Zeitschrift fur Analysis und ihre Anwendungen
Journal for Analysis and its Applications
Volume 16 (1997), No. 1, 131-143

On the
Capillary Surface in a Wide Circular Tube

E. Miersemann

Dedicated to the memory of Paul Gunther

Abstract. An explicit asymptotic formula for the wide circular tube is proved. The leading
term defines the capillary surface over the half plane with the given boundary contact angle.
An explicit estimate of the remainder uniform with respect to the boundary contact angle and
the radius of the tube is given. This uniform behaviour is caused by the strong non-linearity of
the problem and has no counterpart for linear problems. The proof of the main result is based
on a maximum principle and on a mapping which brings the right parameter of development
onto the right place of the equation.
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1. Introduction and main results

The equilibrium free surface S : u = u(z,, z2) of a liquid inside a circular tube of ra.dlus
R € (0,00) satisfies (see Finn [3: Chapter 1]) the nonlinear elliptic equation

diviu =xku+ A
in the disk Br = {z = (21,22) € R? : 22 + 2% < R?} and the boundary condition
v-Tu = cosy on O0Bgr

where
: Vu

\/1 +|Vu|

and k = £2 (w1th p the density change across free surface, g the grav1tat10na.l accel-
eration a.nd o the surface tension) is the (positive) capillary constant. It is assumed
that the gravity field is non-zero and directed downward. Further, ¥ € [0,7] denotes
the constant contact angle between the capillary surface and the cylinder. The vector
v is the exterior unit normal on dBg in the (z;,z2)-plane and A denotes a Lagrange
parameter. '
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When the lower end of the tube is immersed in an infinite reservoir, then A = 0,

and if the tube is closed at the lower end by the base domain Bpg, then the Lagrange

parameter is defined by
1

A= Br |(|aBR|cosv—KV)

where V' is the given volume of the fluid (see Finn [3: Chapter 1]) provided there are
no dry spots on the bottom.

The transformation

A
Uu=v-— —
K

converts the above equation and boundary condition into the problem

divTv = kv in Bpg - (1)

v-Tv=cosy on OBg. (1.2)
We can assume that .
0<~< 3

holds. The case v > % reduces to that one under the transformation v — —v.

No explicit solution of problem (1.1), (1.2) is known except u = 0 in the case ¥ = J.
The existence of a radially symmetric solution w € C* in the open unit disk B; was
shown by Johnson and Perko [6]. The comparison principle of Concus and Finn [2]
implies that this symmetric solution is the only one. Existence of a solution, not only

in the case of the capillary tube, follows from a more general argument (see Finn [3:
Chapter 7]).

Since v is radially symmetric, the problem (1.1), (1.2) reduces to that to find a
function w = w(r), r = \/z? + z2, such that

' '
(\/%) = Krw for 0<r<R (1.3)
w

wl

lim ———— = cos and w'(0) = 0. 1.4
rR m 7' (0) ( )
In 1806 Laplace (8] obtained a formal approximation for the height rise of the capillary
surface. For example, he calculated an expression for the height uo at the center of a
(narrow) circular tube of radius R, namely

2cosy 1 21 —sin®~)\
Ug ~ - - = R.
kR cosy 3 cosdy

The first proof of asymptotic correctness of this formula as R — 0 was given by Siegel
[14]. Then, Finn (4] and Siegel [15] obtained explicit bounds that hold throughout the
trajectory, and are not merely asymptotic. The existence of the complete asymptotic
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expansion of the solution to problem (1.1), (1.2) or, equivalently, to problem (1.3), (1.4)
as /xR — 0 was proved by Miersemann [9). This expansion is uniform with respect
to the boundary contact angle despite the fact that |Vw| becomes unbounded if v — 0
or v — m. The reason for this behaviour is the strong non-linearity of the problem.
Such expansions exist also for capillary tubes with more general cross sections (see
Miersemann [10]), in particular for annular domains.

The above asymptotic formula makes no sense for large radius R. On the other
hand, by matching asymptotic expansions on adjoining annular subdomains one obtains
a comparison surface for the problem over the entire domain also for large R. This
consideration leads to a new numerical method for solving the capillary tube problem.
Moreover, an explicit a priori error estimate uniform with respect to the boundary
contact angle can be shown (see Miersemann [11]). This uniform behaviour is caused
by the strong non-linearity of the problem and has no counterpart for linear problems.
This method applied to a disk and an adjoining annular domain leads to a boundary-
layer approximation of the solution. We will not discuss this method in this note.

A formal asymptotic solution of problem (1.3), (1.4) for large /xR was calculated
by Concus [1] by using a boundary-layer technique which goes back to Laplace [8]. The
idea is to assume that there is a central core region covering most of the base domain in
which w is small, and a boundary layer region near the wall in which w’ increases rapidly
to its given boundary value. Matching the core and the boundary-layer solutions in the
transition circle determines the thickness of the boundary layer. This method was used
by Perko [12] to prove that a certain boundary-layer approximation is assymptotically
correct. More precisely, it is shown that for each given boundary contact angle v away
from the critical angle v = 0 the relative error in the ordinate and slope of this boundary-
layer approximation is uniform of order %ln 1§ as R = oo for 0 < r < R. A formal
second order boundary-layer approximation was calculated by Rayleigh [13).

It was shown by Siegel [14] that near the boundary the solution approaches the
one-dimensional solution defined by formula (1.8) below. We will prove that there is an
asymptotic expansion in powers of \/—R as /KR — oo. This result is of interest near
the boundary. Away from the boundary there is a much faster exponental decay (see

Siegel [14]).

Let w(r; R,v,x) be the solution of.the boundary value problem (1.3), (1.4) and
v(s; 7, k) the solution of the following boundary value problem (1.6), (1.7), which defines
the capillary surface over a half plane with the same boundary contact angle. We will
prove, in particular, that :

[w(rs Ry, m) = (R = i3, )| € 21| 5 | == (19)

uniformly in r € [0, R] and v € [0, 7], provided that /xR > 6.4. This uniformity in v is
caused by the strong non-linearity of the problem. Thus, one can use this formula for
measurements, for example of the unknown boundary contact angle.

The function v(s) = v(s;7,«) is defined by the solution of the boundary value
problem (1.1), (1.2), where Bg has to be replaced by the half plane Q = {(z1,22) €
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R?: z; > 0}. The assumption that the solution of this problem depends on z; only
leads to the boundary value problem

<\/TL+,—(:—')(—S—)2> = Kv(s) for 0< s < o0 - - (1.8)

i __—'(s) = cos
lx_rgm 5. . (1.7)

Under the growth assumptions v — 0 and v’ — 0 as's — oo one obtains the well- known
solution v = v(s) defined by

) 2 _ ;—'02. h | .
21 (\f ) +\/i_v2—\/é—h2 o (1.8)

B ”

and

where
h = v(0) = \/g\h —siny | o (1.9)

defines the rise of the fluid at the vertical wall. From the comparison principle of Concus
and Finn in the case of unbounded domains (see Finn and Hwang [5]) it follows that
this solution:is the unique solution of the original problem (1.2) over the half plane Q.
We emphasize that for this result one makes neither the above growth assumptions nor
the assumption that the solution is independent of z,.

" Inequality (1. 5) and (1 9) yield an explicit estimate for the rise wy = w(R; R, v, k)
of the capillary surface on the boundary of the tube:

wy — \/;\v/l'—. siny

uniformly in v € [0,], provided that /kR > 6.4. In the case of water (20° C) in
an acrylic plastic tube with radius R[cm| one has approximately x = 134[cm 2| and
v = 80°. Thus the outer height w;[cm] is bounded by |w; — 0.015] < 292, when
R > 0.56[cm)].

The proof of the-above asymptotic formula (1.5) is based on the comparison principle
of Concus and Finn and on the construction of an approximate solution in the sense of
the following section. The-method is, in principle, the same one we used in Miersemann
{9], where the existence of a complete asymptotic expansion as /xR — 0 was shown.
The additional idea is now to map the boundary r = R, where the surface rises much
more then in regions far from the boundary, onto the origin. This transformation brings
the right parameter of expansion onto the right place of the equation (sce formula (2.4)
below). This method leads also to a complete asymptotic expansion (see the related
remarks in the next section). For simplicity, we restrict ourselves to the leading term
given by v (see formula (1.5)). :

52.1]%—7(5,' : (1.10)

Combining a comparison principle of Siegel [14] for domains and 'the above boundary

estimates for the circular tube, one obtains a boundary estimate for general domams
(see S)egel (14]): :
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LetQC R? and u be a solution of divTu = sku in Q and v - Tu = cosy on 9. By
u' we denote solutions of the same boundary value problem over a disk Drp C Q. If Q
satisfies a uniform inner sphere condition with radius R > 0, then u* > u in Dpg.

From this theorem and the estimate (1.10) there follows immediately the explicit

estimate
ma.xu<\/>\/l—sm +21(——7) 1R

where 0 < v < 7, provided that y/kR > 6.4. From another comparison principle for
domains (sce Finn (3: p. 122]) one obtains the lower bound

5 :
rgsi]nu > \/—\/1 —siny
K

under the assumption that § is convex. This follows by comparison of the solution over
2 with solutions over half planes which contact 2 at boundary points.

2. Proof of the asymptotic formula

Instead of problem (1.3), (1.4) we consider the normalized problem

(_ﬂ‘_'(_PZ_> =pu(p) for 0<p<M | (2.1)

V1t (p)?)
lim (8
P T wGR
These problems are related through the formulas
M = /xR, p = Vkr, u(p) = \/_w(r) , (2.3)

Let u(p; M,~) be the solution to problem (2,1), (2.2). Then v(s) = u(M — s; M,~)
solves the boundary value problem . _ s

=cosy and u'(0)=0. (2.2)

1 (M = s)v'(s)
M= \ JTT o0y

vis) = —cosy and' v'(M)=0. (2.5)

m—2)
=0 /1 + v'(s)?

This boundary value problem becomes singular if s = M.

)‘ =v(s) for0<s< M (2.4)

Definition. A function v,(s) = va(s; M,'y) is said to be an a.pprozimat.e solution
to problem (2.4), (2.5) of order n if

1 ((M=sie) ~
(l) M—s (m) "v"(‘s)“R"-H
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where |Rn41| < 3 with a constant cay independent of M € [Mp,00) with My > 0
and of v € [0, 7] and

(ii) lim () = —cosy and v, (M)=0.

=0 T4,

Note. The crucial point here is that the estimate of R, 4 is uniform with respect
to vy and M.

The formal Ansatz

. 1
va(si M, 7) = 3 0x(s M, 1) 3
k=0

and the equation

’
L (M@ (]
M—s\ /1+v(s)? " M+
with the boundary conditions

1
lim Un(s)

=0 T+, ()

lead to a recurrent system of one nonlinear boundary value problem for ¢¢ and n linear
boundary value problems for ¢x (k= 1,...,n):

=—cosy and v (M)=0

The leading term ¢, is defined by the boundary valuc problem (2.6) and (2.7) below,
¢1 1s the solution of

o\ 1 4
—— - = —_—— fOI' 0<S<M
((1+¢:¥ 1) T i

with the boundary conditions

)

l' ——:0 d ! M =0,
20 (14 62)3 and 6 (M)

and ¢, is defined by the boundary value problem -

SN N N O AV
<(1+¢62)§2') ¢2— l_ﬁ(l+¢62 % (f2(¢0a¢l)) Ior <.‘S<

with the boundary conditions

!
lim ¢2

—__ =0 d (M) = 0.
s—oo(1+¢62)% an $2(M)
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When k£ > 3, then ¢, is given by

A N S G o .
((1+¢;3 ) =g <(1 + ) +f““(¢°""’¢'=-2))

—(fk(¢6,~..,¢'k_l))l for 0O<s< M

with the boundary conditions
im—% __0  and ¢ (M) =0.
Rt
The functions
fi= fJ(‘% cr ¢Ij—l)
are analytic in their arguments and satisfy f;(yo,...,y;-1) = 0 if one of the coordinates

yi vanishes. These functions f; (2 < 7 < n) are defined by the identity

oo yin! o Y

- N 1
\/1+(27=oyw‘)2 it Q+y)i”
+z((1+ 3 +f'(y°""’yl—l)> p 40 (u™*1)

2

as 4 — 0. For example, one has

fo = 3 woyi
2(1+ )i

From the non-linearity of the problem one concludes that v, defines an approximate
solution in the sense of the above definition and that the functions are analytic on the
interval [0, M) and bounded on the closed interval. Then the comparison principle of
Concus and Finn [2] implies a complete asymptotic expansion of v in powers of 1:,!
(see Miersemann (9] for this method in the case of a narrow tube). To sxmpllfy the
presentation, we will restrict ourselves to the case n = 0.

Theorem 2.1. Let v,(s; M,v) be an approzimate solution in the sense of the above
definition and let u(p; M,~) be the solution of the boundary value problem (2.1), (2.2).
Then

Cn
|u(p; M, ) = va(M — p; M,7)| < M:+11

for p € [0, M|, where cny1 i3 the constant in the above definition.
Proof. Set U,(z) = v,(M - |z|; M,v). Then

divTUn = Un| € =21 {5 Bp(0) and lim v TU, = cosy on dB(0).
Mnt+1 le|—M
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Using the comparison function Ut = U, + 1, we obtain

divIU* —=U* <0 in By(0) and lllmMu TU* = cosy on 8B p(0).

Since the function U(z) = u(|z|; M,7), where u deﬁnes the solution of the boundary
value problem (2.1), (2.2), satisfies

divTU — U =0 in By(0) and lllmMV TU = cosy on dBp(0)

the comparison principle of Concus and Finn (2] implies that U(z) < U*(z) in B (0).
Analogously, the comparison function U™ = U, ~ %*4:‘7 yields a lower bound of U(z)
in Bpy(0) 8

Let ¢o(s; M,v) be the solution of the boundary value problem

I !
——u—,— =u for 0<s< M ' 2.6
it

and
!

u
lim ——— = —cos and u' (M) =0. 2.7
lim —= = — o5 (M) (2.7)
This solution ¢, determines the capillary surface between two parallel walls with the
distance M and the boundary contact angles ¥ and 7 on the walls over the line z; = 0
and z; = M, respectively. Set

Ny = L (M=)

Then . .
1 M )

_MM_S r—'1+¢62'

The following two lemmas are shown in the Appendix.

N(do) — ¢o (2.8)

Lemma 2.1. The function ¢o satisfies

M 16o(s)l <2‘1_7‘
M= v aner 12

uniformly with respect to s € (0, M) with M € [6.4,00) and to v € [0, 7].

Note. An inspection of the proof of this lemma shows that the constant 2 on the
right-hand side of the above estimate can be replaced by 1 + ¢ for each ¢ > 0 when
M) < M < .

Let o(s;v) be the solution of the boundary value problem (1.6) with x = 1 and
(1.7). This function defines the capillary surface over a half plane (see Section 1).
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Lemma 2.2. The functions ¢o-and o satisfy
s
|o(s; M, ) — o(s;7)| < 7.1 ’5 _ ,7| M

uniformly with respect to s € (0, M) with M € [6.4,00) and to v € [0, 7].
Combining Theorem 2.1, Lemma 2.1 and Lemma 2.2 we are lead to the following

Theorem 2.2. The difference between the solution u of problem (2.1), (2.2) and of
the function o which defines the capillary surface over a half plane with the boundary
contact angle v can be estimated by

b g 1
lu(p; M, 7) — o(M — p; )| < 2.1 \5 —7‘ i

uniformly with respect to p € (0, M) with M € [6.3,00) and to v € [0, 7).

From the transformation formulas (2.3) one obtains the estimate (1.5) of Section 1
for the solution w of the original problem.

3. Appendix

In this section we prove Lemmas 2.1 and 2.2. The solution of the boundary value
problem (2.6), (2.7) can be defined by an elliptic integral (see, for example, Landau and
Lifschitz {7: p. 272]). We need some explicit.estimates on ¢g for the proof of these

lemmas. For the convenience of the reader, we will give these easy calculations in this
Appendix.

From the identity
() =2 ()
i) ST \ViTe
and equation (2.6) there follows
-zu?+C (3.1)
with a constant C. The bounda&y conditions (2.7) imply
" .
1= —Eu(M) +C (3.2)
. 1 -
Lsiny = —Eu(O)Z +C. (3.3)

Since u(M) # 0 when v < 7, there follows

C=C(M,~y)>1. R (3.4)
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We recall that we assume 0 < v < % and that the case —% <7 £ 0 reduces to that one
under the mapping u — —u. The substitution

—c_1lp T
cos( =C 54 (0<¢< 2)

and the boundary conditions (3.2) and (3.3) lead to the parametric representation (see,
for example, Landau and Lifschitz (7: p. 271})

u(¢) = \/'m ) (3.5)

3
CosT

where 0 < ( < 7 —vand C = C(M,v) > 1 is the constant from (3.4). The equation

=Y
1 CcosS T
M=— 3.7
Vi) o—emr (37)

implies that for fixed v € (0, 7) the function C(M, ) is monotonically decreasing with
M — oo and :
lim C(M,~y)=1. (3.8)
M—oo

Then, from (3.2) we obtain limay—oo u(M) = 0.

Lemma 3.1. Set § = 7 —v. For v € [0,7) and M € (1.3,00) there eztsts a
constant b(M, §) uniformly bounded by |b(M, 6)| < 0.8 such that

2 £5b(M,8)+M
C(M,’)’)=l+? where €=26m.
Proof. This lemma follows from thc following decomposition. Let ¢ € (0, 5 — ~].
Then
¢
/ ST 4
J VvVC —cosT
¢ ¢
_/ dr +/ cost —1 dr
- 2. vC —
5 C -1 + = 2 COST
’ 1 1
+/ =" T 1] dr.
0 VO-1+5 \1- S50
This implies
4 ¢ .
> +VZH(C, Q) (3.9)

dr_/
VvVC —cosT . /C—1+—
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where

[b(M, ()] < 0.8 (3.10)
uniformly in vy € [0, ) and M € [My,00) with My > 0. Set C — 1 = % Then

¢

[ ()

0 2

Thus, this equation, (3.7) and (3.9) conclude the proof B

From (3.6) we see that s() is strictly increasing when ( decreascs. Set § = =7
and 6 = ¢ %

Lemma 3.2. When M > 5.1, then there ezist constants b(M,§) and b(M, 5) such
that

; (M) 5. _n e6b(M,6)(1 _ eZSb(M,5)~M)

) eéb(M,é)(l — e260(M.8)-2M)

and the constants b satisfy inequality (3.10).
Proof. From (3.5) and (3.7) we obtain

6 . : .
/ ST 4t (3.11)
0

- COST

SI

Analogously to the proof of the above Lemma 3.1, we conclude from (3.11) that

6 1 eM _ ez[sb(M,é)
€ 2 HMB+M/2)
where € is defined through the formula given in Lemma 3.1 i1

Formula (3.5) implies that u( ) <e+ \/_((M) and together with Lemma 3.1 and
Lemma 3.2 we have Iy ‘
M
u(2) 75(5—7) . , (3.12)

Integration of the differential equation (2.6) from s € (4, M) to M yields

_ ) udr
1+ u'(s)? B ar. (3.13)

Thus 3
' ()l

Jrr <0 (3)
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Together with (3.12) there follows

M |u'(s)] 71' M
< — — -9
s g S (5-7)Me %, (3.14)
On the other interval (0, %’1—) one has
M ! ! '
Wi o N O _ 5eosy (3.15)

M—s \/1+u(s)? ™ ‘\/1 +u'(s)? ~ 0 V14w (s)?

since l'i(’,)( =3 is strictly increasing when s — 0. This monotonicity property follows
from (3.13) since u is strictly increasing with s — 0 (see (3.5) and (3.6)).

Proof of Lemma 2.1. The proof follows from (3.14) and (3.15) when M > 6.4 il

Proof of Lemma 2.2. We see from (3.5) and Lemma 3.1 that the solution u of
the boundary value problem (2.6), (2.7) satisfies

0<u(M)<e<T1 (g - 7) M (3.16)

if M > 6.3. The unique solution ¥ of the boundary value problem (1.6), (1.7) over the
unbounded interval is defined by (3.5), (3.6) when C = 1, that is,

1/’(() = \/Em and S(C) \/_ \/%

where 0 < ¢ < 7 — 7. Set (= ¢(M). One obtains analogously to the proof of Lemma
3.1

e T ()

where |¢(M,v)| < 0.8 uniformly with respect to M > 6.4 and to 'y. € [0,%). Con-
sequently, ((M) = (— — —y) el7=MeMN-M ywhich implies ((M) < 3.6 (— - 'y) -M
Hence since 1/)(M) < ((M) one has

0< w(M) <36(Z—7)e™ (3.17)
2
Finally, one obtains Lemma 2.2 from the comparison principle and (3.16), (3.17) 1
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