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Abstract. A new variant of the mountain pass theorem based on a ‘strong’ deformation
lemma is presented. Some applications to the existence of non-trivial solutions of nonlinear
Hammerstein integral equations are given too.
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1. Introduction
Let X be a Banach space and ¢ a continuously differentiable functional defined on X
(ie. ¢ € C'(X,R)) and satisfying the Palais-Smale condition

~(PS) Each sequence {zn}n>1 C X such that [p(z,)| < ¢ (n € N) and Vp(z,) — 0 as
n — 400 has a convergent subsequence.

The classical Ambrosetti-Rabinowitz mountain pass lemma [1] states the following:

If £ € X is a point of strict local minimum of a functional ¢ as above, and there
ezists a point y # = such that o(y) < ¢(z), then ¢ has a critical value ¢ > p(z).

This mountain pass lemma is rather simple but it makes it possible to get numerous
results on the existence of non-trivial solutions for various classes of nonlinear problems
(see, for example, [17]). The present paper is devoted to functionals of special type.

Let us call a functional ¢ quasi-decreasing on X 1f ¢ is decreasing on each finite-
dimensional subspace X C X or, in other words, p(z) — —oc as ||z|| = 400 (z € X).
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The mountain pass lemma says that each quasi-decreasing functional ¢ having a point
z of strict local minimum admits a critical value ¢ > ¢(z).

Rabinowitz [16) proved by means of the topological notion of lmkmg a generdl
mountain pass lemma; in the case of quasi-decreasing functionals this lemma can be
formulated (see [17: Theorem 5.3 and Remark 5.5)) in the following form.

Theorem 1. Let X =V~ @ V*, where dimV ™~ < 400, and let p € CY(X,R) be a
quasi-decreasing functional satisfying the (PS)-condition. Suppose, moreover, that

Jnf o(z)>0  (zeV?) (1)
for some p > 0 and’
p(z) <0 (0#zeV7) (2)

Then ¢ has a critical value ¢ > 0.

This result by Rabinowitz was revised and generalized in different directions by
numerous authors (see, for example, [3 - 6, 17| and others). However, the “geometrical”
conditions (1) - (2) were unchanged for the case of quasi-decreasing functionals. At the
same time it is known that, in the case when the functional ¢ is odd, condition (2) in
the “symmetric” mountain pass lemma can be omitted (see [1] and [17: Theorem 9.12}).
Under these conditions the functional ¢ has an unbounded sequence of critical values
¢n > 0 (n > 1). In this situation one can assume that condition (2) in Theorem 1
about the negative definiteness of the functional ¢ on the whole subspace V=, which
leads in applications to serious restrictions for the non-linearities involved, is of technical
character and can be weakened. The first result in this direction for quasi-decreasing

“functionals of special type was obtained by Benci (see [5: Theorem 7.12]) with the help
of a special variant of the Morse-Conley theory. Recently a new variant of the mountain
pass theorem for quasi-decreasing functionals was presented in [11] on the base of the
local linking principle. In these variants the ”global” condition (2) is replaced by a
“local” condition of the type

p(x) <0 (0< |zl <p zeV). (3)

The present paper is concerned with a new general theorem on critical values for quasi-
decreasing functionals. Its proof uses a variant of critical point theory based on a
“strong” deformation lemma (compare Lemma 1 below and [17: Lemma A.4]) and
does not use the standard minimax approach. Namely, a “strong” deformation lemma
allows us to take into account finer homotopy characteristics of the Lebesgue sets of
the functional ¢. An analog of the mountain pass theorem from [11] turns out to be a
consequence of the main theorem. As applications we consider non-trivial solutions to
Hammerstein integral equations with superquadratic non-linearities.
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2. Preliminaries

Let X be an infinite dimensional Hilbert space with scalar product (-,:) and norm
-1 = (-,)7, {ea}n>1 an orthonormal basis in X, and X, = Span{ey,...,en}. Further,
let ¢ € C'(X,R) be a functional on X and ¢, = ¢|x, its restriction to X,. The
functional ¢ is said to satisfy the (PS)*-condition if for each sequence {zn}n>1 C X
such that -

¢(zn) <c, Zn € Xm(n), nli—{%o Vomn)(zn) =0

(for some subsequence of integers m(n) 1 +00) there exists a convergent subsequence.
It is easy to see that in case of the (PS)*-condition each convergent subsequence of
the sequence {zn}n>1 converges to a critical point of ¢; besides, the ('PS) -condition
implies the standard Palais-Smale condition (see [11]).

Below the closed and open Lebesgue sets of a functional ¢ with ¢ € RU {400} are
denoted by

e*={z€ X :¢(z) <c} and ¢ ={z € X :9(z) < c},

respectively; it is natural to put p*t® = ¢*+®° = X.

Let AC B C X. A deformation of the set B is a continuous (with respect to both
variables) mapping h; : [0,1] x B — B such that ho(z) = z for z € B. A set B is
deformable into A if there exists a deformation h; of the set B such that h;(B) C A.
In the case when A = {p}, where p is a point in B, B is deformable in itself.

The set A is a deformation retract of B if there is a deformation k¢ of the set B such
that hy(B) C A and hy(z) = z for all £ € A. The set A is called a strong deformation
retract of B, if A is a deformation retract and, moreover, h:(z) =zforall z € A and
t € [0,1]. It is well known that, if A is a (strong) deformation retract of B, then A and
B have the same homotopy type. The converse does not hold in general (see, however,
Lemma 2 below).

) For C'-functionals satisfying the (PS )-condition the following deformation lemma
is well-known (for a proof see, e.g., [7: Theorem 3.2]).

Lemma 1. Let p € C'(X,R) satisfy the (PS)-condition. Assume that the interval
[a,b) C RU {+o00} does not contain critical values of p. Then the Lebesgue set p® is a
strong deformation retract of both p® and .

We now indicate some elementary consequences of Lemma 1.

Proposition 1. Let ¢ € C!(X,R) sattsfy the (PS)-condition. Let [a,b) C R U
{+00} and assume that the Lebesgue set ©® is not a strong deformation retract of @°.
Then ¢ has a critical value ¢ € {a, b].

Proposition 2. Let ¢ € C!(X,R) satisfy the (PS)-condition. Let a € R be such
that the Lebesgue set ©° is not deformable in itself to a point. Then ¢ has a critical
value ¢ 2> a. '

In the sequel it will be useful for us to distinguish a particular class of critical values,
obtained by Propositions 1 and 2. More exactly, a value ¢ € R of the functional ¢ is
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called an essential critical value if there exist arbitrarily small numbers ¢ > 0 such that
the Lebesgue set ©°~° is not a strong deformation retract of the Lebesgue set p°+e.
From Lemma 1 it follows that each essential critical value of a C!-functional ¢ satisfing
the (PS)-condition is indeed a critical value of ¢. The notion of essential critical values
is in fact a topological one and can therefore be extended to continuous functionals.
Close notions for continuous functionals in metric spaces were introduced and studied
in [8]. The notion of essential critical value is also used in [13].

3. The main result

Now we are in a position to present a general mountain pass theorem for quasi-decreasing
functionals.

Theorem 2. Let ¢ € C'(X,R) be a quasi-decreasing functional satisfying the
(PS)*-condition. Further, let ¢ have an essential critical value ¢ € R. Then there
ezist at least two different critical values of .

In order to prove Theorem 2 we need information about the homotopy types of the
Lebesgue sets for a functional ¢ in a neighbourhood of an essential critical value and
the “asymptotic” homotopy type of the Lebesgue sets ¢ for ¢ - —oo.

We recall that a metric space C is called an absolute neighbourhood retract if for any
closed subset A C B of any metric space B each continuous mapping f : A — C can
be extended to a neighbourhood of A in B. A Banach manifold (with boundary) and,
therefore, the Lebesgue set corresponding to a regular value of a C*-functional ¢ is an
absolute neighbourhood retract (see {14: Theorem 6]).

It is a crucial property for us that the classes of deformation retracts and strong
.deformation retracts for absolute neighbourhood retracts coincide. In fact, the following
statement holds (see [15: p. 90]).

Lemma 2. Let B be an absolute neighbourhood retract and A C B be a closed
subspace of B which is an absolute neighbourhood retract, too. Then A is a strong de-
Jformation retract of B if and only if the inclusion i : A < B is a homotopy equivalence.

A simple corollary of Lemma 2 gives us the necessary information on the homotopy

type of the Lebesgue sets for a functional ¢ in a neighbourhood of an essential critical
value.

Lemma 3. Let ¢ € C!(X,R) satisfy the (PS)-condition. Further, let ¢ € R be
an isolated and essential critical value of p. Then there exist arbitrarily small numbers
€ > 0 such that at least one of the two Lebesgue sets ¢°~¢ and o+ is not deformable
in itself.

Proof. Fix e > 0 in such a way that the interval [c—¢, c+¢] does not conta.m critical
values of ¢ different from ¢ and the Lebesgue set ¢ is not a strong deformation retract
“of the Lebesgue set o+, Since ¢+ ¢ and ¢ — ¢ are regular values of ¢, the Lebesgue
sets °~* and @°*® are closed absolute neighbourhood retracts and, by Lemma 2, we
have that the inclusion 7 : ¢°7¢ < ¢°*+¢ is not a homotopy equivalence. Assume now
that both ¢°~° and ¢°** are deformable in itself. In this case any continuous map
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f: 9% — ¢°*¢ and, in particular, the inclusion map is a homotopy equivalence [15:
p. 89], which is a contradiction B

Now we discuss an auxiliary statement on functionals defined on finite-dimensional
spaces. '

Lemma 4. Let dimX = n < oo and ¢ € CY(X,R) be a decreasing functional
having a finste number of critical values. Then for all sufficiently small a € R, the open
Lebesgue set 3* has the homotopy type of the (n — 1)-dimensional sphere S*~1,

Proof. Fix a number a € R such that the functional ¥ has no critical values in
(—00,a]. Under the above conditions, 1 attains its maximum on X at a point z¢. It is
easy to see that zo ¢ ¢°®. Denote by Dg = X\ BR(I()) the complement to the open ball
Br(zo) in the space X with center at the point zo and radius R > 0. Since D has the
homotopy type of the (n — 1)-dimensional sphere S”~!, the statement of Lemma 4 will
be proved if we show that ¥ is deformable in Dr and Dy is a retract of ¥°, i.e. there
exists a continuous mapping r : %® — Dg such that r(z) = z (z € Dg). Then (see
(15: p. 84]) Dg is a deformation retract of 1 and, in particular, 1) and Dy have the
same homotopy type.

Since 9 is decreasing on X, there exist a number b < a and a sufficiently large
number R such that the embeddings §® — Dpg «—» %° hold. Further, since 1 does not
have critical values in the interval (—oo, a), by virtue of Lemma 1 the Lebesgue set ¥®
is a strong deformation retract of ¥°. In particular, 1 is deformable in Dp.

Define a retraction r : z;';“ — Dpg by means of the formula

{zo + Rljz — zol| "} (z — z0) ifz €4°\ Dg
r(z) =
4 if z € Dpg.

Since zo ¢ %°, the mapping r is continuous, and r(z) € Dy for all z € 1,0“ Moreover,
by definition, r(z) = « for all z € Dg. Thus, r is indeed a retraction of ¥° to D, i

Let us recall some definitions. Let {X,}n>) be an increasing sequence of topological
spaces (Xyn € Xn41) and Xoo = Up>1 X their union. The set X, equipped with the
finest topology in which all embeddings i, : X, < X are continuous is called the
inductive limit of the sequence { X, }n>1; it is denoted by X oo = liminj X,. The following
lemma is one of the fundamental results in infinite-dimensional homotopy theory (see
[14: Corollary of Theorem 17)).

Lemma 5. Let U C X be an open set of X and Uy = liminj (U N X,). Then the
embbeding i : U — U 1s a homotopy equivalence.

Using Lemmas 4 and 5 one can easily calculate the “asymptotic” homotopy type of
the Lebesgue sets of a quasi-decreasing functional as ¢ — —oo0.

Lemma 6. Let p € C'(X,R) be a quasi-decreasing functional satisfying the (PS)"-
condition. Assume that ¢ has only a finite number of critical values. Then for all
sufficiently small a € R the Lebesgue set ©° is deformable in stself.

Proof. Fix a number a € R such that the functional ¥ has no critical values in
(—o0, a]. Since g satisfies the (PS)"-condition, it is easy to see that the functionals o,
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have no critical values in the interval (o0, a] for all sufficiently large n. Moreover, the
functionals ¢, are decreasing on X,. Further, Lemma 4 implies that the open Lebesgue
set ¢% = ¢% N X, has the homotopy type of the sphere S*~!. Correspondingly, the
inductive limit ¢$, = liminj¢% has the homotopy type of the sphere §%.

Now, due to Lemma 5 the embedding i : 3, — ¢ is 2 homotopy equivalence. But
this 'means that the open Lebesgue set ¢* has the homotopy type of the sphere S,
and therefore is deformable in itself. Further, according to Lemma 1, for each b < a the
Lebesgue set ¢ is a strong deformation retract of the open Lebesgue set %, and hence
deformable in itself, too B ’

Notice that the (PS)"-condition was used only in the proof of Lemma 6. In order
to prove other lemmas the “standard” (PS)-condition is sufficient.

4. Proof of the main result and further ones

First let us now prove our main result.

Proof of Theorem 2. We start with assuming that ¢ has a finite number of
critical values, for otherwise the theorem is proved. Let ¢ € R be an essential critical
value of . By virtue of Lemma 3 there exists an arbitrarily small number ¢ > 0 such
that at least one of the two Lebesgue sets ©°t¢ and ¢°¢ is not deformable in itself.
First assume that the set ©°*¢ is not deformable in itself. Then Proposition 2 implies
that ¢ has a critical value ¢; > c.

Now assume that ¢°~¢ is not deformable in itself. Then, by Lemma 6, for all -
sufficiently small a € R the Lebesgue set ©® is deformable in itself. On the other hand,
©® cannot be a strong deformation retract of the non-deformable set ©°~¢. Thus, by
Proposition 1, the functional ¢ has a critical value ¢; < c il

"The assertion of Theorem 2 is rather general and therefore not convenient in appli--
cations to nonlinear problems. But it is evident that any condition which guararitees the
existence of an essential critical value for the given functional ¢ implies a corresponding
variant of the mountain pass lemma. 4

Let us present some examples.
Proposition 3. Let p € CY(X,R) sa\tisfly the (PS)-condition and = be a point of
strict local minimum for ¢. Then ¢ = p(z) is an essential critical value of .

Proposition 4. Let X = V-&V™*, where dimV~ < oo, and let ¢ € C'(X,R)
satisfy the (PS)-condition. Assume that p(0) = O and, for each p > 0 sufficiently
small,

! iﬁf p(z) >0 (zeVH) and e(z) <0 (0<|z]|<p,z€VT).
z||l=p :

Then ¢ = 0 is an essential critical value of .

The proofs of Propositions 3 and 4 are standard (see, for example, [12]). It should
be noted that it is necessary to use the definition of essential critical value based on the
notion of strong deformation retraction in order to prove Proposition 4.



A Variant of the Mountain Pass Theorem 991

One can formulate more general conditions for the existence of an essential critical
value on the base of linking conditions of different types (see [11, 12, 17]).

The classical mountain pass lemma of Ambrosetti-Rabinowitz is a union of Theorem
2 and Proposition 3. An analogous union of Theorem 2 and Proposition 4 allows us

to formulate the following variant of the mountain pass lemma in which only local
geometrical conditions are utilized.

Theorem 3. Let X = V- @ V™, where dimV ™~ < oo, and let ¢ € C(X,R) be a
quasi-decreasing functional satisfying the (PS)’-condition. Assume that ¢(0) = 0 and,
for each sufficiently small p > 0,

nE e(x) >0 (zeV?) - (4)

and : :
p(z) <0 (O<|z <p,z€VT) (8)
Then o has a critical value ¢ # 0.

Note that, in contrast to Theorem 1 where the existence of a positive critical value
is stated, Theorem 3 allows us to prove the existence of critical values of arbitrary
sign. As one can see in the proof of Theorem 2, this fact is crucial and is based on the
substitution of conditions (1) - (2) by conditions (4) - (5).

5. Applications

We apply the results given above to obtain the existence of non-trivial solutions to the
nonlinear Hammerstein integral equation

2(t) = /Q k(t, s) f(s,z(s)) ds (6)

where Q C R™ is a ‘bounded domain, k : © x  — R is a measurable symmetric kernel
and the function f: @ x R = R satlsﬁes the Carathéodory conditions.

Equation (6) can be rewritten in the operator form ¢ = KFz, where F is the
nonlinear superposition operator

Fz(s) = f(s,2(s))

generated by the Carathéodory function f and K is the linear integral operator

Ka(t) = /9 k(t, s)z(s) ds

generated by the kernel k. In what follows, we assume that K is selfadjoint positive
definite and compact as an operator acting in L,. In this case its spectrum o (K) consists
of a countable set of positive characteristic values A; > Az > ... of finite multiplicity,
and zero is the only accumulation point. .
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Let (-,-) and ||-|| = (-,-)? stand for the scalar product and norm in Ly, respectively,
and let ¢ : L, — R be the Golomb functional generated by K and F, i.e.

) .
#(2) = 5(h ) =~ [ 45, b)) ds

Q

where H = K} is the square root from K and

#(s,u) = /Ouf(s,v)dv

is the potential generated by f.

Assume that for some p € (2,00) and p’ = ;7%1‘ the operator K acts and is compact
from Ly into L,. Furthermore, assume that the operator F acts from Ly into Ly; the
latter means that the function f satisfies an inequality

(s, )] < m(s) + blulP~! (7)

with m € L, and b < oo. Then (see [9, 18]) the Golomb functional is continuously
differentiable on the space L, and its gradient has the form

Vo(h)=h— HFHh

where H : L, — L; is a natural extension of the operator H to L, . Moreover, under

the conditions above the operator HFH acts in L, and is compact, and each critical
point h* € Ly of the Golomb functional ¢ defines a solution z* = Hh* € L, to the
Hammerstein equation (6).

Now assume that the function ¢ has the form
f(s,u) = a(s)u + w(s,u) (8)
.where ac€ L;{_2 and w s.atisﬁes the special condition that for each ¢ > 0 there exist
ar € L2 and b, € R¥ such that llaelL e, |l < € and
lw(s, u)| < ae(s)lul + belufP™;

the latter guarantees that the Golomb functional ¢ is twice differentiable at zero (see
(10, 19]), and o
V2p(0)=I - HAH (Az(s) = a(s)z(s))

is its Hessian. Set

w(s,u) = ]w(s,t) dt.

In what follows we are interested in non-trivial solutions to the Hammerstein integral
equation (6) under the assumptions ©

w(s,u) 2 v|u|? — b(s) (s e, ueR) (9)
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where vy > 0,2 <g<pand b€ L,, and .
and w(s,u) — fuw(s,u) < —6lu|"+c(s) (s€ueR) (10)

where § > 0,2 <r <p, €< % and ¢ € L,. Nonlinearities of such type are considered
as superquadratic.

A vast literature is devoted to quasilinear elliptic equations with superquadratic
nonlinearities (see {1, 4, 5, 16, 17]). The problem of finding non-trivial solutions to
Hammerstein integral equations with non-linearities of such type is considered in (1]
under the assumption that a(s) = @ < A['. In this case, 0 is a point of local minimum
of the Golomb functional ¢ and the classical mountain pass lemma is applied to this
functional. In the case when a(s) = a > A;! one can apply Theorem 1; however, to

check (2) it is necessary to require in addition that the function w is non-negative on
Q2 xR.

Theorem 3 allows us to prove the existence of non-trivial solutions to the Hammer-
stein equation (6) without assumptions of such type.

Theorem 4. Let the conditions (9) — (10) hold. Moreover, suppose that one of the
following conditions is true:

a) 1 ¢ o(KA).

b) 1 € o(K A) and the condition

s ) 2 alul (ul Suo(s)  and  —w(s,u) SLP (lul>ue(s) (1)
holds for some a > 0, L < oo and some measurable positive function ug.

c) 1 € a(KA), the eigenfunctions of KA corresponding to eigenvalues from [1,00)
belong to L;, and the condition

w(s,u) > alul® (ju| < uo(s)) and —w(s,u) < Ljuf’ (Ju > ug(s)) (12)
holds for some a >0, p < p < 00, L < 0o and some measurable positive function uo.

Then the Hammerstein equation (6) has a non-trivial solution in the space Ly.

6. Proof of Theorem 4

In order to prove Theorem 4 it is sufficient to show that the Golomb functional ¢ satisfies
the conditions of Theorem 3 on the space X = L,. It can be rewritten in the form

o(h) = 5((I ~ HAH), ) = $(h)
where
P(h) = /ﬂw(s, Hh(s))ds.
It is obvious that ¥(h) = o(||2|?) as ||k|| — 0 and
V2p(0)=I - HAH
is the Hessian of the functional ¢ at zero.

Assume that L = V™~ @ V* where V+ is the positive invariant subspace of the
operator I — HAH and V™ is its orthogonal complement. It is easy to see that dim V- <
+o00.
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Lemma 7. Let Condition (9) be satisfied. Then the Golomb functional ¢ is quasi-
decreasing on the space L,.

Proof. Since the operator K acts from L, into L,, the operator H acts from L,
into L, C L (see, e.g., [10: p. 176]). Further, due to (9) we have

8 = [ o, BR) ds 2 [ BRI ds — NI
= ANHALN ~ L] (b€ L),
Now a.ssume. that X is a'ﬁnite-dimensional subspace of L. Then
HRL 2 elbl (he X)
for a positive a = a(X). This inequality implies
¥(h) 2 a®y [|h? ~ |jb(s)| L ||

and, further, _
@(h) < |II ~ HAH| [[R]|* = a?||RI|1% + ||5(s)| L1 |-

Since ¢ > 2, we obtain p(h) — —oo.as h € X and ||k|| —» +oo. This means that ¢ is a
quasi- decreasmg functlona.l on the space L, il

Lemma 8. Let condition (10) be satisfied. Then the Golomb functtonal @ satisfies
the (PS)"-condition.

Proof. Assume that {en}a>1 C L, is an orthonormed basis in the space Ly con-
sisting of eigenfunctions of the operator K,

X, = Span{ey,...,en},

and P, are orthoprojectors on the subspaces X,. Assume that {h,}a> CLrisa
sequence such that

¢(hn) Sc (hn € Xm(m)  and  lim Vom(n(ha) =0

for some subsequence of integers m(n) T +00. First we show that the sequence {hn}n>)
1s bounded in L,.

Fix € > 0. Then the elementary identity

(3 = Ollhall® = ©(ha) — E(V@m(n)(hn), hn)
+ (3 —E(HAHy, ha) + (k) — E(Vip(ha), ha).

implies that the inequality
(z = Ollkall®* < c +ellbnll + (5 — E)BIIHRa|L,|
+ / (;)(s, Hha(s)) —§Hh,.(s)w(s,Hh,,(s))) ds
Q
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holds with a 8 < +oo for sufficiently large n. Further, by virtue of (10),

(%—smhmzsC+qMAr+k%—oﬂWWMMAP—anghAﬂrds+ndﬂwnq
= ellhall + [(3 = BIH Rl = SHKILA" + e+ () Lal].

It is easy to see that

m= sup [ L-9pe? - -f;t"] < 400
0<t<oo

and thus we have '
(3 = Ollkall® < ellhall +m + ¢ + lle(s) L}

for sufficiently large n. Since ¢ is fixed, the last inequality implies the boundedness of
the sequence {hn}n>1 in Lo.

Finally, by virtue of the relation
V@ n(m)(Bn)ll = llhn — Pm(myHFHhal| = 0 (n — +00)

and by the complete continuity of the operator HFH in the space L,, the sequence
{hn}n>1 contains a convergent subsequence B

Lemma 9. Let one of conditions a) - c) of Theorem 4 hold. Then there ezists p > 0
such that
Y(h)>0  (heV™,0<|R]l <p)

Proof. In the case when condition a) holds the statement of the lemma is evident.
Let condition b) hold. Then, by virtue of (9),

/ w(s, Hh(s))ds = / w(s, Hh(s))ds +/ w(s, Hh(s))ds
Q Q\D(h) D(h)
> a/Q\D(h) |Hh(s)|P ds — L./D(h) |Hh(s)|? ds
= a/ |Hh(s)Pds — (a + L)/ |Hh(s)|P ds
Q D(h)
=l BLI7 ~ L [ H()P ds
D(h)

where D(h) = {s € Q: |Hh(s)| > uo(s)}. Now we remark that there exists a positive

number v such that
|HR(s)ILpll 2 vllh)|  (REVT)

and, furthermore, there exists a function e € L, such that

|[Hh(s)i < |[Rlle(s)  (REVT).



996 V. B. Moroz and P. P. Zabrejko

Applying these inequalities to the previous one we obtain

/w(s,Hh(s))ds > <au” —/ e(s)? ds) iR
1] T(NRN)

where T(r) = {s € Q : re(s) > ug(s)}. It is evident that mesT(r) — 0 as r — 0 and
thus the inequality .

/ w(s, Hh(s))ds > 0
1]

holds for sufficiently small A € V~. The case when condition c) holds is similar; it is
sufficient to remark that in this case the operator H acts from L, into L; B

Now we give the

Proof of Theorem 4. By virtue of Lemmas 7 and 8, the Golomb functional @
is quasi-decreasing on the space L, and satisfies the (PS) -condition. Moreover, by
definition of the subspace V¥, the functional ¢ satisfies condition (4) of Theorem 3. In
order to prove Theorem 4 it is necessary to check condition (5) on the subspace V.
The latter follows from Lemma 9 11

In conclusion we note that Theorem 4 can be generalized to Hammerstein integral
equations with quasi-positive definite kernels, as well as to systems of Hammerstein
integral equations or, in other terms, Hammerstein integral equations in ideal spaces of
vector-functions.
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