >— a2(f, p) and due to the continuity of G 1 (see (A3)) and q we have 

2 E C(E x R.. - R+).	 (1.9)

Now we can formulate our main result. 

Theorem 1. Let (1.2) and the assumptions (Al) - (A5) be satisfied. Then for 
every g E E equation (1.1) has a unique solution u E E. For the solutions u 1 and u2 
corresponding to data 91 and 92, respectively, the estimates 

(Si) II u i - U2II	1 -	
hg' - 9211a if a	ã(f1 ,p(g 1 ,g2 )) and h g ' - 92110 

(fi ,p(g, , g)) 

(S2) JJUI - u21I0	(1 - q(f,)) . (&(f , P(91, 92))) hI g i - g 110 if h g ' - 92110 
P(91, 92)) 

hold. Here p(91,92) = max =1,2 121hGoghho + IIIIo}, f' is the solution of the equation 

f+Gof=g	 (1.10) 

with g	9', q is defined by (1.5), &(f,,	0 and 5(f,,.) >0 are certain continuous
functions. 

Proof. Let us define the balls 

B , (v) = {u E E: hI u - V u,, <p}	(p > 0, (7? 0, V E E) 

in E. 
Step i. At first we show that the auxiliary equation (1.10) has a solution in the 

ball BR,,,(g), where R = 2 Il Go g 1Io and a is chosen large enough. By assumption (Al) 
and (1.2) for the operator A0 f = g - G0 f we derive the estimates 

A0 f - 911f7 = Il GofII,,	hI Gof - Go g h,, + IKogIIa
R 

:5 M00f,,, hI g II,,,) If - g hh +
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and

ll Aofi — Aof2ll = ll COfi -Go f2 II I  < Mo(flfilla, 1112 lio,°) illi - f2lla. 

If fl, f2,f E BR (g), then 

hula	R + II g Ilo	and	IIfhI	R + lI g hIo (i = 1, 2). 

Now by (1.3) we have 

lAof — g lI	 = R	and	II A0I1 — Aof2ll	11  f2 III 

if f, fi e BR (g) with a > ao(R + ll g llo,). Thus, for such a the operator A0 maps 
BR, (g) into itself and is a contraction in BR,(g). This implies the existence of a 
solution to equation (1.10) in Bft (g), where R = 2llGog1lo and a > ao(R + llgIIo,). 

Step 2. Next we are going to show that a unique solution of equation (1.1) exists 
in the ball B , (f), where p is small enough, a is large enough and f is a solution to 
equation (1.10). Let us denote

Au = g - G0 u - G1u. 

By virtue of (1.10) and the assumptions (Al) and (A3) we derive the estimates 

hi Au - lila 

= ll Gof Go u — G i u+G i f — GifIIa 

hi Gof - Go u ll + II G 1I — G i u hl + liGifIII	
(1.11) 

< [M0(ilfll, Il u hla, a) + MI (f, 0, ll u — lila, a)] . Il u - lila + llGiflla 

if lI u - f 11P0 and 

Au 1 - Au211 

lI Go u i - Gou2hl + ll G i u i - Giu2lh	 (1.12) 

< [Mo(Il u III a, l211, a) + M 1 (f, I J U i - lila, Il u 2 - lila, a)] . hl u i - U211a 

if 11 u 1 - f 11 ,o (i = 1, 2). We further estimate the coefficients M0 and M1 in (1.11) 
and (1.12). Suppose that u,u 1 ,u 2 E B , (f), where p r i(l) . Then we have 

Il u hla	ri(f) + hllllo	and	< r i(f) + hub	(i	1,2)	(1.13) 

and (1.3), (1.6) imply

	

1—	 l— 
Mo(llfll, llulla	

q(f)	 q(f) 
2	 2 , a ) <	 and Mo(hl u ilI, hl u2lla, a ) <	 (1.14)
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if a 2 ao(r i (f) + 11111 
1-q(f)) and 2  

M1 (f,0, lu - fIl, a)	q(f) and M1(f, II u i - ffl,,, Il u2 - fll(7, a )	q(f)	(1.15) 

if a	a 1 (f). Combining (1.11), (1.12) with (1.14), (1.15) and also taking (1.8) into
account, we obtain 

ll Au - 111	
I1—q(f)	 1—q(f)

+ q(^)] p=p (7
[	2	 2 

and

I	
2 

1—q(f)	 1+q(f) 
II AU 1 - Au 2 Ia	

[	
+ q(f)] . Il u i - U211a 

_	

2 . Il u ' - U211a 

if u,u 1 ,u2 E B , (f), p r i (f) and a 0'3 (f,p) where 

a3 (f,p) = max a l (f),
2 ao(r i (f) + hub, 

1— q(f)o, 	a2(fP)}.	(1.16) 

Since I+q(f) < j, we have that A maps B 4O (f) into itself and is a contraction in B,(f) 
if p < r 1 (f) and a 2 a3 (f,p). Thus, equation (1.1) has a unique solution u in every 
ball B 4O (f), where p < r 1 (f) and a 2 a3 (f,p). Particularly, this proves the existence 
result of Theorem 1. 

Step 3. Let us prove the uniqueness of the solution of equation (1.1) in E. Suppose 
that u 1 E E and u 2 E E are two arbitrary solutions of equation (1.1). Then 

hI u - f 1 = II Gof - Gou, - G1ull0 

II Gof - Gou,hI + IlGiuIIa 

< A'10(f, II u II, a) . II u j - 111 + Il G i u lIa	(i • = 1,2). 

Now it follows from (1.2) and the assumptions (A4), (A2) that hI u - 1 ha 5 r i (f) if a 
is greater than some number a4 which depends on U 1, U 2 and f . Thus, u, E B,(f)(f) 
if a 2 a4 . Taking a max{a4 ,a3 (f,r i (f))}, the solutions u 1 and u2 belong to a ball 
where the uniqueness of the solution has already been shown. Thus, u 1 = U2. 

Step 4. Now we derive a stability estimate for the solution of the auxiliary equation 
(1.10), which is uniquely determined as we have just shown. Suppose that fi and 12 are 
the solutions of (1.10) with g replaced by g' and g, respectively. Then by assumption 
(Al)

Ilfi	f211a 15 II g i — g2110+II Gof1 —Gof2hI
(1.17) 

:5 h g ' — 92 Ia + JWo(hhf, ha, 111211a, a) . Ill' - 12 11a 

From Step 1 it follows that Ihfi9iIIa	R1 if  2 ao(R2±hI g,hho,), where R, = 21lG6g,hIo.
Thus, observing (1.2) we have 

IfiIIa :5 2 1h Go g hIo + hI g hIo < max ( 2 1l Go g hbo + h g, lie) = p(gi,g)	 (1.18) 
- j=1,2
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if a	ao(p(g i , 92), ). In view of (1.18) condition (1.3) implies 

Mo(IIf1II,lIf2IIa, a ) <
	

if a	ao(p(91,92), .) 

This together with (1.17) yields 

Ill' — flI	2 II g i —g2 if a	ao(p( 91 , 92 ), 1 )	(1.19) 

Step 5. Finally, let us derive the estimates (Si) and (S2). Suppose that u 1 and U2 
are the solutions of equation (1.1) with g replaced by g and 92, respectively. Then, by 
the assumptions (Al) and (A3), 

Ui — tz2,,	ll Go u i — Gou211, + ll G i u i — G 1 u 2	+ h g ' — 9211 

< [Mo(lI u ihI, hI u2hl, a ) + Mi (f1 , JJUI — Ii lIe, hl u - fl hl a )]	(1.20) 

X 11u1 — u211 + 1 191 — 9211a 

if l lu i — fihl S p0 (i = 1,2) where as above f, is the solution of equation (1.10) for 
g = g i . We estimate the quantities 11 u 1110, II U2I1a and 1l t2 I — fl I l a, ll u2 — fiila in (1.20). 
It follows from Step 2 that 

	

hjui — fiIl < r, (f,)	if a> 0'3(fi,rI(f,))	 (1.21) 

and
11u2 — f2IIa	ri(f2)	if a 2 a3(12, rI(f2)).	(1.22) 

By virtue of the continuity properties (1.7), (1.4) and (1.9) the functional 0'3 defined by 
(1.16) is also continuous in its arguments. Thus, there exists 8(f) E (0, r,(f,)) such 
that

	

a3(f2, r1(f2)) 2a3(fi, r 1(h,))	and	r2(f2)ri(fI)-2ö(f,) 

if I lf, — 12110 < 26(1,). From (1.22) and (1.2) we now obtain 

11 112 —li hg !^ lI u — f2hha + 1112 — fiIIo :5 ri(fi)	 (1.23) 

if a	2a3 (f,, r i (fi )) and I l f, —12110 <26(1,). Denote 

U5(fl) = max {a3(f1,rl(f1)),2a3(f1, ri(fi))}. 

The estimates (1.21) and (1.23) imply 

lfr'illg < Il f, ll o + r,(fi )	(i = 1,2) .	 (1.24) 

if a 2 a5 (fi ) and Ihfi — 12110 :5 26(1,). With the help of the bounds (1.21) and (1.23) 
for hh u — fi ll, and (1.24) for Il u illa and the conditions (1.3) and (1.6) we continue the 
estimation of l lu l — u 2 , in (1.20) obtaining 

i+q(f,) 
ll u , - U211., 2	hI u ' - U2lU21 1 ., + h g , - 92h1g
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if

a 2 a5 (fl ), a	0'0 (iii lb + ri(fi), 1	(fi)) a > ai (fl ), 11fi - 12110	28(f). 
2 

Since

1—)\ 

	

a5(fi) 2 a	q(fi 
(Ilfibo +ri(fi),	2	)	

and	0'5 (fl 2 a(f) 

we obtain
llui - U2I1a 5

1—(f) 
bi g ' - g2lIa	 (1.25) 

if a? as(fi ) and IIf	12I10	28(f). Taking (1.19) and (1.2) into account we see that
(1.25) holds if

	

a	&(fl,p(91,92)) = max {as(f,);ao(p(9I,92), )} 

and	 - 
II g i — 92110	*(fi,p(gI,g2)) =(fi)(ao(p(qi,g2),)). 

Thus, we have proved the estimate (Si). But the estimate (Si) together with (1.2) 
implies the estimate (S2). Finally, since ao is continuous, 0 > 0 and b > 0, the 
functions &(f,,.) and 6(f,.) in the estimates (Si) and (S2) are also continuous and 
5 > 0. The proof is complete U 

2. Equation with multilinear operator 

As a particular case of equation (1.1) we consider the operator equation 

N 

u + Go  +	Kt,{G'1u, ... , Gu] = g	 (2.1) 
k=2 j1 

where N 2 2 and n k 2 1, G E (E - Ei,), E (1 i k) are Banach spaces and k,j
Kk ,j are multilinear operators from E 1 x ... x Efk into E. We suppose that the spaces 
E, are endowed with scales of norms	(a 2 0) which satisfy the condition 

Il u IIk,ij, :5 (u E E 2 , a 0)	 (2.2) 

and for the operators Kk,, and G' there hold the following assumptions: 
k 

(BI) iI Kk,j[f1, ..., fkIilg	Ck,3 [T ilfiIlk,i,j, for f E	(1 ^	k, Cr 2 0, Ck,j 2 0). 
i=I 

(B2) ll Kt[fi, ..., fk]lIa :^- .A k ,(a) . II IIfiII&,i,j,a IIfiIk,,,o for ii E E", (1	I 
1;4i 

k,a20,i=i,...,k).
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(B3) II G , u i - G'klU2IIk,i,j,a ^ M(u 1 II, II U2IIa) II u i - U211a for U 1, U 2 E E (a > 0) 
where the coefficients A t,, and Mi', satisfy the following conditions: 

(B4) )'k,j E C(R - R),	is decreasing,	.,(a) = 0. 

(B5) M ,1 € C(lR - lR),M 1 (p i ,p2 ) is increasing in p' and P2 - 

Concerning the operator G 0 we assume (Al) and (A4). 

Theorem 2. Let (1.2) and (2.2), the assumptions (Bi) - (B5) as well as the as-
sumptions (Al) and (A4) be satisfied. Then equation (2.1) has for every-9 E E a 
unique solution u E E. For the solutions u 1 and u2 corresponding to data gi and 92, 
respectively, the estimates 

(Cl) JJUI	u2110	6 h g ' — 9211 if O'	(f' ,p(g i ,92)) and lli	92110	(fi , p(g i , 92)) 

(C2) JJUI - U 2 110 !^	
((fi , (g1 ,g))) 

h g ' — 92 ho if II g i — 92 ho	(fi , P(91, 92)) 

hold. Here P(91, 92) is defined as in Theorem 1, &(fi,	0 and 6(f,,.) > 0 are certain
continuous functions. 

Proof. Theorem 2 reduces to Theorem 1 if the operator 

N 11k 

G,u = >>Kk,j[G',u,...,Gkuj	 (2.3) 
k=2 j=1 

satisfies the conditions (A2), (A3) and (A5) with Q(f) = 0. 
The assumptions (B2) and (2.2) imply 

	

hI Kk,jtf,, ..., fk j hla :^ Ak,(a) . J	hhflhhk,1,j,pj	hIfiIk,i,j,o	(2.4) 
IgEi 

for ft E E, and Pi E {0,a} (1 < 1< k, a 0, i	1,...,k). Condition (A2) is a simple 
consequence of assumption (B4) and (2.4) with (PI, ---,Pk) = (0, ...,0). 

Let us show condition (A3). Due to the multilinearity of Kk,, we can write 

Kk, [G , ,u i , ..., C , ,u i ] - Kk,3 [G j u 2 , ..., 

=Kkj [xi, ..., -	 ..., x] 
P=I 1, 

where P - (l,,...,1P_1,EP+1,..:,lk) with all 13 E {0;l}, 

G I ,3 u2 - G,3f 

X" 	G 3 u, - G3f 

1') 
k,s

if 13 = 1 and s <p.— 1 

if 1. = 1 and s P+ 1 

if 1, = 0
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and u 1 , u2 and f are arbitrary elements in E. Taking into account the assumptions (B 1) 
- (1313), we can estimate as follows:	 - 

Kk [G 1 u i , ... , G] - Kk, [G 1 u 2 , ... , Gu] I la 

{cj M 1(II u2II0, IIfII)	M 1(II u2 Ila, hula) 

X 11 u2 - fll' M.,(IIu i 110, Il t 2 lIe) hI u i - u2hla 

X .M ,+i(II u i Ia, lhfII)	Mkk(IIul lIe, Ill lIe) Il'i - fll 

+ 	Ak,(a) . /4 --
1) 

X M (hl u 1II0, Il U 211a) - Ili -	 i4} 

for u,f E E (i = 1,2) and a >0, where	= ( l l) ... ,lp-1,lp+1,...,lk) with all 1 E {0;l}
and

{ .M 3(1I u2IIa, IIfll) Il u - fIIC7	if 1 3	1 and S < J) - 1 

/4	M,(u1 11, IIfll) . Hu i - 1110 if 1, = 1 and s	p + 1 

'G3 , fllk,s,j,o	 f 1, = 0. II	ks 

Estimating further, we have 

Kk, [G 1 u i , ••	 - Kk, [G 1 u 2 , ..., Gu]
a 

(II u i I la, JJU2 110,lhf11O, hl G ,1fhlk,I jO, ... , lIGkfllkkJo)

111321 x I	IIu	
"s'	- f1132 + A k,(a)-	 IIui - fII' hI u2 - J ha I 1 - J lb	flU2	, I a

j 
'I+ 2—k 1	 .,+2; <k- 1 

X 11th - u2110 

for u, f e E and a > 0 where due to assumption (B5) the function M&,., is continuous 
and increasing in each of its arguments. Let us replace the arguments II u i I la, IIu2I1a 
and hula of 79k,3 by their majorants hl u i - 1110 + hub, 11 u2 - 1110 + Ill ho and Ilfilo, 
respectively, and take a sum over k, j to get an estimate for the operator G 1 defined by 
(2.3). We obtain 

11 G m1 - Giu211a	M (1 II u i - lila, 11 u2 - lila) 

< [
	 i	hum - fhI	. hI u - 1112 

± A(a)	-	luLl - fhI	- II u•—
  f112] . ll u i - U2lla 

1,2^O
-.
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for u1, I E E and a 2 0 where due to the mentioned properties of Mk, the continuity 
of G' and assumption (134) the coefficients M 1 and A satisfy the conditions 

M 1 E C(E xlR - R) and M 1 (f, PI, p2 ) is increasing in PI, P2 

and
A E C(R - R), A is decreasing,	limA(o) = 0. 

a 00 

Hence there follow the assumptions (A3) and (A5) with Q(f) 0 and an arbitrary pa. 
The Theorem is proved I 

3. Equations with generalized convolution operators 

As an example for a multilinear operator we deal with the following integral operator 
of generalized convolution type:

k 
K [f1 ... fk](x ) = f ... f m(x ,Y)Hfi(a ix_ fli y ) dy I ... dy	(3.1) 

0	0 

where

x=(xI,...,x),y=(yI,...,y)ED=H(o,xj)	(0<X<). 

We consider the operator K in the spaces E = C() and E = L(D) (for more general 
spaces L cp. [1]). The function m should have the form 

m(x, y) = mo(x,	m(x - y)	 (3.2) 

with m0 e C(D x ) or m0 E L OO (D x D), respectively. The parameters 

and  
ax =	 and	13 y = (#

Iyi,...,/31'yn) 

are in R n where we suppose the componentwise inequalities 

0 <,6i < a i or a i — 1<fl . < 0<,	(1<i<k)	(3.3) 

and
k	

and	I32O	 (3.4) 

so that O<x—f32y<Xif0<y<x<X,Xrr(Xi,...,X).
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The operator K is defined on F fl E, E 1 = L, (D) (1 p, cx),'and we 
assume that ra i E L 9JD) (1 q 1 <co) where 

	

and- - + -	 (3.5) 
ri 

i=1	
r1	Pt	q 

with r 1 <no. Due to these assumptions we have K E (F -* E) in both cases E = C() 
and E = L(D); for the proof in case E = C(D) compare [1: Section 10/Theorem 1]. 

We have to show that the operator K fulfils the assumptions (B1) and (B2) with 
(B4) in suitably chosen scales of norms in E and F. For this purpose we use the 
well-known norms with exponential weights 

iltill = lle°ullE	and	liflI	= li e °"fiIlE	(a > 0)	(3.6) 

where lxi =	'.. x 3 . These norms fulfil condition (1.2) with (a) = exp(—aiXi) and 
condition (2.2), respectively. 

There holds Imo  < M0 with a positive constant M0 and by (3.4) we have 

k 	\ \
	(o, e_ 0.r_exp _a i -	x) exp _ 	fly 

1=1 

Hence using the Holder inequality in view of (3.5), we obtain 

liI[fi, ..., fk]lia
1 k 

M0 esssup 1... fri rn(x - /3y)f(ax -	 dyi ... dy, 
rED J	i 0	0 =1 

o 
P (f 

lm(z)f(z)l	dz1 . . . dz) 

with
A: 

Co=MoH(flh/3fl' 
1=1 \j=1 

Again by the HOlder inequality there hold the estimations

-. 
' pi 

I m j (z)fj (z)l e_ z I r. dz i	. dz	M	if(z)l' e—, I-IP 'dz i . . . dz) 
JD	 'JD
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with M = (fD m (z ) I dz i .	and 

ID I m i( z)f( z )I	 dz < N"(a) (ID f(z )I dz i . . dz) 

with N(a) = (fD 
m(z)p1efrI9idz1 . dz4 if pi < oo (besides qj ,rj <00). There-

fore we have the desired inequalities 

Il KEfi, ., fk]g	C fl IIfII1,	 (3.7) 

with C = C0 fl 1 . M1 and 

f]II	.(°) H 1 1f,11 1 , IIfII,o	(1	i	k)	(3.8) 

with .\() = Co . maxlE{i..... k} (fl:g M, . Ni (-)) where by the Lebesgue dominant con-
vergence theorem N1 () -4 0 as u - oo, hence also (c) -* 0 as a - . Corresponding 
inequalities hold in case p1 = 00 for some i E {1, ..., k}. 

We point out the particular case k = p + 1 (p ^! 1) with 

j = O and 3=—	(lip)	and	ck=f9k=l 

of (3.3) and (3.4), which leads for f, = u (1 <i k) to the power operator of convolution 
type

K[u] = f ...fm(x,Y)u)u(x - y)dy 1 . . . dy.	 (3.9) 

Examples of operators G fulfilling the Lipschitz conditions (B3) with (B5) in the 
weighted norms (3.6) are also given by powers of functions with deviating argument, 
for instance. So let us consider in the space E = C(D) or E = L(D) the operator 

(Gu)(x) = u(h(x))	(p ^! 1,entire)	 (3.10) 
where h E C() is a continuous n-dimensional vector function satisfying 0 h(x) 
We have

e 01 1 [(Gu i )(x) - (Gu 2 )(x)]

P-i 
= e[ui (h(x)) - u2 (h(x))J	u(h(x))u(h(x)) 

i=O 
< e_	 Iui(h(x)) - u2(h(x))I 

p-i 
X

i=o

	

	 . 
p-i 

II u i - 12 2110 E JIU111 ja 11 u 2 II	, 
j=o
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i.e. condition (B3) is fulfilled with M(pi,p2) ='' 
L.j=O PI P2 

As an application of the foregoing considerations we show that the initial-value 
problem for the one-dimensional integro-functional-differential equation 

V , ( t) +	(iv (t), v 2() , ... , v no( L)) 

• Jao(s,t)v(t - s)ds + ]bo,v'(t - s)ds 

+Jv(t_s)ak(,t)vk()ds	
(3.11) 

+ 

i	 n2 
 - s)bk(s,t)vk()ds 

+ ]v'(t - s)ck (s,t)[ I()] k ds = g(t), v(0) = co 

with co E R and entire no, n1,n2,n3 > 1 has a unique solution u E C'[O,T] for 
g E C[0,T] in any finite interval [0,Tj (T >0), if the functions ak,bk and c k are contin- 
uous and the function 1(t, v1 , v2 , ..., v 0 ) is continuous and fulfills a uniform Lipschitz 
condition in the variables (vI,v2,...,vfl0). 

The statement immediately follows from the above results by taking u = v' E C[0, T] 
with

V(t) = / u(s)ds +co 

as unknown function and observing that by the Young inequality 

	

Il v i - V2II	min(T, ) II u i - U2II7 

for the norm (3.6) in C[0,T] (cp. [6: Example 51) . So the term with the function 1 
generates an operator of the form G0 , the integral terms are operators of the form (3.1). 
Of course, the functions vP() in (3.11) can be replaced by other operators of the form 
(3.10). For functional-differential equations of the form (3.11) without integrals cp. [3, 
41, for instance. 

We finally remark that further examples related to the examples in [6] are possi-
ble, also for systems of differential and integral equations and for operators G' j with 
functional dependence on u.
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