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Abstract. In an arbitrary curved space-time the Hodge-de Rham equations with Lorentzian 
gauge are studied. Using the spinor calculus and propositions on the curvature tensors, espe-
cially on Hall's canonical forms of Ricci tensors, some properties of the tail terms with respect 
to second order differential operators are proved. Finally, all Huygens' operators are explicitly 
determined. 
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1. Introduction 
In a four-dimensional pseudo-Riemannian manifold (M,g) with a smooth metric of 
Lorentzian signature the Hodge-de Rham equations for p-forms with Lorentzian gauge 

Au = w 

= 0	
(u,w E A, p = 1,2)	 (1.1) 

are considered, where A = —(dS + 6d) denotes the Hodge-de Rham operator (see [2, 51 
12, 15, 18, 19)), d the exterior derivative and 8 the co-derivative. The equations (1.1) are 
of physical interest. Especially, if u E A 1 is the electromagnetic vector potential and the 
source w represents a charged particle moving along a world line, then the divergence 
of w must vanish (see, e.g., F. G. Friedlander [1]). 

For the equations (1.1) Huygens' principle (in the sense of Hadamard's "minor 
premise") is valid if the solution of Cauchy's initial value problem in a sufficiently small 
neighbourhood of the initial space-like surface F depends only on the Cauchy data in 
an arbitrarily small neighbourhood of the intersection of the past semi-null cone with F 
(see [2, 5, 7, 13, 18, 19]). Only if Huygens' principle is valid, then the wave propagation 
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is free of tails (see [2, 5, 7]), i.e. the solution depends only on the source distribution 
on the past null cone of the field point and not on the sources inside the cone. 

The present paper is motivated by earlier investigations on Huygens' principle for 
the usual Hodge-de Rham equations (without Lorentzian gauge) (see [5, 18, 19]). 

The main result in this paper reads as follows. 

Theorem 1.1. 

(1) The equations
Au = w

(u,wA') 
5w = 0 

satisfy Huygens' principle if and only if g is cither'a plane wave metric or a metric with 
Cabcd = 0 and Rab = Rgab. 

(ii) The equations
Au = w

(u,w E A2) 
Sw = 0 

satisfy Huygens' principle if and only if g is either a plane wave metric or a metric with 
Cabcd = 0 and R (Ra b - Rgab ) = 0. 

The paper is organized as follows: 
After some preliminaries we give in Section 3 some necessary and sufficient condi-

tions for the validity of Huygens' principle for equations (1.1). We show relations for the 
tail terms with respect to some differential operators and determine the first coincidence 
values of the tail terms. In Section 4, the spinor calculus, Hall's canonical forms of the 
Ricci tensor, some properties of the curvature tensors, and the second coincidence value 
of the tail terms are used to prove Theorem 1.1. 

2. Preliminaries 
Let (M, g) be a space-time, i.e. a 4-manifold together with a smooth metric of Lorentzian 
signature, and g, g, Va, Rabcd, Rab, R and Cabcd the local coordinates of the covariant 
and contravariant metric tensor, the Levi-Civita connection, the curvature tensor, the 
Ricci tensor, the scalar curvature and the Weyl curvature tensor, respectively. The signs 
of the curvature tensor and of the Ricci tensor are determined by the Ricci identity 

VlaVb]Tc = _RabcdTd	 (2.1) 

and
o ab = 9 1k iLalkb, 

respectively. A P denotes the space of p-forms of class C. On A P the exterior derivative 
d, the coderivative S and A = —(dS + Sd) are defined. The following relations are valid 
(see [5, 12]):

(du).,._,P,I = Vk 1 u a 2 ... u9,]	
(u E A)	 (2.2) 

(8)a t .a p _, = —pV 1 ka, . . . a_,
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and

(L 2 ) a , a2 := (u) 11 , a 2 = 0 Uaia2 - Ca1a2CdUcd - RUa,o 2	(u E A 2) ( 2.3) 

(L''u) o , := (iU)a i = DUal - R01 ''u 6	(u E A')	 (2.4) 

	

L(0)u:= —(Mu) = 0 u (u E A°)	 (2.5) 
where 0	g"V a V. Because of the commutator relations (see (5: pp. 283]) 

=	 (p > 0)	 (2.6) 
the operator	maps

A = {u E A s': bu = 01 
into itself and the Hodge-de Rham equations (1.1) with Lorentzian gauge can be written 
as

Lu = w	(u,w E A, p = 1, 2).	 (2.7) 
Let M be a causal domain (see [2, 5]) and r(x, y) the square of geodesic distance 
of x,y E M. For any fixed y E M the set {x E M : l'(x,y) > 01 decomposes 
naturally into the open subsets D+( y ) and D_(y) called future and past of y, respectively. 
The characteristic semi-null cones C±(y ) are defined as the boundary sets of D±(y), 
respectively. Then D+ (y) consists of those points x E M for which the geodesic segment 
from y to x is causal and future-oriented. If this segment is a time like or a null line, 
then x belongs to mt D+ (y) or C+ (y), respectively. 

Let G(y) (p = 0,1,2) be the fundamental solution of the operator and 
T(P)(. , y) the tail term of G(y) with respect to y. Then the inclusion supp C(y) c 
D±(y) holds (see [2, 5]). The tail term is just the factor of the regular part of the 
corresponding fundamental solution. For	there is an asymptotic expansion 

T(x,y)	1u,x,yxrx,y	(2.8) 
where the Hadamard coefficients U (P) are determined recursively by the transport equa-
tions (see (2, 5, 13, 19)) 

	

V11rV0UP) + ( D r - 8 + 4k)U =	 (k > 0)	(2.9)


with the initial conditions 

urEo	and	U"(y,y)=I(y) 

where	denotes the identity.' ) For a timelike separation of x and y, T(P) ( . , y) is

defined as the unique solution of the characteristic initial value problem 

L (P) T() ( . y) = 0
(2.10) 

T(P) ( x , y ) ro = 0 

(see [2, 5, 13, 18, 19]). 
1) The operator	and all derivatives refer to x.
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3. Huygens' principle 

From Günthcrs' investigations there follows (see [5: Chapter I\T]): 

Proposition 3.1. 

(i) The Hodge-de Rham operator L" : A" - A" is a Huygens' operator 2) if and 
only if

T"(x,y)=0	 (3.1) 

for all x and y. 

(ii) The Hodge-de Rham operator with Lorentzian gauge	: A - A P is a 
Huygens' operator 3) if and only if

d()T()(x,y) = 0	 (3.2) 

for all x and y. 

In [18, 19] the following proposition was proved: 

Proposition 3.2. 

(i) L 1 : A 1 -* A 1 is a Huygens' operator if and only if g is flat. 

(ii) L 2 : A 2 - A 2 is a Huygens' operator if and only if C0bcd = 0 and R = 0. 

Remark 3.1. Obviously, the operator L" : A -+ AP is a Huygens' one if g is 
flat. In the following we are interested in the determination of all metrics for which 

A - A is a Huygens' operator. 

The tail terms T(P) (x, y) satisfy the relations (see [5: p. 289]) 

â()T"(X, y)	d(Y)T(1_1)(x, y)	(p = 1, 2).	 (3.3) 

Corollary 3.1. From (3.2) it follows 

d(1)d(5)T(P1)(x, y) = 0	 (3.4) 

for all x and y. 

Proof. The relations (3.3), (2.10) and (3.2) imply 

d()6(I) T"(x, y) = d(1)d()T(")(x1 y) = —5( ) d( x) T"(x, y) = 0 

and thus the assertion is proved I 

2) I.e. Huygens' principle for the corresponding equation L"u = w (u,w e A") is satisfied, 
see Section 1. 

3) In this case (, L ( ", I( " ) ) is a Huygens' triple, see [5: pp. 249].
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Remark 3.2. The condition (3.4) is satisfied for p = 2 if and only if the Maxwell 
equations

du = 0
(u E A2


= w	
, WE A') 

form a Huygens' system (see [5: p. 288]). 

Remark 3.3. A metric g is said to be plane wave if d.s 2 = 90, dx 0 dx b has the form 

4 
ds2 = 2dx'dx 2 -	a(x')dx'dx	 (3.5)


c,/9=3 

where the matrix (a,) is positive definite (see [2, 4, 5, 17]). 

The following result was proved in 15: pp. 683 - 685]: 

Proposition 3.3. If g is a plane wave metric, then d(1)T(P)(x,y) = 0 ( p = 1, 2). 

The next step is the determination of d()T(P) (y, Il). For this purpose, for u E A 
we define

Cu := Lu - 0 u.	 (3.6)


Then from (2.3) - (2.5) it follows that 

C°u = 0,	(C1u)a, = Ra, t u b	 (3.7) 

(C(2)u)aia2 =	cd Ca,a 2 Ucd - RUa i a 2	 (3.8) 

	

and for the corresponding Cotton invariants	') := C (P) +	(see [2, 5, 18]) we

obtain

= 

= La s'	 ( 3.9) 
(2) b1b2- -c	b,b2 - !R.5b1 512 a,a 2	-	a,a2	6	[z, a2] 

where Lab = Rab + Rgab . The curvature operators Ka(P) 2 are defined by the Riccila
 identity (see [5, 18])

V1aiVa2ju 
= 2 a,a2	(u E A P ).	 (3.10) 

Consequently, because of (2.1)

K(0)= 0 aj a2 

K' d _R	d 
a,a 2 c	a,a2c	 (3.11) 

K (2)	d, d2 = R	[d, 
aa 2 c 1 c 2	a,a2[cl	c2]
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Under consideration of (2.8), for the coincidence values T") (y,y) and V i , T (P) (y,y) we 
obtain (see [5: p. 576]) 4)

= U(P) =	 (3.12) 

=	=	— Vi, 6 P) .	 ( 3.13) 

Hence, on account of (3.9) and (3.11) 

• (d(z)TW)[ata,]c, =	VaRalaia2) — V [ a l 	 ( 3.14) 
12 

(d(z)T2)laia,a3],ia, = 11 
L 12	aaia,c,i9a3112 

+ 1 V ai (CaaaaQIe2 + Rga 2 , 9a32)]	
[Cc I 	

(3.15) 

Now an easy calculation leads to the equivalence relation 

d(z) T (P) = 0	V1aR6jc = 0	(p = 1,2)	 (3.16) 

and condition (3.2) implies the following 

Proposition 3.4. For	:	—* AP to be a Huygens' operator the condition 

V[aRb)c = 0	 (3.17) 

is necessary. 

Remark 3.4. Obvously, (3.16) is equivalent to 

V(aLb]c = V k Ckcab = 0 

V Q R =0. 

A space-time (M, g) with property V k CkGbC = 0 is called a C-space-time. 

In [21, 221 the following result was proved (see Corollary 3.1 and Remark 3.2): 

Proposition 3.5. The relation d(1)d()T0)(x,y) = 0 and (3.17) imply that g is 
conformally equivalent to a plane wave metric or to a flat metric. 

There holds (see 113, 20 - 22)): 

Proposition 3.6. Assuming (3.17) every metric g, which is conformally equivalent 
to a plane wave metric, is a plane wave metric. 

Now, the following lemma follows immediately from T° = — R (see (3.9) and 
(3.12)) and the property T( ° ) (x,y) = T( ° ) (y,x) (see [2, 5)) by Taylor expansion of 
T(°(x,y) in x = 

4) If we disregard in the derivatives of	 the variables, then we stipulate their 
coincidence values.
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Lemma 3.1. In the case R = const the condition d()d()T°(x)y) = 0 implies 

TS(V 11	 = 0	(r > 0)	 (3.18) 

where TS(T ... ) denotes the trace-free symmetric part of the tensor T... 

Now we need the coincidence values V(I,V 2 )T(P) under the condition V;T (P) = 0 
(see (3.16)). 

Lemma 3.2. Assuming (3.17) one has 

V01 V12)T' - I1 ) 12 - 1TS(R, 2 - 
1	 (3.19)


— TS(V 1 V 2 (P) ) + 

where

—ii(p)  1 _i. 1 :_ a , bRI(p) + gab K(P) K" - !g1112KP)6K)h1]	(3.20) 112 —	12 [10	'12 11a	z2b 

is the moment of order 2 with respect to the operator L := U -	: A" —* A" (see 
[51).

Proof. From (2.10) it follows that DT(P) ( . ,y) = —C(P)T(")(., y). Consequently, 
because of (2.8)	 - 

= TS(V1V	1 
l2 1 ) -	 . 

Now, (2.9) implies (see [5, 18, 19]) 

TS(V,V 12 U") =

- TS[V II V I2 L*U P) +6P) V i , V i , U( P ) + 

By virtue of

TS(V1V2U1") = TS(R,112)I(P) 

L*U = 01 V II (LU") 0	 S 

TS(V 11 V i , [VU"j) = —6I 

(see [5, 18, 191) we obtain the assertion (3.19)1 

From (3.8), (3.9), (3.11) and (3.20) we obtain the following result:



66	V. Wünsch 

Corollary 3.2. One has

= __.ca, 'Rab -	R[Ts(R1112 )]	 (3.21) 
120 " 

and, for C0bCd = 0, 

V (11 V	''	112R	k a	1 
'2) T a	- - ( i 1 ko I R 2 ) I + 4—g,, 2 RksaIRk3ll)

(3.22) 

- TS(V Ii t 2 La c ) V	) -	TS(R1,)T a - gjIj2RakLk-
12,.  

and 

V (11 V T2 01a2 - _R(iIk[aI [C 6 1 R k (016a2] + 

	

12) 0102	-	 02] 12) C	d a1	02] 
1	 1	 (3.23) 

+ —g112Rk	[c6d] Rks ]a,,a2]
48 144 s[aj	02	C	d +	YI1x2 [a i 02] 

Proposition 3.7. If R = 0 and V] 0 Rb]c = 0, then the condition d()d()T°(x,y) = 
0 implies that g is conformally flat or a plane wave metric. 

Proof. From (3.12) there follows T° = 0 and, by virtue of Lemma 3.1, the condi-
tions

TS(VR1 . . . V 1 T(0 ) = 0	(0 <r <6)	 (3.24) 

imply the assertion (see [21, 221) 1 

The following two propositions were proved in [20]. 

Proposition 3.8. If the relations 

V( 0 Rb)c = 0,	R 54 0,	CabcdR" = ER (Rod - Rod)	(3.25) 

hold with an E  R\ {—,0, }, then one has TS(Rad) = 0. 

Proposition 3.9. If in a non-con!ormally flat Einstein space-time the relations 

TS (Va Cbili2 C V 0 C b i34c -	Was, I2 h1 Ca 34b ) = 0	 (3.26) 

hold with an e e R and R 54 0, then e E {0, —26}. 

Corollary 3.3. Assuming R 54 0 and V[0 Rb]c = 0 the conditions (3.18) imply that 
g is conformally flat. 

Proof. The relations (3.25) with e = -- follow from (3.18) and (3.21). Conse-
quently, because of Proposition 3.8, one has TS(Rab) = 0. Furthermore, under consi-
deration of u° = — 1 R (see (3.12)), TS(Rab) = 0 and (see [16]) 

TS[V I , . . - V 4 (o r —8)] = —16TS(V 2 , . . - V4U°) 
16 (3.27) mcf a	b 

-.	=	1112	aiai4b



On Huygens Principle	67 

we obtain from (2.8) and (2.9) 

TS(V,	V 14	= TS(V II . v rr(0) 4 L/0 

= — J--TS[V, . V 4 (0 r - 8)]U° 20 
1 (0)1	(3.28) 

-	TS [v i , . . . V 4 L*U O +	. . . v4u0 

-	- RTS(V, 1 ... Vi4UO 

where
- —TS(V1, ... V 14 LU 0 ) -

(3.29) 

252 =	TS (9VaC2CVQCb34C + 4RC2bC	6) a1314 

is the moment of order 4 with respect to L' A° - A° (see [19, 21, 22]). Now, (3.28), 
(3.29) and (3.18) imply 

TS(V 11 . . .
1 

- 22 .32 .5. 7 TS (45VCthj1j2CVaCbj3j41 + 13RC 0 i,i2 b Caisi4b ) = 0. 

Consequently, because of Proposition 3.9, one has Cabcd = 01 

Summarising the results of Propositions 3.4 - 3.7 and of Corollaries 3.1 and 3.3 we 
obtain the following 

Proposition 3.10. For	: A - A (p = 1,2) to be a Huygens' operator it i., 

necessary that 

(i) VaR = 0 

(ii) g is conformally flat or a plane wave metric. 
Because of Proposition 3.3 it remains to investigate the case C0bd = 0. 

4. Conformally flat space-times 

In this section we assume Cabcd = 0. Our aim is the determination of all Huygens' 
conformally flat metrics with respect to the operator To this end we employ the 
"two-component" spinor calculus [5, 11, 15, 191. Let a' A. be the complex connection 
quantities, CAB the Levi-Civita spinor and ABxY the spinor equivalent of the tensor 

TS(Ra6). 
It is useful to introduce a spinor dyad {PCA,MA) satisfying ?cAp' =1 (see [11, 20]). 

Associated to the spinor dyad there is a null tetrad	 defined by 

a	A—X	 A—X	a	A X 
AX	'	a	a 

AX P	m = 
a 
AX ?•	(4.1)
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The metric tensor can be expressed in terms of the null tetrad by (see [111) 

	

9ab = 2 (l(a flb) - m(amb)).	 (4.2) 

In particular, the spinor equivalent to a bivektor Fa b F1a 61 is given by (see [15]) 

	

FABA = EqAB + CABq	 (4.3) 

where
b AB = (AB) = FAfiX 

Then the spinor equivalent of the dual Fb is given by 

FAB = —i (CçbAB - C AB cbAB) .	 (4.4) 

Furthermore, we have (see [14]) 

V[aFb c] = 0 .. v°F 6 = 0.	 (4.5) 

Using (3.18), (3.22), (3.10), (3.23) and the spinor calculus, especially the relations (4.3) 
- (4.5), we obtain after a extensive calculation the following result: 

Proposition 4.1. 
(i) The condition

(1)\	= ' =0 V, 1 (d()T )a, a 2 o -V ,V 1 Oj T a2)Q 

i3 equivalent to
R[TS(Raô)] 0 

	

TS[TS(RO k )TS(Rbk )] = 0.	
(4.6)

 

(ii) The condition

	

T 2	=0 (z) V,, (d T(2))aia2a3ai 2 E V, V1a1 a 2 as) alcl2 

is equivalent to
R[TS(Rab)] = 0.	 (4.7)


Remark 4.1. The spinor equivalent to the second equation in (4.6) is given by 

	

KK 0	 48
W KKA(A WB) B -  

Proposition 4.2. From R = 0 and (4.8) it follows there exists a real function ci 
and a spinor dyad {?cA,A} such that AABB has one of the forms 

4'AABB = OA ? B k A K	 (4.9)
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or

1'AABB =	(A/AB)?C(A).	 (4.10) 

Proof. If {l(,na,rna,ñf1} is a complex null tetrad and ma = *(x0 + iy°), then 
{la,na,xa,ya} is a real null tetrad. By means of the classification theory of the Ricci 
tensor (see (8, 11)) it is easy to show that TS(Rab) has the canonical form 

(a) TS(Rab ) = 2a0 l(an b ) + a i (lalô + Cflaflb) + a 2 xaxb + a3yoyb 
or

(13) TS(Ra b ) = 2al(a fl b) + 21 (a X b) + o (xa x b + !JaYb) 

where E E {1,-1,0} and 2a0 - o —a3 = 0. The condition TS[TS(R)TS(Rbk)1 = 0 
implies one of the forms 

(a) TS(Ra b ) = alalb 

(b) TS(Ra b ) = O ( 41(a fl b) - gab) 

(c) TS(Rab) = a(lalb + na nb ± rnarnb ± rnarnb). 

Using the relations (4.1), we obtain the result for the cases (a) and (b). In the case (c) 
we have

AAB = a [( IC + 7A)('B - 712 B)( KA + IÜA)(	- 

with 7 E {1,i}. Putting	-

1 
k A =K A+7/A	and	A---(A--yILA), 2-y 

we get K',,U'' = 1 and obtain the representation (ii) I 

Proposition 4.3. The conditions 

ABA8	a?C(A/2B)k(A)	
. (4.11) = 0 

imply VaRbc = 0. 

Proof. On account of kAIL A = 1 there are spinors AA , BA and CAIC with (see 
[20)

	

= A J,jcB + BAJIJLB	
(4.12)


VAX,LL B = CA JIJC B - AAJ,JLB. 

The spinor equivalent to	= 0 is given by V c' 8cj, = 0. Consequently, one
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obtains for a 54 0

u_vA(pBCXy 

=
 (

Iv	+ 2OX) K(BC)
or 

+ (-Vc7+' 2BX , ) ( BPC)L 

+ (cu) -B-C + (cXk) kBIcCi:IX 

+ (B) PB/.L C 1cj + (B) /AB/LC/IX, 

hence VAX O' = BAX = CAX = 0 and the assertion is proved I 

Corollary 4.1. A metric with the properties 

	

R 0,	Cabcd = 0,	'i'ABAB = 

is flat. 

Proof. From Proposition 4.2 it follows that (M, g) is symmetric. A symmetric 
space-time with R = 0 and Cabcd = 0 is fiat (see [6, 20]) I 

In [14] there was proved the following 

Proposition 4.4. A metric with the properties 

R = 0,	Cabcd 0,	OABAb = UkAKBKAKA 

is a plane wave metric. 

Propositions 4.1 - 4.4 and Corollary 4.1 imply the following 

Corollary 4.2. A conformally flat metric with d(1)T(')(z,y) = 0 and VaR = 0 is 
either a plane wave metric or a metric with TS(Rab) = 0. 

The following proposition is a consequence of the relation T(P) (x, y) = A(p)y(")(x, y) 
with A(p) = const and d()-y 9 = 0, which was proved for space-times of constant 
curvature in [1, 3].	. 

Proposition 4.5. In a space-time of constant curvature one has 

d(1)T(x,y) = 0	(p = 1, 2). 

Finally, we prove Theorem 1.1.
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Corollary 4.3. 
(i) L'	A -p A is a Huygens' operator if and only jig is either a plane wave 

metric or a metric with Cabcd = 0 and Rat, = Rgot,. 

(ii) L 2 : A 2 --+ A is a Huygens' operator if and only jig is either a plane wave 
metric or a metric with C0bd = 0 and R(Rat, -R9ab) = 0. 

Proof. If g is a plane wave metric or a metric of constant curvature, then 

d()T(P)(x,y) = 0, 

i.e.	is a Huygens' operator (Propositions 3.3 and 4.5). If C0bd = 0 and R = 0,

then T(2) (x,y) = 0 (Propositions 3.1 and 3.2). Consequently, d()T 2 (x,y) = 0. 

Conversely, if (p = 1,2) is a Huygens' operator, then g is a plane wave metric 
or conformally flat with VaR = 0 (Proposition 3.10). The assertion (i) follows from 
Collorary 4.2. Finally, Proposition 4.1 implies R(Rot, - Rgat,) = 01 
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