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Remark on the Normal Forms of Diversors
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Abstract. With respect to the monograph of P. Giinther “Huygens’ Principle and Hyperbolic
Equations” this paper contains a supplement to diversors of second order differential equations
of normal hyperbolic type [3: Chapter IV]. We construct a “normal form” of a diversor and
consider the coefficients of this form in a certain neighbourhood of the characteristic backward
conoid C_(€) of a point £.
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Let (M,g) be a pseudo-Riemannian manifold with finite dimension m = dimM > 2
whose metric g has Lorentz signature {+, —,..., —}. It is always assumed that M is of
class C*, connected and satisfying the second axiom of countability; g is of class C'®
on M. V denotes the Levi-Civita connection of (M, g).

Let 2 C M be a geodesically normal domain and 2y C Q any causal domain in
(see also [3: p. 15]). We consider any domain 2 and choose in 2 any coordinate system
p: = R™, where Q@ C M is open. We denote the second order differential operator
of normal hyperbolic type of (M, g), acting on scalar functions u, by P:

Plu] = ¢V, Vu + A'Vu + Cu

1 8 ;0 ;0 . (1)
=%$<\/§g’%>+fla§,+0u (3,7 =1,2,...,m)

and the invariant measure associated to the metric ¢ by p which is given in these
coordinates {z!,...z™} by

p=\gdz' A...Adz™.

Let the point £ € 2 be fixed. We denote the characteristic conoid by C(£) given by the
equation I'(€,z) = 0 where I'(§, z) is the quadratic geodesic distance function.

M. Burkhardt: Math. Institut der Universitat, Augustuspl. 10/11, D - 04109 L’eipzig

ISSN 0232-2064 / $ 250 (© Heldermann Verlag Berlin



108 M. Burkhardt

The notion “diversor” is due to L. Asgeirsson [1]. He defines a diversor D of P as a
differential operator D, such that D o P can be written as divergence expression on the
characteristic conoid C(£), the vertex £ excluded.

Now we consider the characteristic backward conoid C_(€). Let Q) C g be a
domain such that C(§) N 25 = (C-()\{€}) N Qo, i. e. the vertex £ ¢ Q.

Definition 1. Let ¢ € C§(§;) be any test function. A differential operator D is
said to be a diversor of P with respect to C_(¢) if

/ (D o P)[g)(z)u(z) = 0, )
C_ (&)

i.e. the distribution v € D'(£;) with

(v,6) = /C D@ (3)

is a solution of P*[v] = 0 in Qf with suppv C C_(€)\{¢} where v(z) denotes the Leray
form of the submanifold C_(¢) (see also [3: Chapter II, §2]), P* denotes the (invariantly)
formally adjoint operator of P.

Such an identity (2) is only possible if (D o P){¢] can be written in divergence form
with respect to the submanifold C_(¢) in Q.

Definition 2. Two diversors D, and D, in §; are called equivalent if

/ L D) = i .

)Dg[d)](z)u(z) (€ C()),

i.e. Dy[¢] — D2[¢] is a divergence expression on the characteristic semiconoid C_(€).

Proposition 1. Let {z',z2,...,2™} be a local coordinate system in Qf, such that
C_(€) is given by 2! =0, 1.e.

For each diversor D there exists an equivalent linear differential operator which is called
Dy of the form

1 < 0
DN[¢] = % ; W(wlc—u ’ ¢) (4)

The coefficients wye_, are of class C*™® in Qy and are uniquely determined on C_(&).
The form (4) of a diversor is said to be normal form Dy of D of order k.

Proof. The proof is obvious. The derivates of highest order in D[¢] are not all
interior derivates 3% /3z® with respect to the manifold ! = 0, consequently, the ord_er
of D cannot be reduced with the help of integration by parts [3: pp. 270, 271] B
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Proposition 2. To each diversor D of order x of P with respect to C_(£) there
exists an equivelent diversor in normal form (4) whose “modified coefficients” W, with

_arEa)

W,,I v
V9

(v=0,1,2,...%) (5)

in g are given by
gV DV, Wo +(M* +n—4-26)Wy =0

gUViTV, W, + (M* +n—4 -2+ 20)W, = L P*[W,_,] (v=1,2,...,x) (6)
LW =0 on C_(€)

with B .
M*(&,z) = 3¢V, V,T — 1A'V,T — n.
Proof. Let Qf C Qf be a neighbourhood of C_(¢) with the condition 8" # 0.

(A, = ¢'7V,V; denotes the 2. Beltrami operator.) In Q we obtain by the (regular)
transformation to the coordinates z*

g''=4ar, §¥=g%r, §'=¢VoT, § =g
_ _ 9
Vi=lare  vi= Y
|61 T
Fl — '—A2F, fwa =Te° (I-u — ngr\;cJ)
Al = A'V,T, A® = A

o6 _1 90 8 __ 8% 0 3
871 |&I| 0z’ d8ze  |9,T|dz' | oze

=15 9
9z

and by explicit calculations the expression

=gYV,I'V,

Do Pl = — > o (wau - Plg)

1

ﬁ~Div[¢]

+L¢ P°[¢]+,§ o (P°lwk—u) + (N + 4v + 4)[w ])]
\/5 L 8F" K—p x—v+1
lxr‘ém”au-r}ﬂ N +4v+4

r 3 S 5 (1) B+ 4 4 )
1 an+l¢
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with

N¢]: = —2%.@ +(A' -T¢

_ _o V9 g : T _ VA
= 2|61FIg V.I'V; ( i ¢> +(=A.T + (Vi) AY)¢ (7)
(N+k)¢):=N[gl+k¢ (k€N) (8)

Because (2) we obtain that the coefficient wq satisfies the equation
(N 44k +8)wo] =0 (10)

at first on C_(§). Now (10) (and wog) can be extended to Q. (It is a transition to an
equivalent diversor.) Successively, in 0 we obtain that the coefficients w;,ws, ..., wx
are solutions of

(N + 4k —4v 4+ 8) = — P°w,_,], ©(11)
and, finally, '
Plw,) =0 on C_(§). (12)
Consequently, from (10), (11),.(12) and with respect to (7), (8), (9) the assertion fol-
lows B
In the case of order k = "T_“ a comparision of (6) with the equations for the
Hadamard coefficients V,, of the Riesz distributions (see also [5, 7, 8])

¢ IViIIV;Wo + M*Vy =0

. 13
GIVIIV,W, + (M* +20)V, = —P*[W,_1]  (v=1,2,...) (13)
shows the relations )

Wo(€,z) = (-1)" 5 Vol 2). (14)

Consequently, in Q§ C Qf the coefficients w, are smooth.

Now we consider (2), respectively (3), but ¢ € C§2(Qo) (vertex £ € Qp!):
L (PoPMI@E) =0 (¢ C(e) (15)
- (€

with D in normal form (4) with (5) and (6). However, because these singularities of w,
(for z — £ on C_(&)) are algebraic, it is possible to show (see [2: pp. 21, 22, 53]) that the
integral (15) exists or can be regularized (in the sense of distributions). Consequently,
the distribution v € D'(}y) in (3) can be extended to a distribution v € D'(§) over Q.
Then the results about diversors in [3: Chapter IV, §3] of P. Gunther are applicable.
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